FI2MHI Vector .-Spm:es and Subspaces — Solutions 2

3. (a) LetS={aix+ aax® + @ @y, @, € Rl
Suppose plx),q(x) € § and £ € K.
Then p{x) =ayx+a:x® +asx and g(x) = byx+ bax? + b3a” forsome a),az.q1, b1, b2, b1 € B
Now, plxi4gix) = (ax+ad Lawd)+ (bix+bixd ~bax*)
= [(m+bxt(a+b)+(az+b)x €5
Also, op(x) = o{ax+ aza’ + azx’) = o x + oaax” + dasx’ € 5.
Hence § is a subspace of Ps. !

(b) Let § = {ap +aix+azx® +asx ap,ay,az.a: €ER, ag+a; ~a: +a; = 0}.
Suppose plx). gix) ESand o € B, @
There exist ap,ay,az,a3,bo, b1, 02,63 such that px) = ag + a1x + azx® — aax’ where
ap+a) +az+az =0and g(x) = by + brx+ baa’ + bax® where by~ by + b1 — by = 0.

Then pix) +qlx) = (ap+ a1x +aax® +asx® ) = (b + byx+ bax* +baxt)
= {ag+bp) +(a; + b )x+ (a2 +£‘-‘2}.r2—{a3 +b_1]xq.

Now,

lan+bo)+ia +b ) +Flaa+bi+iaa—m) = lagta;taz --u].j—ibu+bj + by +ba)
= 040=0

and so p+g < 8. -

Also ap(x) = tt{ag —aix+aax ~aax’ ) = dag + ca x + cazed + casr.
MNow, ey + Gay — Claa + Olas = Glag —a) +az +ax) =0 and so op £ 8.
Hence § is a subspace of P,

4. (a) LetS={feV|fi0)=0}.

Suppose fLpeSanda e B
Then (f+ g0} = F{0) + g0l =0+0=0andso f+g= §.
Also (o0} =afi0) =wd=0s00f < 5.
Hence 5 is a subspace of V.

(b) LetS = {f e V|f(0)=1}.
Take f(x) = 1—x and g{x) = 1 +x*. Now f(0)=g(0)=1s0f,g <5 but{f+g)(0)=
Fl0) +2(0) =2. Hence f+g & S and therefore 5 is not a subspace of V.

{ch Let § = {f V| f is continuous }
Suppose fee Sand o e [
Then, as was discussed in the first vear calculus course, f+ g and o f are continuous
and so0 lie in §. Hence § is a subspace of V.

{d) Let § = {f € V| f is differentiable}.
Suppose fog e Sand ¢ € B
As was shown in the the first year calculus course, f+ g and o f are differentiable and
soliein 5. Hence § is a subspace of V.

50 () QudOn=i04+0u=0un=0un+0
Hence, by the cancellation law {proved in the handout), 0.4 = 0,
ib) Tt is proved in the handout that .0 = 0 for all o & B, Hence
.-} teu=o.((—utul=0.0=0=—(ct.u) +ct.u
Hence, by the cancellation law, o (—u) = — (. u).

e

ic) It is proved in (a) above that O.u = 0 for all ¥ € V', Hence
(—o)utcu=(—ata u=0u=0=—(c.u)+0o.u

Hence, by the cancellation law, {—ct.n) = —{cc. 1)



