Name: Djamila Ait Elhadi Student ID: 00098182
MTH512 Homework May 2023 Advanced Linear Algebra

1. Given A is similar to H = C(a—4)®C(a—4)®C(a*+a—20)dC (o’ +a—20).
Then A is similar to a matrix J where J is in Jordan form.

(i) Explicitly, write down the entries of J.
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Answer: Cy(a) = (a—4)* (a—5)% ma(a) = (¢ —4)(a—5). Therefore,
J = J1(4) % J1(4) % J1(4) % J1(4) 8% J1(—5) SP Jl(—5) EXphCitly,
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(ii) What is the dimension of each generalized eigenspace?

Answer: dim(G — E4(A)) = dim(Ey(A)) = 4, dim(G — E_5(A)) =
dim(E_5(A)) =2

(iii) Theoretically, how do you construct the%?umns of the invertible matrix

A

Q where Q'AQ = J?

Answer: Since every generalized eigenvector is of order 1 for each
eigenvalue, (i.e. dim(G — E,(A)) = dim(E,(A)) for each a), we can
choose v1, v9, v3, v4 Which are independent eigenvectors corresponding to
the eigenvalue 4, and wy,ws which are independent eigenvectors corre-

sponding to the eigenvalue 5. These vectors form a basis for RY.
2. Given A is 4 x 4 and A is similar to J4(3).

9

) Find Cy(«) and my(a).
Answer: Cy(a) = my(a) = (o — 3)%

(i) find dim(FE3(A)) and dim(G — E3(A)).

Answer: dim(E3(A)) =1 and dim(G — E3(A)) = 4. \/

(iii) Theoretically, how do you construct the columns of the invertible matrix

Q where Q7 1AQ = Jy4(3)?

Answer: Given v is a generalized eigenvector of order 4 corresponding
to the eigenvalue 3, the columns of the matrix @ are {(A — 31)3v, (A —
31,)%, (A — 31y)v,v}.



(iv) Find the rational form of A.
Answer: R = C((a —3)%)

3. (1) Give me an example of a matrix A in Jordan form such thatCy(«a)
) pu—

w I

(a—1)°(a —4)% and ma(a) = (o — 1)*(a — 4)2 where dim(E1(A)
[Hint: Write down your answer as A= J() & J() & ... J() |
Answer: J = Ji(1) @ Jo(1) ® Jo(1) & J1(4) & Jo(4) ~—

(2) Give me an example of a matrix A in Jordan form such thatCy(a) =
(a—1)°(a —4)? and my(a) = (o — 1)*(a — 4)2 where dim(E(A)) = 4

Answer: J = Jl(l) D Jl(l) SP) J1<1) %) JQ(l) SP) J1<4) %) J2<4)
4. Assume A is 4 x 4 s.t. Cy(a) = (o — 3)%. </>

(i) Find all possible Jordan forms of A. For each form, find dim(E5(A))
Answer: Since Cy(a) = (a—3)1, we have ma(a) = (a—3) OR ma(a) =
(o —3)2 OR ma(a) = (a — 3)? OR ma(a) = (a — 3)*
For mu(«a) = (a — 3), we have J = J1(3) ® J1(3) ® J1(3) & J1(3) = 314
(@im(BA) =4 — s A= =LA
F)Ol(“) gbix](a) ;((30)4 e_a L?})iésv?;av? E] o JQ(B)EBJl( )®J1(3) (dim(E3(A)) =
3 = J2 2 vm L3
For m(a) = (a — 3)?, we have J = J1 @ Js5(3 Y

For ma(a) = (a — 3)*, we have J = J4(3) (dim( E3
(i) Fi ible Rat \/

Find all possible Rational forms of A.

Answer:
For my(a) =(a—3),wehave R=C(a—3)®C(a—3)dC(a—3)®
C(Oé — 3) = 3[4

For m (o) = (o —3)?, we have R = C(a—3)® C(a—3)® C((

OR R =C{(a -3 & C((a—3)) ~”
For m(a) = (a — 3)3, we have R = C((a—S))EBC a—3 \/
For ma(a) = (o — 3)%, we have R = C((a — 3)*)

5. (Least square problem) The following is inconsistent system, i.e., it has no

3 —1 2
solution. |1 9 F] —w= -7
9 —3| Y 6

. Find the best solution for z,y, i.e., find z,y and d € span{vy,vo} (vl =
3 —1

first column, vy = second column) such that [1 9 ] [:;] = d is consistent
2 -3

2



and |w — d| is minimum. Note that <> is the normal dot product on R".
[Hint: observe that the columns of the coefficient matrix are orthogonal,

hence by HW, you know how to find d, thus = 52 and y = =222 o
|v1 |va

is the first column, vy is the second column].
Answer: We have

< w,v > < w,vy >
d = 5 V1 5 (%)
|01 |02
Therefore, z = <7‘Zﬁ§> = ﬁ, y= <7‘Zj§>v2 = ;%3
1 —1 5 .
.Let A= |1 1 |,w= |—5]| such thatA [ ] = w is inconsistent. Find the
11 5 Y
best solution for x,y. [hint: v; == first column, v9 = second column. Note

that the columns of A are not orthogonal. Hence find orthogonal points
Q1, Q9 such that M = span{Q1, Q2} = span{vi,v}. Now find d in M, the

closets to w and A [ﬂ = d. Another method, no need for ()1, Q)2 and d, just
:c} = ATw |
Y

Answer: We have ATA = {3 1],ATw: H . [3 1] m ) H

y 2

.. Let T : Ps — P5 be a L. T such that T(az* + ba® + ca® +dx +e) =
(a+2b+c+3d+4e)xt + (2a+3b+c+5d)x® + (a+ b+ 6c+d+e)x* + (3a+

bb+ ¢+ Td+ 2e)x + (4a + ¢+ 2d + 6¢). Convince me that 7" is diagnolizable

(hint: Writing the question is harder than the answer, find the co-linear and

stare).

Answer: Let L : R> — R be the colinear of 7T,

12134

solve AT A [

o = O
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=~ W~ N
ot

6

By staring, M is symmetric. = L is diagonalizable = T’ is diagonalizable.

) 3



8. Let T : R? — R3 beaL. T. Assume the normal dot product on R? . Convince
me that T4+ T* 4 213 : R3 — R3 is diagnolizable, i.e., the standard matrix
N of T'+ T + 215 is diagnolizable
Answer: We have Mz, 1a o, = My + ML +215. M%+Ta+2]3 = (Mp+ ML+
2[3)T = Mpr + MYT + 215 = MT+T“+213- Hence, T'+ T 4+ 213 is symmetric.
Therefore, T'4+ T + 213 is diagonalizable.
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QUESTION 1. Given A is similar to H = C(a —4) ® C(a —4) @ C(a? + a — 20) @ C(a® + a — 20). Then
A is similar to a matrix J where J is in Jordan form.
(i) Explicitly, write down the entries of .J.
Ay T & T e I J.4 @ §.-9)
/Yy O O 00 O
o440 00O
a__ o 0 Hoo O \/
| 0o o0-500
oo o o Y4°
90 o0 o0-5
(i) What is the dimension of each generalized eigenspace? /
dim_4(A)
5 Jioa (G-Ey(A)) =4, dim(G-E-5(A) = 2 |=dim_-5(4)
(iii) Theoretically, how do you construct the columns of the invertible matrix ¢ where Q~'AQ = .J?
Q- Vi Nao Vs Ny Vg Vg \ . owhere v, Vy Wy Vy are the ciqeavectors

associoded o the eqenvalue Y .
« VgV, ore e eigenvedors assacioled 1o ne

eqenvelue —9 \/

QUESTION 2. Given A is 4 x 4 and A is similar to J4(3).
(1) Find Ca(«) and ma(«

Calo) = (A a0 = (o3) \/g

(i1) find dim(FE3(A)) and dim(G — E3(A

Qi U:}(M) =1 e)um(C- E, (m\l\/<9



(iii) Theoretically, how do you construct the columns of the invertible matrix () where Q~'AQ = J4(3)?

G = A-3TOV, (AT OV, (AATOV, VT
</> where V s the generli zed. eigenveckor associodedd Lo

(iv) Find the rational form of A.

A C((x- 5\”‘)\/@

QUESTION 3. (1) Give me an example of a matrix A in Jordan form such that C4(a) = (o — 1)°(« ) and
ma(a) = (a—1)*(a —4)? where dim(E;(A)) = 3 [Hint: Write down your answeras A = J) & J()@---® J()
]

(/7 AxT,M6 T,10) &5, 04) 0 zrun@:wn\/

R (2) Give me an example of a matrix A in Jordan form such that Cx(a) = (o — 1)5((1 _ 4) and m(a
(a—1)*(a — 4)* where dim(E\(A)) = 4.

Ax dJa() @ T, @3N e l) e §,w) /

QUESTION 4. Assume A is 4 x 4 s.t. C4(a) = (a — 3)%.

(i) Find all possible Jordan forms of A. For each form, find dim(E5(A))
coset:  Ju(3) dim LEs (A)) = 4 \/
Caseq: Ta 3 @ §.&) dim (E, (A) = 2 \/
Caset. Ja3) ©® 7.6) 8d.03) dim (E; (A) =3 \/
Qﬁ-‘h U&LS) ® 3.(3) @ ?ME») +J,(3) d;m ('ES (A“ - L| \/

(ii) Find all possible Rational forms of A.

cases: ¢ ((x3)')

Cosed O ((x-3)) ® Clx-3))

Cased CCwe-*) @ clex-3)")
Cosed: Clx-3) @ C(x-3)@ C ((x-3)*)
Case5. C(x-3) ® C(x-3) @ C(®-3) ® C(«2)



3 -1
QUESTION 5. (Least square problem) The following is inconsistent system, i.e., ithasno solution. |1 9 [I} =

2 -3 U
2
w = | —7|. Find the best solution for x,y, i.e., find z,y and d € span{vy,v,} (v; == first column, v, = second
6
3 -1
column) such that [1 9 [ﬂ = d is consistent and |w — d| is minimum. Note that < > is the normal dot
2 -3

product on R™. [Hint: observe that the columns of the coefficient matrix are orthogonal, hence by HW, you know
how to find d, thus z =< w,v; > /|v;|? and y =< w,va > /|va2|?, vy is the first column, v, is the second column].

<wiv‘>= (Q&_T"s)'k%«l)?-) = W\
%= <w. V.5 -\ /
v 2 '\
y = <wova> _-83 \/
WV, 1

I -1 5

QUESTION 6.Let A= |1 1 |,w = |[5] suchthat A [m] = w is inconsistent. Find the best solution for
11 5 4
x,y. [hint: v; == first column, v> = second column. Note that the columns of A are not orthogonal. Hence find

orthogonal points @1, Q2 such that M = span{Q,Q2} = span{vi,v2}. Now find d in M, the closets to w and

solve A |“| = d. Another method, no need for Q. Q> and d, just solve AT A Tl = ATy ]

, Yy
t LA L= x ot 5
Al de B L
| 1
read my last 3 9 X A6
message on ilearn/ { 3 j) ) 5

but the method
correct / note that
X =5,y =0 are the

exact solution




QUESTION 7. Let T': Ps — Ps be a L. T such that T'(az* + ba® + ca® + dx +¢) = (a + 2b+ ¢ + 3d + 4e)a* +
(2a+3b+c+5d)2* + (a+ b+ 6¢+d+e)ax? + (3a+ 5b+ ¢+ 7d + 2¢)x + (4a + ¢ + 2d + 6¢). Convince me
that 7" is diagnolizable (hint: Writing the question is harder than the answer, find the co-linear and stare).

a b ¢ 4 e
Mt s Iymmelric

1 2 |
2 3 \ ?; k = M-r S &Monahzob\c
\ 0o ‘
M - ) L4y =2 T i &ao&or\ohzob\e
Y G 1 2 4

QUESTION 8. Let 7 : R* — R?be aL. T. Assume the normal dot product on R*. Convince me that 7+7% 4215 :
R} — R is diagnolizable, i.e., the standard matrix N of T'+ T 4 21; is diagnolizable .

L'. T+T°‘+Q'[3 = [\I: A* AT" 9~13

* + (A—WT ~ 9~LIQT

)
T

= A ~+ A + QIS =N
whee A s e ondard Mokix repesedokon of T

= N 8 symmetric
= L s diagenalizeble



