Name: Djamila Ait Elhadi Student ID: 00098182
MTH512 Homework 4 6 May 2023 Advanced Linear Algebra

1. Assume A, B are similar n x n matrices, say A = Q'BQ  [199/110

(i) We know Cy(a) = Cp(a). Prove ma(a) = mp(a).

]
¥

X

O 4 Assumme ¢_1Qv_1 + ... + c_kQv_k = 0. Thus Q(cv_1 + ...+ Qv_k) = 0. Since Q is invertible, c_1v_1
2. Let A =

<7

Answer:

ma(a) = apa® + ap_10F 1 + .+ ara + ap.
my(a) = bra® + by_10F 71 + .+ bra + by.
We have

Onxn = MA<A) = akAk + akflAk_l + ...+ a A+ apl

= ar(Q'BQ)" + a1 (Q7'BQ) T + ..+ ar(Q ' BQ) + aol
= ;. Q 'B*Q + a;p_1Q 'BF1Q + ... + a1Q ' BQ + agl
= Q YapB*Q 4+ aj_1B"'Q + ... + 1 BQ + aoQ)
= Q YapB* + a1 B+ ..+ a1B+a)Q = Q 'ma(B)Q

ma(B) = 0pxn = mp(a)|lma(a). It is clear that B = QAQ™ . Re-
peating the process with Mp(B), we get 0,,x, = Mp(B) = QMp(A)Q~*
mp(A) = Opxn = ma(a)|mp(a).

Since mp(a)|ma(a) and ma(a)|lmp(a), mp(a) = ma(a).

(ii) Assume that a is an eigenvalue of A and vy, v9, ..., vy is a basis for E,(A).

Prove that {Qy,, Qu,, ..., @y, } is a basis for E,(B). [Hint: Observe that
BQ = QA and since Q is invertible,Qw = 0,,iff w = 0,,]

Answer: Let a be an eigenvalue of A and vy, vs,...,v; be a basis for
E,(A). Then a be an eigenvalue of B and dim(FE,(B)) = dim(FE,(A)) =
k.

A=Q'BQ = QA= BQ = (QA)v; = (BQ)v;.

= Q(Av;) = B(Qu;) = a(Qu;) = B(Qu).

Since () is invertible and v; # 0, Qu; is a nonzero vector. Therefore, Qu; is
an eigenvector of B for 1 <i < k. Therefore the set {Quy, Qua, ..., Qui }
forms a basis for E,(B). [powz ]

We show Qv_1,..., Qv_k are independent.

10

+ ...+ c_kv_k=0. Since v_1, ..., v_k are independent, c_1 =..=c k=0

) Find m(«). and all eigenvalues of A.

Answer: A = [(1) :)l] = Cula) = lal, — Al = a* -4 = (a — 2)(a +

1



(iii)

(iv)

2) = ma(a). This is the product of two linear factors, therefore A is
diagonalizable with eigenvalues a = 2, —2.

If A is diagnolizable, then find an invertible matrix ¢) and a diagonal
matrix D such that Q 1AQ = D.

Answer: We have D = [(2) _02

ciated with each eigenvalue.

] . To find Q, we find eigenvectors asso-

For a = 2, we have (2] — A) = [_21 _24] . We find the null space of this
matrix using an online calculator, which gives us Es(A) = span{(2,1)}.
For « = —2 , we have (2] — A) = {:? :;l] . We find the null

space of this matrix using an online calculator, which gives us Es(A) =
span{(—2,1)}.

2 —2 . L
Therefore Q = [1 | ] and Q! = [41 ]
Find A% and AY. [Hint: note that if A = QDQ™! , then Am =
QDmQ—l and A15 — A—1A16]

Answer:

NN —

216 65536 0
16 __ 16 -1 __ —
AT=QDTQ = [0 216] _[ 0 65536]

0 216 0 65536
15 _ 4—1 416 __ —
Av=dAd _[214 O]_[16384 0 ]

Convince me that A% + A7 + 4A4° + 243 + 71, = ;A + Oy 1, for some
real numbers ¢y, co. Then find A + AT + 4A% + 243 + 71, .[Hint: Let
fla) =a +a’ +4a° + 2a® + 7. Then f(a) = q(a)ma(a) + r(a) such
that deg(r) < deg(m(a)). Since m4(A) = Ogxo, we have f(A) = r(A). |
Answer: Using polynomial long division, we have

ol +a’+4a° + 203+ 7 392 + 7

= (o' + 5a° + 240° + 98a) +

a?—4 ar =4
= f(a) = qg(a)ma(a) + (392a + 7)
Therefore, A7 + AT+ 4A4° + 243 + 71, = 392A 4+ 71, = [3;2 15768]



3. (i) Let f(«) be a polynomial such that f(A) = 0,,x,. Convince me that
ma(a)]f(e).
Answer: Let f(«) be a polynomial such that f(A) = 0,x,. We know
that deg(f(a)) > deg(ma(a)). Otherwise, f(«) would be the minimum
polynomial for A. Suppose f(a) = g(a)ma(a) + r(a). Then f(A) =

q(A)yma(A) + r(A) = 0+ r(A) = r(A) = 0. But since deg(r(a)) [<

m4(«) that means r(«) would be the minimal polynomial, contradictiotr:
Hence, r(a) = 0 V « (i.e. 7(«) is the zero polynomial). Therefore,

ma(@)|f(a).
(ii) Up to similarity, classify all 5 x 5 matrices such that A*> — 54 = —615.
[Hint: Let f(a) = a* — ba + 6. Hence, by hypothesis, f(A) = 05xs.
By (i), ma(a)|f(a). Hence my(a) = a —2 OR my(a) = a — 3 OR
ma(a) = f(a). |
Answer: There are three possibilities for m4(a). Either my(a) = a—2
OR ma(a) = a—3 OR ma(a) = f(a).
For my(a)=a—-2, A~Cla-2)®aC(a—2)aCla—2)aC(la—2)&
Cla—=2).  |Infact, A=215
Similarly, For mataj=a—-3, A~C(a—-3)®Cla—-3)aC(a—3)®
Cla—=3)® Cla—3). |Again, A=31_5
For my(a) = f(a) = (a — 3)(aw — 2), we have several possibilities for
Cala). Cyla) = (a—3)3(a —2)? OR Cu(a) = (a — 3)*(a — 2)3 OR
Cala) = (a = 3)Ha —2)! OR Cy(a) = (a — 3) (a —2)*
For Cy(a) = (o — 3)*(av — 2)2, We have A ~ C(a—3) ® C((a — 3)(a —
2)) ® C((e = 3)(a = 2))
=Cla—3)®C(a* —ba+6)® C(a? —Ha +6).
For C(a) = (o — 3)*(av — 2)%, We have A ~ C(a —2) & C((a — 3)(a —
2)) © C((a = 3)(a = 2))
=C(a—2)& C(a* —ba+6) & C(a? — 5a+6).
For Cy(a) = (a — 3)*(a — 2), We have A ~ C(a—3)®C(a—3)dC((a—
3)) ® C((a = 3)(a = 2))
= COla—3)®C(a—3)C(a —3) e {§C(a? — 5a +6).
For Cy(a) = (a — 3)(a — 2)*, We have A ~ C(a—2)®C(a—2)0C((a—
2)) & C((a — 3)(a —2))
=Cla=2)8C(a—-2)Cla—-2)® C(a* —b5a +6).
Loplus

;_.
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(iii) Let A be a 4 x 4 such that A is similar to H = (1) (1) 8 _818

001 2

(a) Find C4(a) and ma ().
000 9
) N |1 00 —18 N 4 0.3 o2
Answer: A ~ H = 010 8 = A~ C(a" — 2a° — 8a” +

001 2

9
3

18 —9)

:>CA( ) =ma(a) =a* —2a® —8a® + 18a — 9

) For each elgenvalue a of A find dim(E,(A))[ Hint: Cy(a) = (a® —
200+ 1)(a? — 9)]

Answer: Cy(a) = (a?—1)*(a—3)(a+3). Therefore the eigenvalues
a are 3,—3, and 1 and dim(E,(A)) = 1 for each eigenvalue of the A.
¢) Theoretically, how do you construct the columns of the invertible
matrix ) where Q 1AQ = H?

Answer: By class notes, there exists w in R* such that the columns
of @ would be {w, Aw, A2w , ABw} and {w, Aw, A%w, A3w} is a basis
of R,

4. (1) Give me an example of a matrix A such that Cy(a) = (o — 1)°(a — 4)3

v

2)

2
3

and m4(a) = (o —1)*(a —4)? where E1(A) = 3 [Hint: Write down your
answer as A=C() e C() & ... d C()]

Answer: A=C(a—1)®C((a—1)*(a—4)) ® C((a—1)*(a —4)?)

) Give me an example of a matrix A such that Ca(a) = (a — 1)°(a — 4)3
and ma(a) = (a — 1)*(a — 4)? where E1(A) = 4

Answer: A Cla—1)@C(a—1)®C((a—1)(a—4))®C((a—1)*(a—4)?)

) Is there a matrix A such that Cy(a) = (o — 1)°(a — 4)? and my(a) =

(a —1)%(a — 4)* where Ey(A) = 37 Explain Briefly

Answer We know that dim(FE4(C(f;))) = 1 for each f; such that
i1 fi = Cala) = (a = 1)°(a—4)* and fr =ma(a) = (a - 1)*(a — 4)?

and fi|...| fr. Since the multiplicity of 4 is 3, and 4 is repeated twice in

the minimum polynomial, we can only have one more polynomial with

fio1=(a—1)(a—4) where 1 < j < 2.

S0, we cannot , i.e., there is no such matrix

5. Given A is similar to H = C(a—4)®C(a—4)dC(a*+a—20)aC (o’ +a—20)

4



(i) Find Cy(a) and m ().
Answer: Cy(a) = (o —4)(a —4)(a® + a — 20)(a* + a — 20) = (a —
</7 e — 5)2.
ma(a) =a?+a—20=(a—4)(a+5)
(ii) For each eigenvalue a of A find dim(E,(A))
Answer: dim(FE4(A)) =4
Q) dim(E_5(A)) =2
(iii) Is A diagonalizable? explain briefly
Answer: Yes, because the minimum polynomial is a product of distinct
linear factors with the roots being the distinct eigenvalues. (Another
answer: Yes, because dim(E,(A)) is equal to the multiplicity of a for
each a eigenvalue of A).

(iv) Explicitly, write down the entries of H.

4000 0 0
040 0 0 0
9 Answer: |00 020 0 0
001 -10 0
000 0 0 20
000 0 1 —1,

6. Given A is similar to J = J1(2) @ J1(2) & J5(2) ® Jo(5) B Ju(5) @ J5(7).

(i) Find Cy(«) and my(«)
Answer: We have Cy(a) = (o —2)(a —2)(a —2)*(a —5)*(a — 5)a —

7)° = (a—2)°(a—5)%(a—T7)°
We know that the multiplicity of a in the minimum polynomial is the
number associated with the biggest Jordan block for a.
We have m4(a) = (a —2)*(a — 5)a — 7)°
(ii) For each eigenvalue a of A find dim(E,(A))
Answer: We know that dim(E,(A)) is the number of Jordan blocks for
a.

dim(E»(A)) = 3
dim(Es(A)) = 2
dim(Er(A)) = 1

(iii) A is similar to a matrix H in rational form. Find H. [Hint: write

H=C()®..dC()]
% Answer: H = C(a—2)®C((a—2)(a—5)?)®C((a—2)*(a—5)*(a—T7)%)



7. Let T : R? — P? such that T'(a,b) = bx + 2a + b. Define < f1, f2 >po=
fol fifs dxr and < q1, g2 >r2= q1 - ¢2. Find T (the adjoint operator of T')
Answer: We know that T%(cx + d) = (m,n). We shall find m,n (in terms
of ¢,d). We have

< T(CL, b)a cx + d >p2=< (CL, b)) (m7 n) >R2

1
/(bx+2a—|—b)(c:1:—|—d) dx = am + bn
0

b b bd

—C+ac—|——c+—+2ad+bd:am+bn

3 2 2

5 3d

g+?)+a(2d+c):am+bn
5c+3d

6 2

b(
)

=m = (2d+c¢),n = (

a _ c d
Therefore, T(cz + d) = (2d + ¢, % + 37)
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QUESTION 1. Assume A, B are similar n x n matrices, say A = Q' BQ. (B = Q A Q‘ 105/1 10
(i) We know Cs(a) = Cp(a). Prove ma(a) = mp(a).

— ¥ K-
| ake o:ul, po'lanom:q Pla) = X a @ X « oo« 0O ~0Qq

Fla) = 2(a'8Q)
(a'sa) -(@'BaVQ'eQ) = @ g)(ea")(BQ)
-@'e) (1) (BQ) = (a'8)(BAQ)
- a's'a
by same mdhod (Q'BQ) - Q'8'Q

5 0 - QRO +0,. QB Qrw v 0.Q'8Q + WL
- Q' (8" +ax B+ aB «a1)Q
=q" () Q
Let Mala) and g la) be dhe miamed  Polyns miaks o A ed B

respectivedy . dhen  Ma(B) = My (QAQ™Y) = @ M (A QY
= Q Omm Q—\ = Onxn

%0 mB(.O(\ \, mA(o()
Sim\\a/'\k% Ma(A) = Qaxn = Mqp («) ) 0’5\3(0()

= mgla) = mp("q :



(ii) Assume that a is an eigenvalue of A and {v), vy, ..., v} is a basis for E,(A). Prove that {Qu;, Qua, ..., Qui }
is a basis for E,(B). [Hint: Observe that BQ = QA and since @ is invertible, Qw = 0,, iff w = 0,,]

To show The IB3QU: = aQu: V¥V ¢ A<t €k

BQV(. = QAV; = Q(avé) L Siace 0~ (s an e;‘qen\m\m q£ A\
=a (Qu)
Qv is an eigenvecdor of B-

Vi Va2 - Vk

\\, w =0, 2 w=0y

then Vi Va2 — Vk
Q w =0, ¥ w=0y

Since Q and L are
invertibe; QL is

invertible. Note that QL
= QUi or deperdedt foc L gi<K | MATRIX(QV_1I....

s 30v, Qv we basis foe Ea(B) Qv_k). QLw = 0 iff w =

0. see another solution

(similar idea as my

QUESTION 2. Let A = (1) g] comments as in Jamila's
(i) Find m () and all eigenvalues of A. SOllltiOl’l)

Cala) = 103-A] = o x4 oy x-+Q 0t the eigenvoles

=) My (a) = (O(-Eﬂ (0/-('9)



(ii) If A is diagnolizable, then find an invertible matrix Q and a diagonal matrix D such that Q' AQ = D.

Eq(A)- Span§(2.4)7
E-a(f) = span§ (-2 1]

G- (2 -® Q- [T
U | | Yy Ya

D=0"A0Q - (9 0)

0 -2

(iii) Find A'® and A"S. [Hint: note that if A = QDQ ™', then A™ = QD™Q~' and A" = A~14'9]

AiG ) G?D“Q_\ . Q (6‘5‘536 G \@_‘

o 65936

/%—l\ P;&/:ZA C %Z i j 5536\

A _[° {1\ /69536 O (o 65536
oo o £5536 1633y 0

(iv) Convince me that A° + A7 + 44° 4+ 243 + 7L, = ¢;A + C, 1> for some real numbers ¢;,c,. Then find
A+ AT +44% + 243 + 71 [Hint: Let f(a) = o® + o’ +4a° + 2a* + 7. Then f(a) = g(a)ma(a) +r(a)
such that deg(r) < deg(m(«)). Since m4(A) = 0242, we have f(A) = r(A). ]

3
0(#-1-60( + 50(51- Q\-‘o(a quo(} Q’(O(\

‘Xn'q 0<q+ 0(5‘-1-"'0(54-90(3-«4
—otanat L \ = P = Y@ ma (@) « r(x)

0+t yo’ 1 Play = r(A)

- 50(14-‘100(5 = ¢, = 399

+ Sy 3 '
7 _23551-‘::“3 Ca=d
0 + W3+ kS
~qR & 4 349w

QA0 + 7



3
Aq-fA:‘-\- L‘A5+ Qa4 ~171,

392A + 71

=01562+¥Q=# 1569
392 O 6 *+ 390+

QUESTION 3. (i) Let f(a) be a polynomial such that f(A) = 0,,x,,. Convince me that m 4(c) | f().

Divide f@) by mMalx). 5o V) = §la) Mg () + r(&)

FLA) = 9(A) ma(a) « ~A)
Onxn = O nxn + HA) = V'(A) = Onxn

(

o< de‘ﬂ(l’(k]) < dera (mp(«)) (Dot Ma(x) (s e mioingd
3o t(a) = Qv 3uch thak mMa(p)-0) -

=) Mg (A) | Py |

(ii) Up to similarity, classify all 5 x 5 matrices such that A> — 5A = —61Is. [Hint : Let f(a) = o — 5a + 6.
Hence, by hypothesis, f(A) = 0sys. By (1), ma(a) | f(a). Hence ma(a) = a —2OR m4(a) = a —3 OR
ma(a) = f(a). ]

i? mal = x-9. -
"H\ef\, CA LOC) = ((X—Q\
An C(x-9® C (-2 ® C(w-2) ®C (x-9)

Y M () = x-3

then , Calod) = (03
An C(x-3)® C (o-3) ® C(«-3) ®C(x-3)

AR male)= o’- s+ = (x-9)(>-3)
casel: Ca (o) =(-2)” (w-3)

An C(x-2) ® C(e-) (t-3)) @ C((x-2)(x-3))



Q 3
case?: Ca () =(-2) (w-3)
AN C(x-3) @ C(-2)(x-3)) @ C((o-2) (x:3))
Y t
Case3: Cal(a) =(or-2) (w-3)
A NC(%-2) @ C(x-QC(x-) @ C((ox-2) (%-3))
i 4
caseMe Cq(a) =(ov-2) (o-9)

A % C(%x-3) @ C(x-3)@C(x-3) ® C((o-2) (x-3))

000 9

1 —1
(ii1) Let A be a4 x 4 such that A is similar to H = 0 (1) g 88

001 2

a. Find C4(«) and ma(«).
b. For each eigenvalue a of A find dim(E,(A))[ Hint: C4(a) = (o —2a + 1)(a? —9)]

c. Theoretically, how do you construct the columns of the invertible matrix Q where Q~'AQ = H?

Q. Cale) = XM 9u®-Ro¢" + 18 -9 = (X=\)" (&+3) (-3)
H is not diageolizable. 50 @Ma(X) # (-1) (+3) (x-3)
M, () = Cpla)

b. dm(E,(a) =1 dnlEs M) =4, dqm(E4(A)) =1

‘Rel‘ V,be the e)ﬂeﬂ\fecbo’( 6% =1 dhen we €xpangl:t ta
a basis SLV\'\]L V%.V‘[ﬁj 4?0‘ Rt‘, -}hen Q :<V\ Vo N3 Vy



QUESTION 4. (1) Give me an example of a matrix A such that Ca(a) = (a — 1)’(a — 4)? and ma(«)
(a — 1)* (o — 4)* where E;(A) = 3 [Hint: Write down your answeras A=C() @ C()@--- @ C() ]

- e (aey)”
Pa o (a-0)® () 6)
f\ = (-1)
A = C (o-4) @ C( (o-1)(x-4)) ® C ( (%) (x-1)")

(2) Give me an example of a matrix A such that Cs(a) = (a — 1)’(a —4)? and m4(a) = (o — 1)*(a — 4)?
where E|(A) = 4.

Py = (o) (at4)
by - (=x-1) (-4)
P - (x-1)
2= (x-0)

A= Clx-1)® C(x-1) @& C(o-1) (0-4) ® C ((oe-0) (ox-W)')
(3) Is there a matrix A such that C4(a) = (a—1)*(a—4)* and m4(a) = (o —1)*(a—4)* where E4(A)) = 3?
Explain briefly

Na, diace dﬁ“\LEqLA\\ =3 (XH) mout e OLQO\C\Or
8 3 hs fov 0 <cigK

N

buk Px: My () = C%l;LN—L\P_

A6 we 0<\L3 need one Mmore (X))  he 50:\:\.%.
‘P.‘ Qm‘ ?K = Ca (=),



QUESTION 5. Given A is similar to H = C(a — 4) & C(a — 4) & C(a® + a — 20) & C(a? + a — 20)

(i) Find C4(«) and m 4 (c).

(ii) For each eigenvalue a of A find dim (E,(A))

(iii) Is A diagnolizable? explain briefly

(iv) Explicitly, write down the entries of H.

CA (“\ =

(L)

(1)

(e

(V)

Ves, leamse MaW0 s the prduc) o

'\

i

C

117 (x) =

(e(-u)

=

(u-H)\‘ (x+5
(o-4) (X+9)

o\jm (E‘i lA\)= 1 7

(1)

C (X' - ) =

(1) & (1) @ <

|

H o0 j ®
6 j

0
{

Q
1

S
dim (€ -5 (A))= 2 <?

OA'G\EA'Y Q&C& als.

00
-1

20
-1

\

distinct

)



O\m'\ioﬂ 6 s
(2) Given A is similar to J = J;(2) & J1(2) ® J3(2) @ J2(5) @ J4(5) @ J5(7).
(i) Find Ca(a) and ma ().
(ii) For each eigenvalue a of A find dim(E,(A)).
(iii) A is similar to a matrix H in rational form. Find H. [Hint: write H = C() & --- & C()]

(t) Ca(o) = (x-2) (x-2) («-2)3 (0!—‘3)1 (oc-5)" (0(~’f)s
Ma ) = (9-9) (o-8) (o-)° </>

(8) dim (Ealm))= 3
an (Es(a))= 9

(ii) Pk = (o(_Q\3(o/-6)q (0e-7) .
Coa o) = (- 2° (of- B Lot-F)
P.'%""'FK-' = (w-2)° (0‘—531

Ps = Ma () N
b= (x-2) (x-9)
P, - (&-2)

H=C(x2)@ C((xan(n') & C (maw))



QUESTION 7.Let T : R*> — P, such that T(a,b) = bz + 2a + b. Define < fi, f» >,,= fol fif> dx and
< q1,q¢2 >r= q1 - q2. Find T (the adjoint operator of T)

T B p: v- iR’ tab) 6ir”

T P, — R W=, axiaq, e R

ST, wy = < AR DY
< T(Glb\ ) Q(X+QQ>? = < (a.b) ,TQ(Q‘X+ Qq)> r\Ra

]

A
< bx + A -&-b‘ Q‘x-(-Q2> Pa = X (bx+30+b\(O.X+QQ d)(
[

= bo . (bA +90Qi+b&) | (9aa;+ba,) ..,

3 2

=§ {Q-\ —rq (ul X+ Q'I\ = (QS‘ Q\_‘)

= < (ab) ITQ(Q\X‘F Qa)> R2

O =@

b§'+ (b&n&sm*bm + (222 +bas) - qqy « pay
9_. 803 _Q_‘ b Q Q o = Q@Q Q
( 3 + - 2 \) + ( v QR) 3 + bly

=> 03 = Q, -l-QQa
O.“\ Q. . 3_(11 Q,

c— _

3 2 9

—rq (q\Xﬂ-GaB = (Q\+ %)QQ ‘ 5a, + 5&2)
6 A

<(le)| L&34QH)>(R2
@@z « bQy N

)

@



