W\1= 3 (X)) | X9y € R3

= set of all points in

R = set & all real oaumbers

R3= E (x. » X2, X3)

= set of all POI'(H'S where

= set o alt points in  the

ﬂkﬂ: % (XI1“‘\’ Xn)
(1,2,3) € R?
bl:;\elom_:;
(5,10) € R*
(1,3, -2,13) € RY
— ScALAR
((R1+: i)

(2,3) +(5,%) = (%, 10)

-4 (65, jo) = (—20,-'—!-0)

xy -plane

xl;Xz,X3 e(-RZ

cach point  consists  oF 3 cpordinates

X, X2 X3 -Plane

R Xy 2- plane

X, 5 cvey Xo € ﬂlg

(1,2,0) + (-1,3,4) = (o06,4)

$3 = set — order it not

imp.

n
(R™, «) is tlosed under +

CXe 5 oome Xﬂ)—l— (‘51 2

»Yn)

= (X 4Y, 5 - s XntYa) € R

o~ SALAR V (P

(R, «) is closed under -

span § (2,1.3) , (0,1,8) 3} =
-

e R3

set of ALL  \inear

of

(zlll’j-)l [o)(ls)

tombin gHovy)



linear combination of (2,1,3) , (0,1,5) means
c(2,3) + C(o,1,5)

does  3(2,(,3) + (o,1,5) €D?

yes ,  (6,3,9) + (o, 1,8) = (6 4 ,14)
does vz (2,1,3) + -4 (o0,1,5) €D ? wuyes
D “lves"  inside R3 . D suoset" of R3

Def: let D be a suset of /R D is called a SubsPace
of I TF D= span 3 finile # of Ppoins in rR"?;

DU'Q,\IQ) = (om,o,b) eD
S (L% 2« ) D R

D con wWe fAnd o number C  such 4hat

)

CCl‘2|l|o) = (l,L\-,').,D\) [
Cc,2¢, C,v) = (I,%,2,0)

c=1
9C 4 . C=17 impossible  so, NO Y

(L%, 2,0) S a point n R

D "Ssubspace” of MY
but not = R?

D - SPQ()% QI:“")QKi

@y 5 -, Qx Ore points in R
(0,0,0, +ivn, ©) €D awas tue ¥
C: 6
= x+)
/z;’ D: £ (ixt)) | XER3
' set of al PointS on e line Y= x+)
/ D is o supset of R but D is NOT

0 Suospace of RY buz we cnt Span
of o Ande 2 of poinks




F D s a swospace by our def: D = span § some points 3
‘—> CO/O) 3 D bu"’ LD|°) ¢ D

hence D cant be a subspace

/ ¢ all the point
N the firsl quadrant

D=3 (xy) | X770 Yo 3

Dis a suwsed of R
but no) a . Subspace

Sol assume D is 4 SubSpace

by def. D= Span § (X, 59,),(xas42) 5 vy (Xn L, Y003

X [ Xn
| 2 b) >/ b
g|) th \Jn
linear -1 (X199,) + 0 (X, Y,) + v+ 0 (XnYyn) €D
bmb,
Mpossible (.‘Xu‘“.h) +(0,0) ¥+ -2 +4(0,0) £ D

D= span § (1,0)(0,1)3
P s o Suospace of fR*
anyting  writen in e long of span s O Subtpace
Subspace —=  subset

may- or Mmay not
S“bse+ > subs Pace.

every point N M* can be welten A g \inegr combination of
CDIIBL\|D)

G, 6E) =2 (Lo« (G (o) = (2,(3)

(ab) = a (o) v L(oy) = (a,0) +(bd) = (ab)



§ U b s Pac e s

Q; D: E (X\lex\*x1)|xl/xzem%

" n N 3
D Llives in M

e sSer D is infinite

use the concept of SPan  gnd snow that D s a
SubsPace  of )’R3

S %, (1,0,1) « Xy (0,1,1) | X, , X € RS

o
"

n

span § (1,0,1), (0, 1,0) 3 it he doesn't  Specify
which SPan method +then

we can use whichever

D: ?,(X|1y1,-2x|*3x1)xl+3\ X\,Xz,yq. &m;

D lwves inside MY & D is on inknive ged

convinee me that D i o Swbspace of R"

D= 5 % (1,0,-2,0) % %X (0,1,3,0) *+%g (0,0,01) | % 4o, Xa € R3
= SPG\!’\E(‘,U,’Z/U), (0/\,310),(0,0,ol|jz5
D:z YI,Y?-/ X,+2l)(l,)(z€ﬂ2%

D s not a subspace

D is a subset of R3

here i€ | §O we @t Span

D - Z Kl(l|0,|)-\- Xz (O,I,o) -t-[(olo,gj | X, , X2 E|K§

7 Span

ANOTHER METHOD -

Checw (0,0,0) . hves in D
(0,0, 0%¥d) = (09,2 So span s impossible

D= 3% Xi» Avy,xy [ €X ,x, eR}
N ’ 3
D iives n not fnite —

D= % X Cliuxy ,0) = X5 (o, x, (2 | x, x5 e6R%
== =

7 span §  fnike points 3



L

n e qr t ran s f o
(R - homomorehism )
domaun Co-domacn
f IR — MR
X-axsg Yy-axis
Flx) = x4 3
func domain  CQ-domoin
Q T R*—- R
TOx »X2) = 2%, - 99X,
Show T is a \linear transformoaton

lustrate

T(1,3) = 2() - 6(3) --13

T(2,\) = 102) -5(): .4

T(3.4) = 2(3) -g5(y) . -4

T( 0,3+ (1,()) s T3+ T(200)
"

(3[,_'_) = =13 + - : - 1Y
T: R — R
T(x) = X+|
T8 = F A T(2) +T(4)
domain Co—domain
Def:

T R — RrR"

(R — homomor phism

is caned linear transformation IF

0 TIRA®R) = T(@) + T(Q)

for every Ponts @ , ® in R
- car\rh:g\'l'
@ T(c,R) = ¢T(Q)

for every real s C

and  every
pont @ n R"

r

m a +

Q



@

TR —R
T(x) = 3x
s T a

a,,a, € R
ird
cheew T (a,1a3) = T(a)4+ Tda)

linear transformaton ? s 7T

TCQ|+QZ) = 3(a,+a.) = 3a,+30,

T (a) = 3q,
Tla,) = 30U,

Tlaxay) -
cemr ,
cTca)

3ca

TLa,)) + T(a2)

choose aeM®

T(c) 2
3 ca =

form mx
L-T.

T : rR — R not u‘ﬁ the
Tx) X2—" & not
is T a Linear transformoton ¢

e

r\lo| T(\\) = =
T(2y= 2*:= 4
T\ + T(2)
R4 27
+ &

BN

T(I—\—:U =
T(3)
3* =
4 4 5
fact :
T: M= R is
T(X) =mX

L-T

TF for

T: R=> R Tx) = 3x+2
not of
num.

gol: () 3 X+ ¢
fixed

real

3(\LVxad=6
3(-Vx2=-

T =
TN =

()

TO-) =
T) = 64—\

2 A

‘f(M;\' :
T
Fhen

N —> W\m is an

T(o, .--.0) = (0,0, ..
0 -2evos

R - hpmomorphusim 2

some real

the

L.T.

.y o)
M- timnel

Nnumbenr

NOT an L.T.

form

3+ + 3(-0+2

note :
we ant use

fact beouz

not+ be o

mx for Some

T(o) =1

here
L-T.

it Might



T: R > R
TH) = 3x+ 2 Conkinued

Colr (3) not an L.T. Since
T(0) =2 406
T ﬂ{s EN (P\3
T (¥ ,Xz'xa} = (8%, 2¥X3, X\-\-xS)

convince me that this is. a L.T.

Soli  no ol.  he didnt  gwlve Lol

fact
T R" —-=®R" s a LT
TE T, ---, xn) = (linear comb of +he Xx;)
e~
jceis CeXxy * Cz2 Raw C3Xg
C,--+ C3 = gome real num.
T R — R*

o T (K s %) = (0 |, XAy, -3x.) LT.R

fol:  0ig a Linear Comb of X, Xq

0: OX\’V OX2
1

2
= C\ X\ Y C’)_ XZ
for fixed ¢, .or .Ca

X|1X2= \X\—\- \-Xl
—3x‘ 2 ‘3)(\‘\-0X-_2

No, since |l i not o Linear ombinahon
of X , Xy

T[0,0) = (O; \ 0, '0.) So NoT L.T. bcwz s
# (0,0,0,0)  Which s the ongn

fact:
ITEe T. Rh%ﬁ{m i« LT
then T (orgin ot R"™) = T (origin of R™)



T R — R
T(X\,Yz')h} = -\0X3 ¥t X, L.T.? Wh\j?
Yes, L,T.

~\0X3% Xy 1§ o \linear comb

of X v Xg

“W0X3+ Xa = OX +\ Xy % -0 Xy
is ¢ dtrue T(l,o,z]-\— ('-1;9,43 = T(\,O,'L) -~ T(Q‘gl-:l,")

yes , s Hrue bz T € o LT,
ASk PROF TO €£LABORRTE & Sowve

T. RY 5 ps
T CX, (X2, X3, Xy ) = TC—2X|‘\-3X11x3_xL\I X+ 2X2 =Xz, 0, Xax X i LT.?

yes, by sraring | ench coord s equal LT, of X, --- Xy

T (Ra-") ‘R‘-\
T(X\ |X2[X3) = (X\'X.J ,O ? x_g 9 X.) L\T.?

Sor: NO

2

X X2 7 #fixed CiX, + FzxedCz xa + Rxed c3 X,
hence T 8 NoT L.T.

T(o,0,0) = (0,0,0,0) but Mots notr an LT pbeur if
we have LT, then s 8 4Ahere  but dhe opp ¢ not +rue
So A T(o,0 (®) = (0,0)0,0) doesnt make W an LT,

Q (by $Horin9d):

T- R’ > R ¢ o ULT.
T, \N=9 AW CANRD I

Find T(0,2) = TCo )+ (L))
S TO0) & TELD

= S5+¢% =12
T(-w. %) = T(u(-1,1))

= 4 T4\ = & (F) =28



T (0,0) =0
T (_D‘b) = T (3 Lo‘lﬂ = 3 T(o0,2)

= 3() = 36
T: R—>R
T(x) = A* <\
we Know T & not L.T.
Rar\ge —> | £ 4 < 0
zevos OfF T

the range S @ Subset of +the @-domain
c——

Y-axis
A-int 2 y=o x=7%

2zeros of T Ahat "\ive’ in +the dowain

T+ {Rz —_— |123
TOx, x2) = (3xz, X, -Xa > X\+6X2) by staring T

i< a L.T.

bz eath  ord © o tnear omb of X & Xa

find range of T. {find zeros of T

note:
2ev0s of T & z(T)
A Ker (T) 2 nul space

the range ‘lwes' in M3 which is e
Lo -doma in

Range $ (3%, X\-Xa 5 X +BX2) I X, » X, € R

Range

$ % 0\ X2 (3,-1,8) | X Xae R

span ¢ (041) 5 (3,71,8) 3
SUospace of R?

S (5,2,-0 € Range of T ?

Same

o) so, can we find  Ci, G2 Kcn Hhat

(5;2\-43 = C\ (ol\l\) + C. L?’,"ll 6')?

(Q,QI—\)= (O|C\IC\‘)+ Cscir’CQ_’SC:L)

the vange | lives inside

of B3 buwt iS notequal
to 3

(.9,2,"\-) < (3C27 C—\"CQJ C|+6C1)

3Cg =5 — CQ:E/S

C,-Cq = 2 — c|—6/5=Q—> C = U3

)
~| = C\“'BCZ

< Mz x 29y - 36/

-1
/ 2 So, “the point. doesnd belong M the mange



fact:

range of LT. s a suosPace of the co-domair)

now, 2evds of T
they have fo lwe in the domain

T (X| ’Xg) = (37&1) Xy - X2 5 )(\‘\"57(1)
[ g

W€ want His 1 be o

Know
T R" = Rr™
zeros of T = Z(7T) = Ker (T = nun of T = T (x,--- %)) T(X\-"Xr\\:DE
{.olo,"\lo)
3%, =0 m-—-tmes
X2 =0
x|—X2 =0
Xy-0o =0 <+ X\=0
Z2(1) = %3 (0,0)
T: R*—> R?
T(X,,%2,%3) = ( Xy *2Xq X2—9X3)
T is L.T. bewz 48 a linear comk sf X, , Xz, X3
() find Rer (T) = 2(1)
2 (T)e% (%0 Xa %3) )V T(x, xg X3) = (90 3
(x\+’.lx3, X9—€Xa_,) = (o0,9)
A 42Xz =0 — X =-2X3
Xg = 9Xg =0 — X3 = 5khy
X € R
Z(1): R (3X3, 5%3 5 X3) | X3 € RS
= X3 (-2,5,1) | x; E®} fact:
2(T) ALWAYS a Ssubspace of
= span § (-2,5,1) 3 the domain

s a subspace of ®R>



(2) rgnde of T ?

wn be removed lader on

Since % can be “tronsformed &g

0. \inear comlo.

range (1) = ¢ (X x2x3, X2-9X3)| XKodasXs eR 3
= § x, (1,0)« X2 (0,\)% Xz (2,-8)3
= span § (L), (0,1, 2,-5)3 A
range Wes in R* <0 swospace of ®3
e co-domowW
Rar\ge - R?

fawe ony point (a4, b) N RrR*
@) = a(1,0) « blo\) + ol 2,-9)
= (Q(\o}

b= sean § (10 (0,1) CL1) 3

Dis a Supspace of g

(1) s o Gnear comp. of  (o,1) (1,0)
D= span $ (1,6) (0,3}
Def: @Q,,Q - ¢
L X2, ‘ Qe n MR
We Say @, -.., Qs are (ndependent
TIF whenever C Q1 4 Ca@p «+++ CcQg = (6,0,0-:-6)
N\ —
n-Hmes
'\'hen’ C('-C1= "'=CK=0
Defs @, , Qx are dependent
IF  4inere exists on G40 such et
C@) > x GQy & vt CKQK= (o,o,....l°\
equiv. Def:  (practical)
Q. , ----- , @x i R“ ore independent
IF none of +the Qs ¥ a \near combination
of +he remaining Qi's



@, - -, Qg oare dependent

TE atr ‘easr one of +the @' g o \inear combinotion
of the remainng  @'s

(Ql‘(o) (0,0,3) (4,2,3) € R?

2 (2,1,0) + 1(0,0,3)
(4,2,0) + (0,0,3)
(4,2,3)

“4,2,3)

2]

1]

. points are dependent

A - [ ! 23] size(®): 2x3
o t 5 [ 3

4 col
¥ rows
(e @2 Q3
] 01 45 (o,1,%,6) , (1,0,2,1), (0,0,1,0)
Lo 2\ : are ndep poits in . R*
6 o | o

e

ClQ+ C2aQ+ C3@y = (0,0,0,0)

C=C=C3:0

Row operations qowed

%R; , AFo , mutiPlY a row  with a nonzero F# .
xRi + Rk — Rk
Ri interchable with Rk

|ﬂ the whole 4MNGY  behind His  is ot i wil

Mmake @ ook Jiff  but ®  womt  change 4ne sol.
MNUS you  wse it 4o solve dne Q.



Q@ Ae (2%71) (-4,2,3) (o6, 4 € R® indep.
sotion [method J
@ 4 -9l g wu by
-1 2 3
0 64

v t”

B row , Y noniero. # needs . fo. be |

| . eaunivaleny

T in rod One and Kl al bl
._l.1.3.

exactly  below | e ‘1" uUsvally we vie
o &4 oW 0. 42

| 1RU4R23 R,

2t ] Gt Ry & rpeat  (op2)
(.OV'-}.Z)YQ
0 ¢ 4 -

J -6R2tR3 2R
I —> o . none of e rows
o o 0 t Y% = e (900) = these
o & 4 o o o . % are indep

Q: Are (02, -N4) (2,03, 4, 8) (-2,-2, 6,200 € R* indep 2

R
234 6
.—2._2.‘.20-

o l(:zn\'+n2'_-a'ﬁa'
. S .
ol M S 0 ) a2 1%
-1 -2 6 2o o 0 2 4 %

| l Rz +R3 >Ry

p—

5 the poinas ore 204

_dependent meaning that o2
(-4 4) (-2-3,48) © 00 o
i< o linear comb of

( —2.’-2.-6(-2"')

o



Def: et D be a swospace of ar' So wWe  Know
n
D= span 7 Q, , --- > Ry for sOME  poinds R" @Y 8

dm (D) = max. # of indep. points in D (l'.e..: find +ne i(ndependent
points out o @ --- ®x )

a4 P ,..-» By are the max # of indep points in D,
D- Spar\fP‘,__., P""‘%

dim (D) = m

@ 0= span ¢ (1,,0,1) (-2, -2,1, 3) (0O,0,1,5) C-2,-2,3, 13) 3
S a subspace of IR
(i) Find o basis for D.

(ii) Find  dimension of D.
(&) Use (&) and rewr+e D

Sol ¢
2R + R, R
g (110 1) mEE e
= 4
a3 14RY A Ry o o s indap
o o L5 o © (S
-2 -2 3 13 o © 356
—Rz+R33R3 b e indep
-3R2+Ry— Ry ] .. .
= 0 o L 5 (i) dim (D):2
0o 0 0 o
o o O 0

(i) B (basts for D) - { indep. Pm’n‘l'sZ$
= 5 (,L,0,1)(0,0,1,5)7%

i) D= span § (\,1,0,1)(0,0,1.5)%

30 Q, T IDRy % 19Q3 - Y2 Qy



() is (10,10, 2,18) € D ?

n

(\°l|o, 2,\6) C, (‘l‘lol‘) + G (ol ol’lg)/ Ay 1o And ¢, A ca2

|}

(C\ » € ) C2 P) C,—k 6(:2)

?
C, +5Cy = 10+10 = 15 NQ sueh ¢, Ca exist hus
(10, 10,2,15) ;E D

ma+h L oL :f

0 R" is o swospace of ised (IR", we @l it vector Seace)

n -
R = Span % Ct,o, O|°,"'lo) Lgel‘lol"'lo) Lorlo:llol"'°?

ceee o (04048 -0, 1) EQJ X3
—
@n
(Q\,Qzl...lan'] G - 2" coord = | , others= O
@, : 3rd coord = ), oithers:-o
= Ol Q| *QQQQ‘\“”-(- Gn Qn Qr\ . ﬂdh coord = \, others = O
) o
O\\\l\----O S
o c?\\\\--- o Jdentity  matnX
- - - t‘-\-o
00 o\
S\
| s RY = ¢ rows of T}
nxN
dim(lR“) =N

B- %((:ol"'IO)(ol‘)ol”'/O),._-
ic 4ne srtondard basis for R"

, co,o,...lo,()";

[P 2) pssume D is a swospace of R™ qnd dim (D) =m. Then,
() dm (D) =m SN
@ D:R" IF n=m

4nhen every
(i) TF R?M ,an% K points in D are dependent



3) basis for D= $any m indep Points in D2>
span { basis | = D
pan sany L indep points in R"  L4m 3 4 p

D = span §_ any m ind€eP points in Dg,

Q: s §(Q‘6) (-3,\1)75 a basis for rR’?

Sol:

o Ry SR\-\'R!L"'R'J.

2 6 1 3 3
—_— —_—

-3 11 -2 12 o 2|

Yoy Ra [| 3:| & yes, the points are the oy
for ®?
(Rz = Spon %. (\(0) (ol‘)i
= span. § (26) 3123

Ques+i0r\s

L i near Transf orma¢tion s
Su b s pace s

Q1 : Use the concePt of “span” and onswer the below

() Is D: § (x,+3%s, SX , 0, 2x3 ) | % ,¥%5 € RY
R* 2 Ts (1,0, 0,6) €D? Is (9,l5,08)€ED?

D= %an § X, (1,8,0,0)+ X3(3,0,0,2) 3

» D isa Subspace of R*

C‘ ((‘S'OID\ -~ C'Z (3,0[012‘)

subspace of

(C| / 5C\,D,O) + (3Ca 09, D'ch) M (ll'IOID,b)

(&+3c,, 5¢,, 0,2C,) & (1, 10,0, 6)

Ci+3Ca =Vl = 243C =1l > Ca-=
5Cc, = \0 .C =2

o =0

2C, = b G=2 & C,:.3
> 3

i+ does
belong o D



(q,(Sl 0’3.) eD?'
C,+3C, =19 3+ 3,29 —» G=9-3 .2
3
SC =155 A G=3

(4,15, 0,8) £ D because
2042 B/a v Ca=t we cant find @ const ¢ ¢

(i) Is D= §(x;«~x4¥Xs, X, O, 2x3) | X, Xz xy € R3 a subspace of R*2

it 1§ not a Span  because of
s muhphicotion

D is NOT a span of FINITE numver of points in R*
(iii) i D= ?_(er?-xz,Xa*\’o” Xo, X210 X3 € R3 & suospace of R ?

D is NOT a subspace of R®  bpecauwse (0,0,0) £ D
terefore D s not a span of FINITE number of points.

. . 4
(v) s D= §(x\,l’>‘(i,x.)|x\,xa €cR3 a subspace of R*?

NO, becouse. & 4nis
eAponent .

D is not a Subspace of MR¥ because igpen yw do  span

£X (10, \) + X:(OI\(D)\ X, €R BUT X >0

meanng X3 Cant be ANY real humber

(U) is D= § (X, Xz-2xq , X\, 4%X3 ) | X\ X3, %4 EM 3 0 svbspace M*?2

D= Span 3 X, (\,0,1,0) « X3g(o,1|,0 4) + Xy (041-2,0,0)3

4 ycs, D is a Subspace

= span % (l,o,1,0) (o, t,0,4) (0, -2,0,0) 3 of RY

(W) is D= § (X, ,x3,%-2Xz , X&) | X¢= 85X -3z & X,,X3eR % a subspace
of R%?

D= ¢ (X X3, ¥1-2X3, 5X,-2%3 )| x,x5 ER3

1]

span § X, (V\,0,1,5) + X3 (o Ve=2,-F)73%

sean $ (1,0,1,5)(0,1,-2,-3)3 & yes, D i« a subspace of
R4



. 2
Q2: (i) Let L: R®* = R® suich that L(x, X2 %3) = (X, +3X2-X3 , 2%,%9).
is L a linear +transformation ?
No, its not a L.T. because 2Xa+x5 is not A (inear combin ation

DF X.,X11X3
b}
L (0,0,0) = (0,6) # (o0°)
() et L:RP— RY  qun wnot
is L a LT7?

L(X‘,X.’llxa)’-‘- (x\+3XQ-X3,2x?—,xlx37o)
A~
no, is not a LT,
beur  of  Hhis  mukiphcahon

(Fixed €\) X, + (Fixed C2) xa + (fixed C3) X3

N oter words, X, X3 #

3
(i) Let T= RY > R suen that
T (X, %2, X3, ) = (X3 %X, =3K3, O, Xy-3%X+2X3) s Ta LT 2

write 4he vrwnge and 2 (R) as spoan.

yes, by Saring , You can  se€ tat al e word are a linear (omb.

of A X2 K3 Xy

Range = f (-Xat4X;-3Xz, 0, Xu-3X*2X3) | x, x, x3 x4 € R3

span Z( X (4,03)+ X (-1, 0,0 Y+ X3 (-3,0,2) + %¢ (0,0, 1) %

b3 staring X2 > X4 $  a linear comb u‘ﬁ X, 2 Xaq
range = Span z -1 o/o) , (o9 1) S
is o set of all poinfs in  dthe domain <.t

Z(1). = ker (T) = Nun(T)
T ( point in RY) = (0,0, °)
T(x %2 ¥gxu) = (~X24+&%X, -3X3,°, X4-3%,+*2%3) 2 (o,0,0)

~XatUx, —3X3 =9 X4 -3 X, ¥2X3 = o
)g2=_(—‘+x‘+3)(3') Yy = 3%, - XX

2 4X‘—3X3
X, , X3 € R

2(t) = $ (X, #4X-3%Xs, X3 , 1x,-2x3) L X X3 eRY



T: R- R

T(x)= 3x s L.T. TIF item 3 s eigen vawe

Def:
T m“—a R" is a L.T.

eiden value & T IFF 3 a
domasn SUch hat

A number « is called an
none zero pont Q@ N “he

T(X a5 ) = X (X5 dn)
T: RP->®®
T(x\‘l Xa, x3\ = (.6xl ? 3X2,—\OX%)

find an +he eigen values

(5,0,0)

s (1,0,0) . © = egen Valwe of T

3 and -\0  agre  eigen value

T(lo,0)

1

any point N the San 5 (1,6,0)% sarsfy Tleoint) = 5 poink

Sean § (1,0 0525 elgen SPOces coresponds ‘o €igen valne 9

Span 3(0,,0) % > 3

SPan 3 Lo,0, 1)} o -lo



MATRIX:

dizesp, [1]s zuﬂ

6 | 2 3 of1 1 —> § [ 6
I |o 1

@x% 2/o

A 4

MNA——— _

| o 2 & I

2 1\ o 2 B

31 3o o
|

N

W —

(S HE

= 5 ? 4his a linear combinahon of +he

Columns of A

(S

Using LC method

— -
2 3 ¢4 o | - C
o I ( 2 2 o 3x2
O o | -2 3 2
Ist  col:
( ! + O 2 + 2|3 + 3 4
() | | 2
) o ) -2
zﬂdcol;
-1 1\ 2| +of 2 |4a] 4 @ 9
( | 2 = 3 3
-2 -4 -4

in A



Facet:

Any Nx M moatrces

T(X|,~-'1 Xn)-: M [

Nxm

/

X1

en T= R = R" given

Xy
X — : ¢ R"
Xm X

mx | nx|

™M Xi is a L.T.

T: fRzelR

T(x>x.) - (hu] [iﬂ

= X, +4X,

v = Lued [1] < 0023

Z2(1T) = set
Xy +4x, =0

X; = ’L[‘Xz

2(1) = § (%.,x) €R> | % 2-4X , X, €R S

=§(’4X2,)(9.)\}(,€1R%

= % Xa (-‘l/l)zs

= Span § (-4,1) 3

by



3 2
g TR — R
T( 0,0 a3) = (a,-202+03 5 40, ~ BGat4aq, )

() find 4he Standard madrix  presentation  of T.

a‘ a‘_ as
M= V-2 0 Standard. mateix
4 -8.4 presentadioN

Sandord  bagis of e domain (R*)

= 3 M (0,h0) (0101)%
el

T(I,o‘o)

€, ez

(llH) ISt ! of M

(]

T(o,1,0) = (-2,-83) 2M (o of M

T(ololl) = (l,‘—() 3% ol of M

2 a, (n4) + 0 (-2,-8) 103 (v4)

K(N\ﬂ( : Span { (‘\UJ (‘21—8) (4 '{')2_&

T(a||Q2|ﬂ3) : M Qa,
Q.
Qq

Range = . span.§ columns . of P\ls

2(T) = % (6,,00,a5) E dn:wdn | T (a1 0295) * (0,0) 3

R 2
mi| a 0
« |- | 5]
Qs
G,- 20, x 03 =0
Ua, - 30y * 403 <0
al (1% m?o c o - 2011.(13 =0
l _2 \ ’ ‘S _HR\-('RT--)R?. [ ‘ _Q ol o.] ql = QQJ. —QS
- 0
% 4 o » w e R
Comelete
Gugmen’red reduced frec

mdri kA varables



2(1) = g' (205-Q3, 02505) | a,,a5 €M}
- % 0, (2,1, 0) 03 IR
= span § (2,1,0) (-t‘o,l)'g
FACT:
dim (2 (1)) = # of free variable when we Sowve M [)’:n_]- &Z]

l

Standard
matny  presentahion

Range (TY = Span (14)  dim (Range) = |

dim (2eros ) = 2
2(7)
¢ dim (Range) + dim(2ens)= dim (Domain)
2 t \ = 3 4R

T: R* — R’
T(XoXar X3s %) = (X -2Xax7du, 0, 2% -4Xy+ X3+ 1Aa)

() find ‘e Sondard modriX  Presendotion  of T

X
0
0

eath Cordinade
is a row

<
Ny

M =

-

o o — K

[
0
2 \

£ ©

dim [Codnmm'r\\ X dim (domgin)

— TOX, X, %3, %) = M | X

X,
Xy
Xy
T(Q‘L\'\O,I) = |l =2 0 | 2
O o o ©® y
2% V2 o
I
=21V 420 o[ V] =] 5 TT(Q‘Ol—IU)
(o) (o} (+ o (o]
2 -4 ! 2 -lo

Hhe origin  of domain = (0,0,0,0)
P " n  codomain = (OlololB)



fact:
Rank (matrin) = * of indep rows of A
=% of indep cols of A

() find 1t rank

~N ~ | o o
_——9K_> °©

-2R+R39Rz } ank = 2

foct:
Rawspace of M= Raw (M) = Span § indep rows 3

(3) fnd the rowspace :
note:

Rowspace = Span S (l,—z, o,1) (o,0,1, o3 rank (M) = dim (r‘ow(mﬂ

= Span ¢ (1,-3,0, l)(l."%,\.ljg

(4) column Space M = CoI(M) = Span 3 (1,00) (00,0 %  WRONVG OV

his. 15 col (K)
you must take the OC

= span § (1,0,2)(0°,\)}

Col (M) = Range (T) = span $((,0,2)(0,0,0)%

dim (Range (M) = Rank(M) = dim (eol(m)) = dim (muw(m) ) = 2

N ot e
ma+th
- Tis ontd IFF bt
Ronge (T) = to -domain Z (1) = % origin of domain §
= S'Pan é H%

- T s (-1 TFF
« dim (smnion'gini) =0
T (QI) = TCQl) THEN Q\ = Q;z becoause s not an  indep point
ALWANS



T i isomorphisim -
Tic omo AND -\, #en T (g  jsomorphisim

fo, he & @sking i€ 4  onto & I-L.

() Ssomorpnisim?  ND, because &5 not  onto

Ly s v 1-12
dim_ (Ronge) + dim (2(1)) = dim (domoin)
2 + 2 #£o = 4
WS ot 1=l b dor - o pe I

4he dim (2(M) =0

T: RY > R”
T(x\lx?-, 7(3’Kq) = ()(,_-Xs“’x‘-l-’ X|‘\'X2‘XL\,,X|'\'1X7_’X59 xl"'x'b"'x‘t?OB
() fina  all points in e domain (RY) st. T (each point) - (1,4,5,6,0)

mte: + cant be ontd  because 54

X . X X3 0y T(ar\y rofv,-i—), m [ 2
M= fo ¢ 4 ] ,’f{]

' L .o A

(.2 Lo

t o | |

o © o O |

augmented matriy Sk, i need % find

m| % - 4 [m | c.ons’l—an%S]
iy 2
X :
KR X Ky constanks
0o L -l | { ;5)11121—9!21 0 4 | l
Lo -l u Vo [ -2 3
I 2 -l o 5 TR+ Rs 3 Lo (-2 3
1o | | 6 o Y | 6
_ 0 000 o 0. 000 0




—R1+ Ra 2R3 F o [ -\ | | o | 1 !
l o« 2 3 Vo v (3 -Ry xRy =2 Ry
nJ ~J /Q}
0 0D O O Y 0o o0 ©° |o
~824Ry > Ry o 0o 3 3 YRy 00 ol |4} 2Ry x R 2
© o o © 2 o o o |o
- Varigb'es =1 are \eadivg
°crt v ojo Xy ~%X3 = 0 Vorigb\es g X, , X, Xy
Lo\ of5 Xy 4+ X3=5 al\ other  vanobles
oo O | | - COW\Q\C‘R\‘S Xy = \ are free variavles = X3 €R
00 200 reduced 0 =0
o 9959 O o
L o X X3
Y 5-X3

$ (5%, K2 %, I)) XERY
Questions  Worksheet:
QL let L:R°> RY s.t.

L (X\ X2 X3 Xq)(s) 2 (_Xz"xs'\ Xy + 2Xg,
X(-2X3-2 Xu -3 X¢,
-3X‘4 txz+6Xy +1l Xe |

X+ X2 =3X,-Xy - xQ
W & clar that L ic an R - homowmorphicm (v-e.LT)
() find the standard matrix representafron of L.

M= dim Cuad.owm(n) = dim (d.omau‘n)
= kx5

X X X3 Xy Kg

o ' 41 s
I o -2 -2 -3
"3 o0 ¢ ¢ N

N <



(i) rewnte L in derms of M

X B
L(X\ Xa X3 X\‘. Xr)= m [ ': )} - K; 2 | { \ 2

X
)(;- )(1' I & -2 -2 -3
Xi 3% 6 & 10
Xs I e

Gii) rewrite L in  terms of m fnd L(2,-1,3,-2,4)

< (9 t -l ( 2 2
( ) -2 "Q —3 "(
3 o g 6 3
[ B T B -2
| 4
= 2|0 - | t3 -t -2 ! 4 | 2
| o -2 -2 -
-3 ° 6 - i
| [ -3 -1 -1
= (23,-12,44, -10)

() use +he original def of L and had L(2,-1,3,-2,4&)

LLZ,—[I 3,—2,“) = ( X2 - X3 + XAy + Z.Xs-/

X,-2X3 -2x4-3Xsg,
"3)('_(.5 K3 + GXL\'\'H Xf,
xl"x:_‘a)(;—-x'_‘—y_r)

= (()-21 (-2)+2(Y4)
2 - 2(3) -2(-2) -3(4)
-3 (2)46(3)+6(2) 4 LCy)
2+ (-\)-3(3) - (-2) —t&)

= . (2,-12,44, . 10)
S— note: 4his must

qual - sne  prev (i)



(v) S (2,—(L|L{lfl-|o) e Range (L)
yes, because ® = (2,-1,3,-2,4) € R°

ond L(®) = (2,-12,4Y, - Io)

(Vi) fnay the rank of M
H# of indep vows

o L -l 1 2 o [ -1 v 2
- i -Ri+ Ry Ry 3Ra+R3 2R
| (o] ) -1 3 ’S o -2 -2 -3 N
- I N\ 3 o
3 0 6 6 ’ 6 & M R, TRy2Ry
I Y | © -2 -3 -3 2 T
o [ ( 12 o | -1 ) 2
( o -2 -9 -3 fa R3 | © .2 -2 -3 Rank (m)=3
o © o 2 ~ ; o o © .',
o () P) o ] o © o © D

(Vi) find  the Row (m) (e. row space of M

span indep rows of A
Row (m) : Span ? (o, I, "'/'Iz) (l,0,-2,-2, -3) (-3,9, 6,6 “)}
< Span § (o, l1,2) Cl0-2,-21=3) (0,9, 0,0,1)3
(Niit)  find dhe w| Space of M: w|(m)

Col (M) = Span. § (o, 1,-31) ( 1,2/ 1) C2,-3,0,-1)3

(V&) what is the relaton b/ Rank(M) ¢\ (M), and Range (L) ?
find  Range (L) ?

dim (Range (L)) = Rankim) = dim (ol (M) = dim (Bow(m)) = 3

Range (L) = \Cm) = span? (©,1,73,1) (1,0,0,0) ( 2,2, 11, -1)3



(x) s (4,6)0,10) € Ronge(L)?
Il o 2 4 ~R+ Ru- Ry ( o 2 ¢
o (-3 ¢ ~J o | -3 -6
(=4 -3 1 o © -3 ] o
| | - |0 o | -3 C
e 2] ¢ R 3R3 + R 2Rz
o | -3 £ ~J o ( ~3 ¢
o ° 2 | g |hr |oo 1| g | TV
| 6 o o 6 © 0 o () '.'ZRg-(-R"-)R,
e o | iy ¢, = -
6 o I q ~ C3 =9
_o o o o Cy: o
G
o=zo
1t does . € Range (L)

SRQ_'\Rgﬁ Rg
aV)
“Ra+t Ry— Ry

(46,0/10) = =14 (1,0,0,1) + 33 (o, 1, -3,1) + 2(C2,-3 ; HI-\)



() find all 4ne PointS in 4he domain (R*), such Hnot

L (each point) = (4,6, 0,10)

Xi
L{XeXa x3 Xy Xs)= M [ x
X3
Xy
Xs
- o v -1 1 9 —q,—\
I o -2-2 -3/ ]6 ~ OQugmented matix
-3 o & (8 ( o
=3 -1 - (o
o) 12 4 | -Ri+Ry 2 Ry
| o -2 -2 -3 6 ~y
30 6 6 I o
[ T T B Io
: © € -1 L 2| 4| -Ry+Ry—Ry
(D o -2-2-3| 6 ~NJ
-3 o 6 ¢ 1| o +3R1+23—3Rg
o -2-2 -3 6
- o -t I 2 4 o [ -1 1 3 4
|l 0.9 -2-3 | ¢ I 0 .2 -2 3| ¢ | 3RtRAR.
o © 00 Q| B i °© oo o@® |19 v
o 0O o © o o O o0 o o o “2Ry +ROR,
N Xo ’(3 N Xe
.| ol -ttt ef-H Xo- X3 +Xy -1k > X3= X3-XAy - IY
(6 -2 -2 0| 33 X -2X3 -2X4= 33 > X = 2X3 +2ZX4+33
60 00 ‘| 9 Xg. =9 leading Varrables
o 0 0 0 9 0 0 =0O

note: NOT o Subspac€

s 5 (2%42%4¢33, X3- Xy-14, xg 5 X4, ) | Xg , ¥4 6R Y ik a set of al
points . in the domain  R® where L ( poirs) = (4,6,0,1\0)



(xin) find dim (Range (L)) ond dim (z(L))

dim (Range (L)) + dim (2(L)) = dim (domain L)
3 + ? = =)
dim(2c0)) = 2
(xiii) fnd z(L) and write it as span of a basis

9, L (each po\'n’r\ - (0,0,0,0)

. o (U -l | 2 ) —R\—th - Ry

/I o -2 -2 -3 o (v}

-3 o 6 6 |l °

;-3 -0l °

o vV 2| o] 3R, 4Ry ks
G) 0 -2 -2 '3 (o] ~J
-3 06 6 1 © | -R,+ Ry Ry

o -2 -2 -3 e
.0 I 4 a o %.R (o) l | ( 2 o BRS‘\’R2% Q’.

3

L 0-1-2-3|e| ', l o -2 -2.3| o ~J

o0 0 o 6o 2]|o o 0 o 0@ e —JRQ,*‘R\AQ’
Lo 0 o o o0 0o o o o0 ©°|e
’_x| X,_ x3 b ('} Ay

ol -1 | O (o] Xo- X3+ Xy =0 ~N Xz * Xz-Xy4

Il 0 -2 -2 O |0 X| -2X3 -2¥y:=0 ~NOX = 2X3 €2 Xy

o 0 O © | o XS=°

[+ 0O 0O o (v} 14 o =D

Z(L)=?(2x3f1x‘i,X5-xl-la A, X\{)o)l X3xq€ﬂ’\25
= $x (2,0,0,00)tx4(2,-1,0,1,0) %
* Span § (2,1,1,0,0) (2,-1,0,1,°)%

8- 5(21’: (,0,0) (3,-1,0,1, 0)5



(XY is (3,6,4,0,2) € 2(L)?

2(3,61“0/2\ T C (2,I,l,0,o\ *+Cy(2,-1,051,0)

= 2C|+2C223

C(" Cl - 6

C‘ '-',

€2 (mpossible & Np ¢+ doesnt € ZCL)
O = 2

R2: Let T: RY¥ S R® such +hat T(x % ¥3 X&) -

( 2)(,—)(3—\—)(4,
-6X2,

4% -6 X2 —2X3+2 Xy )

() find +he  srandard motix  presend ahon of T

?_Xl (Q/O/Lf) + Xa (OIFélfé.) *XEC"l[D”'J)‘\'XW(\/OJl)-LS

2 o -\ {
o -6 o O
4 -£L -2 2

Mm =



Gi) find  the standacd basis of RY ond clearly state 4he  retation
petween {pne  Stondard mattix  of RY (domain) and M.

Standard  basis  ¢f R - 3 (1,90, o) (9, 1,0,0) (0,0,1,°) (°/°P)|)$
el 62 eg el.[

T(E) = (204) T(ey) = (OI—Q("G)

Tley) = (V,072)  TCey) = (Lo2)

(i) fnd 2(T) and write i+ QS span of basis

m: 2 0o - ‘l Va g, Oo ya ' ~4R TR 2Ry
o -6 o ©O ~ O .6 o O U
L4 -6 -2 2 4 -¢ -2 2
Lo - Lo -y 1
o @ 06 o -\ Ra o1 o o £R,4R3 - Ry
c-b o o NS o-6b 0o o N

Lo -Yfa X\ - 12Xz 2 Xy =0
6o ' o O Xp = O
o:0

din (2(7)) = number of free varigbles =2
X‘ = Xa - ‘la Xy
= i ( \/2)(3_\/,_Xq 5 O, X3 9Xq) [ X3 X4 6“’1%

: }XB (Va2 (D, |,03 £ Xo (-Y2,0,0,1) %

Span ? ( Yz, 0,1, o) (‘)a, o,o,l){)

N

S (Yo, 0,1, 9 (-, 20,103



(W) find Range (T) and wrte i+ Qs sean of bagis

Range (T) = Gl(m) = Span §(2,0,4) (0,-6,-6) 3
W) i (6,-12,0) € Range (1) ?

(6,-12,0) = ¢ (2,0,4) +Ca (0,-6 -6)

o

2C, = €, =6/, 3

6Ly = -12 Cg = /e = 2

L(-C,-»é(',zzo 4(3)—‘(.2):0
o =0

(V) find all  +he points in the domain (R%)  such +hod

TOX , %, X5, Aq) = (6, -12,0)

7 0 -1 | 6 ] R, I o Yy Y, 3 -4R(+R3 2 R3
o -b 6 o -12 N 0 -6 o0 o -12 ~

i y -6-2 9 0 _‘ y -6 -1 2 0
\ O —l12 l/Q 2 _|/6 Rg l 0 ‘\/2 l/¢1 3 ¢ R’ _‘_Q% - Q3
o-6 0 © -12 ~J Vv o o | 2 o

| o b o o -12 | 0 -b 0 © 12

3 } Ay - 1), Xg +\/9_Xq=3 - X\ =" X3"‘/27(q +3

Sol. doesnt . have s

4
= 3(‘/2)(3-'/7_){'.{(-}\1?,2, XZ/XL}B l X3 ﬁqem_i

(vii) is T ONTO?

dim (Range (1)) = codomain
2 ¥ 3

T is not ONTO



(Nij;) & T one -to-one ?
IF ZCT) = ?. Orcqir\ of the domﬂiﬂls - E(OIOIOI o)z)

T 1§ not one-1o0-one Since

Z(T):= Span ? ( /2., 0,1, 0) (-2, 0, °/l>i

(i) is T an isOmorphism?

No  since i*s nedher .~ onto .nor. |[- L

2 . .
@3 9ven T: R3> R” is a Lnear +ransformaton swh 4hat
T(2,0,0) = (4,-2)

T (o6, 0)

2]

(13, - 6)

T, )

“°|"5)

(i) find +he  standard motrix  presentation of T, M.

T(ei) dh col of M
were +owing %+ bade to .the onigen

T(2,0,0) = YaT(2,0,0) =% (4%-2) : (2, -V)

1]

T (0,6,0)

"

Yo TCoib0) = Yy (15,-6) = (3 ,-1)

> TCi,0,1) = (10,-5)
one. of. the
Standord basjs

So,  T(I,1,1) =T(\,0,0) =T(o,1,0)

= (19,-9) - (a,-1) -(3,-1)



Gi) find T (4,-6,9)

_ 2 3 5] 4

-1 -1 -3 -6

5

412 - 3 %

IR EI R
:((:4(1)— 6(2)+5(5) },ﬂ%(—()—é(—l) o ['3)]>
= ([8—]8-\'26]9 [—L\—ke—lg__])

Jo +26 R -15

(391 ‘|§)

System OF linear eauations:

L K Yo Xy — last SteP [ calwulation

130 o]l

o 0 I 0]2 sYstem of LE

o0 0 _|_ 3 nxm

4
consistent, we have # of \’4@ of
three leading variables eq Variables
3 Possibilities

X, + 3Xy = | % leading
Xa = 2 Xa # (1) ungue solution
Xy = 3 Xy ¥ (2) no solution
X2 e R (3) infinitelYy many solutions

note: we must have
AN
ot least one free vangble . F the systew) has (V) or (3),
then the Sistemm is consistent
X, = 1-3X2 \ free variable
So onsist+en t ;
. if the systéem has (2), +nen

f= T(1-3X2, Xs,2,3) | ;e R we say its inconsistent



is (!',0,2,3) belonds +o f ?
we  take X2:=0
yes, it belondS since i4s not a subspace

Xa: -2
(3,-2,2, 3) V belongs

Xq =3
(8/ 3/ 2;3) t/ be‘DV\gs

X, X2 Xg

| o o |2 we have Jhree leadin® variables
o | 0|3 no free variables

0 o | |4 nwnsistent

0 0 01 g0 NOD SOLUTION

Susgtemn  of LE has no solution IF i one ofF the steps

[ ] N [ j{ - you Observe that one of dne
equaxions lewme
augmented O = nonzero humber
3x3 X, 4+ X2 - Xz =
System of “X,+ 2X3 = 2
L.€. 2X, + 3Xp-2X3 =10

wride 4 in  audmented ‘ma+rix

N X X
[ TS T I R,-.-Rz—’kz I !
-1 0o 2 |2 eV, o 1 | 3
2 3 -2 -2R, + Ry @ Ry o | o 8
"Rg_'\'R\'_?Rl
Il o -2| -2 i o -3 | -2
M\J
o I ~J o | | 3
- Ra+R3-R3 o o -\| B -R, 6 o | | -9
2R3 +R 2R, 1 © o |- the se¥ congishs  of
mJ v o | g one Poinr

o
“R3 + Ry-=Ra2 © o | -5 (X, X» Xs) = (-2,8,-G)



- X, + 2%y- 3Xg4
-9((-1' QXQ_ "-QY?’"—lD

(D for what values of a,b,c does 4ne System have uniaue Solution 2

@ ' 0 y « will " be in consicrent 7
@ u ” n o “ wit « 7} have in/p'nH-ely many sol ?
Xl X2 X:’.
123 4 Ry +R2 > Ra 2 -3 | 4 You cant oo
-1 a g | (o NI o 0t2 2 | 14 anymore ol op
2 4 b c ~ 2R, +R3 2R3 o o brb| g
X 42% - 3%y = 4 unigue  Sol: a#-2 b #-6 C ER
(a+2) X + 2Xg = % "
(bx6)Xy = c-3 inconsis¥ent »o = not 2€r
b=-6 c#3

b #-6 Xa = €-3 .3

infinitely many SOl : b+6
wnich i when we have at least | free vanable

= -4 f Xa will become a free vanable
-5 -3 X3=%F for i+ to be ansistent
b+ €
e b=-6 & =38 0= O for +he X, case a#-2

T: RY>®RY

_, egen value
TOXOXa R X)) = (4%, -2%a2, 3%y, -2u)

review

qd=4 T((,0,0,0) = (40, 0,0) = 4 (1,9,00) » 4 & egen vawme

 egen  space corresPonds Jo +the  eigen vaue 4
T

SubSpace of Ey
the domoan

(nere” RY)

= Span E(I,olo,o)g



of A- for each eigenvalue of A,

A: ' 3 find all eigen values
o -
24 Sy o , find Ey.
0 o b

note:  we onld swdy eigen for nxn  modnices

ANNN

Tools needed o fing e€igen values:

(1) dererminant

1 3 -\ find A,
A - 24 | l
Choo$ € any row or any col (recommended we choose +ne one
(/2 6
ot has. more zcros)
157 ol
1+l 2+l 34!
DD YYD+ D) @3-+ G0 ) |3
2/ 2 b 4

= (W06 -2 -2 (B+42) 41 (341) = -l

A: 12 (o)
4 03
o b 0
342 3+3
= (-l) (6) | o (_0 (\o) | 2
1 3 1 &

£ (3-0) to(4-2)= -1§120° 2

"

facts Qbout dererminant:

() Nnxn system of unear eq.
x\"' XY\
2 C c
\/Yv
etk
rmatiX

has  unique Solwlion IF  the determvnant of |(| #o



no  solurion
() IF |C]=0 then, /
~~

infinitely  many

Cramer- Rule:

exp\ain by example:

X\ +2h ~ X3 =< (0
x( +4X2 1'|0X§ = I\

-3X tloX2+9%X3 = 30

]—e 3x3

- { 2 -\
SSV \ \' ) C X
osume - |( SN kA “aa e
_ uok lo) ! ;’o';
3 w 9 X, - 3010 9 Y= 3
lc] el
- Jhe effect of row oreration on lﬁ\ (de+crm'\r\cm+]
Explain by doing an  example :
' 2 3 2R, + Ra =Rz 2 3
1A = -2 2 5 Y o n
-1 =2 o R, + Rg —3R3 o
]B] = det(B) = 1A|
= (e) (13 = 33
Result:
et A be nxn  fnangular mokriX | then (Al = mutiplicodion of all
AN NN VNNV NN
on fhe main diogonal
has o be nxn
Def: A is 4rangular it it has one of +he followrng forms:
-
an = upper zeros
2eros
—

all
2€ros
= lower 2erog

= diagonal

X3 :

s upper triangular

numbers

x4t

13
, 4

-3 1o 30

——

lc)

|



Ll = %18l = Vplal =1
A= ¢lc| =6(13) = 73
LSRN L S Find (81
I 0 0
b -2 6
AR\ o 13 2R R | © L3 ] 4R 4Ry Ry
~J | o (o N ( o 10 NI
4 -1 6 4 o
181= Y% (n) [c]= 1B} =V 1Al
© 1 3 .. upper <zeros
l o |o
6 O -2
D} = (c]= Yy1Al [E]= = 1P| = - IA|
/ﬁ\ CR) [E] = a)() ()(-28) = 112
we multiply by
¢ -V€ when we
inferchange
H H 2 Lt 6 o LI'XL"
-1 65 o 13 nxn v
-4 -3 lo o
b 32 4% (oo
YR, ¢t 2 3 9 2 Ri 4Ry 2 R2
nJ -2 5 o3 N
-4 3 0 4Ri+R3 2R3
e 32 4§ (oo “16 R, +R4 >Ry
B(= Y= lAl ] = Ya(Al

A(=21C] = )c(a) @) o)
= #



Big Result:

A,B dre nxn matrices

@ |ABl: WLB]  in particular,

( = "R
2) l%ﬁ\ «" (R
Scalar
@) \AT| - (R

|—>DEF:

A, nxm
At - i ol of R

M ol of A

(A (B)

n general,
Nxm  MXN

hB need not eqy.a\ 40 !BA}

Ve 'vﬁeger
W - [Il]"
e

HKHXQ .-- %R
m -t'mes

@) |ng| = (BA|
5) in Qgererml, [P £B| need not egual to IR\ : (B
R = Lo B=( 00
Y 03
Bl:z0 Bl=o0
(A ~|B{z0D
R+B - (o \R4Bl= 3 # (Rl+)B)
03
small feSult bwi vsebul :
I, = identi¥ motrix nxn
Ta- [a(?] I; \ 90 (Tl=1
oo
Q.0 Y
whenever  mviPlvcation s iegal
Tn8 -8 A I
BIn=B 37(517.9"5"
I, A :-A

xS

3X_3</_



A, nxn
imagine & s @n eigen value of A

n
=2 3 non-tem Poind (o, --,an) € M

S-t. A lq‘} = QA Q:\
2 "

A q.' z I“ O:l
Gn i
nx\
Q
0(17\ & - A Q.‘ T cl>
in o ;
a, o
&«L,‘*][-:l e K°—X
Gp o

Q_: A: \ 2
o L4 X2

find an e vawues of A

set \"(12—Al‘0 . solve for &

characterictc polynomial of A, (A) = | T2-A |

(K-1) (x-4) = ©

=1 o=4



Questions  WS:

Qi find the Solwtion set of +4he following 4x5 systemy of LE.

1]
o)

X\~ X2 +2X3— Xg + L('X5

"
N

=X\ ¥ X2 - Xa T4 Xy + Xg
2%, t 2X3-3X3 +9Xy - 3Xg = -6

3X, - 3Xa +6X3 -3Xy +12Xg = 24

Creode +he aug. mainX

FX. X X% & X C o _
do- 2t ks R +R> Ry b2 -l b8 -2R2+R 2R
AUy o o | 3 5|0
NJ "
-2 2-36 -3|-6 © o | 395w ™
2R, +R3-3Rs -Ry+R32 R
3 -3 6 -3 12|24 ~3R, +Ry3RY o o 0o o o] © 2tR3a 03
[ o -] 6 -u_‘ - K-Xa- Ay AbXs = <12 D Ko X2t Xy bAg-12
o | 3 S 10 - Xa-tBXq+5x5‘=\D—9 X;:—-?:XQ’SXS*"O
6 o 0 OO Y
i oo o6 () ] - IeAd»'ng variables are ¥ X3

X2, X4 , Xg « Free . variables

= 3 ( Xa+3Ay-6%g-12, Xa, -3Xy-5Ag+10, Xq,Xy)l Xa,Xu 1 Xs e|‘R§

the Solution Set is not o subspace of MP
we have infiniteld many solutions and each sl is a point in M’

Q1: Cconsider +he above sYStEm ,but mok€ a\w wnstants zeroS. Note d4hat i all const.
are 2er0s , then the System is caled homogeneous  sysiem.

Xy-Xat L3 -Xu+ 4 Xg =0

Xy X2 - X3z +4Xy+rRkg = O

~2X) 42Xz -3% +SXy - 3Xs = 0

3 X\ -3X2 + 6%y —3%y t12X¢ =0
find  the  Solution Set. is +the Solution set a4 subspace of [R® if yes, +hen
weite # as Q4 span ond find  dim ( Solution - Set)



X % X% & X5 C

r

- - o - -
docb A Ri+R>Re booo2o-1h ° -2R1+R >R
-1 L-log o ~J o o | 365 o

-2 2 -3¢ -3|°9 2R 4Ry >R o o | 3¢5 o AN,

- . © ' s - Ry 4Rz Ra

rl - o-} 6 O_l_; X,-Xa- Iy +6Xgz0 — X = Xa+FAy - 6Xg

0 ) 3 © -3 )(3 ‘\’3XL\.‘\'6XS- 20 el x3 = - ax‘_‘ - sxs‘

0 o 0 OO ©

© o o o © (] ¥, > X3 leading variables

%, Xu, X¢ free  varviables
= %( Xa+FXy- €5, Xa, -3%4-S¥5, Xy, Xg) | Xa, %a Xs e RS
= ? Xa (1, ‘10,0,0)4'XL1. (#,o,-3,L,9)+Xr (-6,2,-5,0,1) 25
= span ¢ (1,1,00,0) (%,0,-3,1,0) (-6,0,-5, 0,133
dim (Sol- set) = 3
it is always true, the solution se+ of homogeneous Sustem of \inegr
equations is G Subspace and  dim (Sol -Sset) = number of fee varibles

I mPORTANT Dt sSs cuVvusS S | o N

Let T: RS> R* st. T (X Xa X3 Xy X5) =

(X=X 2X -dy vuks
“X, A Ky - %3 4 4 X4+ Xs o
“2X) 42Xy - 3X3 +5Xy - 3Xg,

3X (- 34y 4 6X3 - 3 Xy +(2¥Xs )

() it you find the Standard moatrix PresenFation oF T, M , +hen +he M
i¢ the aug matnX.

(i) +he pomnts in the domain ©F T(R®) s the Solwrion set of +he
S‘jsteh\.

Gi) z(T)= Ker (T)= Null(T) is the sol. set of the homogeneous System

Lmlo]

i~t_. Z(T)=SPQI'\ ?('r'1°l°l°) (""101’3/ l, 0) (-6,0,"9, o, ‘33



Q3: fing the Solution set of +4he Following Sustem:

2AXa + & X3 + BXy = 1O
Xy — Xa t2X3 -4Uxy = -3
2% +8X3 + 2Xq =12

6 2 4 3 lo Y R, o |

-1 2-4 | -% | ~ 1= 2 -4 | ~

2 o & 2 12 2 0 8 2 2

o | 2 4f¢5 -2 Ry +Ry 2Ry o 1 2 4|5

1l o4 0]-2 ~NJ | o 4 0 |-2

2 0 g8 2|12 6 o o 2 |Ib

Xo +2X3 *¥4Xq = 9 X, + 4X%3 = -2 2 Xy = 16
X2=-2™3-U4Xy+9 X, = -UX3-2 Xq= 16/, = 8

T -3 - 4(%)15

P - Wy -2%

Xa , Xy, Ay Ie&d\'ng varvobles
X3 free vaviables

-3 (-46-2, -2x3- 2%, x3, 8)| x3 e R}

4: find +he Solution Set of the homogeneous sustem

O

2X2+4X3 +8Xy =0
X) — X2+ 2X3-4Xy =0
2%, + X3+ 2¥Xy4 =0

2 4 o" R+ Ry = R2

6 243 (0 Va Ry o !
I -1 2 -4 0 ~y -2 -4 o ~
2 0o & 2 0 2 0 8 2 |O
o | 2 4] o -2 R, +R; 9R; o 1 2 4 0
1 og4o0fo0 ~J I o 4 0| o
2 0 8§ 2] O 6 o0 o 2 o
X2 +2X3 *4Xq =0 X,+ 4X3 =0 2Xy=0
X2=-2%3- 4Xy X, = - tX3 Xy =0
= =23 - 4 (o)
z -ng

%("'U(a, -2%3 , X3, O) \ Xzﬁ‘sz

3 X3 (-4,-2, ‘IO) A = span I -2\ 0) %

2 4 ‘57 Ri+Ra =R



Q9. find the solution set of the following system

2X2 + 4 X3 +8Xg=10
X1 - X2 +2X3 +2Xy = —F
X +38X3 H2Xy = (2

6 24 8|10 YR | 0 L 24 (56 RitR22R,

I -1 2 2 |-3 ~J (-1 2 2 [-3 n

2 0 312 |12 [ 2 0 & 12 |12

o ! 2 5 _o I 2 4 5

| 0 4 g |- N I o 4 6 -2

2 0 8 12|12 © o o o £16 [, there are no

Solytions
X\ + 2Xag + 4 X3 + 8 Xy = 10

X(— X2 +2X3+2x‘-( =-?
X, + 4Xa +8X3 +12 Xu = 12

V2 K/ 3w =R +R1-Ra (2 4 3 |10 ~U3 Ry
I -l 2 2 (-3 nJ o -3 -2 -b [-17 NJ
I H ¢ (2] 12 | -R 4Ry »R3 o 2 4 4 | 2
‘2 4 ¥ |10 | -2R,+R,>R, \ o8k |-us
o | ha|ns| NV o 125 2 | 134
o ;. 4 H |2 -2R,tR3 2 Rs o o %3 0 -28/3 | x3/3 Ra
Lo 33 4|-44 X +8/3 Xy +4Xy = -U/s
o | 2fy 2| [3
o 0 | 0 |-}, X, = (-8]3) (-3.5) —4/3 +uXy

= 8§ 4+4 Xy

Xa +2/3 X3+t2Xy =1\3/3
X2 = (-2(3)£3:9) * 113 +2X2
= B x2xy

X3 = 3.9



Questions Ws #5:

¢ 3 -_,

Q% 9ien A= } and [(Al=-3 where a b c Xd are some %
d -1 3

() let B=) ' a b find 181
3 %
3

c
d -l

3 §
¢ () @) ¢ L) (o)

¢ 3
d-\

= -3

¢ 3
d 3

Bl () @ @_g

= 2 () -a (3¢-3d)x b (-ce3d) = -1

32

= -a(3c-3d)+b(-c43d) = -3-3)

3t
_[a

18] = (-0* (10) +-D>(a) | e =

d 3

+ (DY ()| c 3

d -

- 1o (W¥)-0 (3c-134 b(-¢c+3d
( )‘/\(ﬁc )+ ).

Al

= kb - F-32: (2]

(i) let C={ 4 2a 119} find 1C|

d42 -1 b3 |al=-1 |B|=21Al
d 3 3
|D]=-2 (Al
A B
[ 2 a b le,[L\ 2a 2b lel= (A (-3)=
c 3 3 ~N ¢c 3 1 |Re>Ry
d -1 3 g -1 3 J

D

C
[ 4 2a 26 7y R+Ra | 4 2a 2b
d -l 3 I\ d+2 a-1 b+3
[ ¢ 3 % c 3 1




Q6' find the Solution Set to 4ine system :

Xit Xg+ Xz tXy < 4
=Xi - X3 -Xy =10
2K -2X; -2X3- 2Xy = -3

LUt 1| 4] R+R, [ T I T B Xi+ X2+ X3+ Xu = 4
-l o -t -]l ~J o] o o 4 Xa= 14
-2 -2 -2-2[-%| 2R, +R, © o 0 © |o o-o
X = -X3-X4 +4 -4 Xy 2 14
= —Xz -Xy -10
z % (-X3- xqy-10, (%, X3 , X4 |)(3xq eR)?Y
@7 diven the auamenied matrix ok a Sustem of LE A= [ ) -a 3 4
o -\ (+a -3 -2
la b c
(i) for what vawes of a,b,c will the System have a
unigue sol ?
| -a 3 N RitR32Ra { -a 3 4
-1 (4a -3 -2 V] o | o 2
-l a b | c Ry+ Ry Ry o o bt3 |ct4

aeR c€eéR by-3

(ir) for what values of @& bc wil the system hove infinitely many Sol ?

b--3 c=-4 a €R



Recall :

% is an eigen value of A
we Know 2 +hings

(N |azq-Al =0

(2) 3 a non-zero Pont Q@ in R", (a4, --- an) s-t.
o8 0
“In - A § il ;I
On 6

find al eigen values of A for each eigen vawe, X find \/E‘,o\(/

eigen Space
be () @ |4T5-Al -0 fnd
CAN—
Choractenstic  palynamia)
o A o Char (R)
o(Ij—A z {-D( o o 2 v 3
o &K O -| -2 4 5
| o o 2 -4 -6
[ x-2 -v -3 Ra+Rs 2R3 [ -2 -t -3
2 “._L(- '6 /\/ 2 o -4 -9
l."-l 4  «xS o «
-2 -' -3
2 o/-Y -5 = 0 , Solve for X
6 x %)
3¢2
343
= O ()| «-2 =34 0 6| %2 -1 ‘ o
2 -5 2 -4

- () (&9 — w\) + () (le-3)(x-u) - (-0 =o
-6 -2

(o) (-6x 410 +6) + (o) (*-4x-2o+8 +2)
= Bx* ol 4ok~ 4 10X



. . old £xam?s
X - X -6 =9 IN (D) = dim (D)

(X)) (x*-x-6) =0

"

() (-3V(x+2) =0
=0 x=3 of=-2

«-2 -\ -3
2 d-4 -5

) o( X
xX=z0
Ea(, 0 Sol. Set of € homogeneowns sysyem
< C
o) —
5-RA| 4

the 09 mented  mairix

-2 v -3 e | -ag L Vo ¥
2 -4 -5 o ~) 2 -4 -5
(o} o ) (o} () O o (o)
- 1R, + R22R2 Il Vh 3k |o ‘Ra| U Va 3 o
~N © -9 -3 |o ~NJ o | &g |o
(o} o o o o 0 0 o
YVaRaxR 2Ry Vv 0 Fo | o > X+ Yo X3 =0 « leading var
nJ o | 5|0 | 5 Xa+3/gXs =0 N & X2
6 0 (o] 4 - o=0
'Free. \V\'g
X3
X. = ":"/;o Xs
X3 €IR
Xq = ’8/9 X5
Fo = 5 (- Thoxs , -3/6%, X3) | xaem?
- span ¥ (“Ro, =35, 1)}
Ex is o set of au points (N mn: say @ = (a4, %n)

where A[;']- K{ot_']
n Qn



Es = Augmented matnrix

O(Ia’A
®-3 -t -3 7] 50 -2+3 -\ -3 o
2 x4 -9 - 2 3-4 -5 | o
o of x o 3 3 o
-1 -3 |o | -2R4RRa | | -1 -3 | o
2 - -5 |0 nJ o | \ o
e 3 3 |o | o 3 3 |o
R2+RR, I o 2o
~) o | | o
’3R1+R3—>R3 o o © o
x, = 2X3
Xy = X3 Fs= % (2% 5 -Xs5 X3 ) [ x,e® 3
X3 € R = span 1 (2-1,1)3

[, (it showd be span of [ point)

D=E(X‘ X2 Xy Xq) X1+ Xa 'X%+Xn=0.i s Hhig a Subspo\c,e?.
X2 -FX3-2Xuy =0

Yes it a homogeneous

o find the span  Yow do the aug matrix erc
You'll. . ge+ a.  span OF 2 poinis

Questions WS¥e 5~

Q4: given D= span § (1,41, 1) (-1,0,0,0) Co,1,1,1) (-1,%,1)3

(V) find  dim (D) = 2

=| S | R‘*RaaRz ) | —R2 +R\—) R, | 0 o o

-1 O o o nNJ (o} J_ (S ~J o ! |
o\ | | B+ RyoRy o \ | -Ra+R39R3 o 0 o o
| o2 2 2 -2R24 Ry 3 Ry o 0 o O

_l (



() in  view of Your onswer 4o Part (), does D= RY? why ?

D # rRH because only +two points Gre independent and
for % 4o  be in W4, ix needs L indep. points

(3) convinee me +hat the point  (2,8,%,8) lives inside D
D= span 2 (VL) (-, 040 0) %

(2,88,8)= ¢ (L) * Cy (-1, 0,0,9)
= CC|,Cl:C\7C\)"t C—Ca,O.O;OB

d = C, - Cq ) 2 = 8- C_‘z
3 = C\ 02 +d = 3
3 = C Cy = g-2=06
3 = C\ \/‘\/’-,_-—J
here somefiing
\inear (ombp : wrong he 9P+ -

b(\l\\\l\) - 4 (—\|0|°l°\ + 8(°Ill\l‘)"<0(-’|,l,\||)
= (2,0,0,0) « (0(2(?!8) - (Q‘glglg)

) Does e point (2,5,6,6) \ve in B 2 explain
(2,5 6,6) = ¢ (L \,1,\) + Cal-1,®5°)
7= C, -Cq Ci+2 =9 Cy=9-d =73
5 =C,
(2,6,6,6) + 900, L 1,\) + 3 (-1.0°,°0°)

cant. be wi ten oS & linear combinoXoNn

Q4. dgien A= tfia b |4 & equivalent +fo +he matrin
20/l ¢ |0
o/ d| -9 [3
(-2, 3 [\

find  +he values of ab¢,d

(e ¥
11
O o o -
G OO O
O © 0o -+
— 0 0 =

S we  Know Rank (A) = 2
from P




(au,d,-2)= € (1, 2,0,1) 4 Ca (H02,01)

: (C,2€C,,9,CD~ (%C,0,3Cz2, C3)

a-= C\+L\C:{ = a4+t 4("’“) = 2-\16 = -
L‘- = QCI NN C\ = L"/a = X
d = 3Ca= (3)(%) =-2
"2 = C\—kc,'l L. Q:—lq’
- = 2 +C1 d:_[a
Cl :-—L‘-
(blcl—qla) = Cy ([1210;\) +« Ca (4,03 ,\)
= G AC\ ? (@] ) C,
b= ¢, tH4Ca C=2C, -q=- 30Cy 3= Clt Cg
= b+ 4(3) C- @) Cp=-9f3 30 -3
= -k T . -3 C =343 =6

Q5. given A & O 3x3 moriX st 2 is on eigenvalue  of A ond

E,= SPan % Cl,a,-VO (o, -4u-r)3

(i) con we conclwde thoat

A 3 = 6 2 explain
L 3
-\ -22
a| 3 |« 6 yes
% 3
- -22

) i a8 s

diognolizable and Tracte (A)= 4. Find Rank (A) .
s R

nwertible  (nonsingu\ar) . Explain.



Questions WS

{erminanit Eigenvalues
96 nve ¢4 0 r s

\: Qqwen A, B ore 2x2 motrices st |Al=2 ond [Bl=-3

@) fing A3 BT
S BT = @ (-3) 5 (83 = -2k
(i) fing  (A+B)
\A+B\ # &1 + 1Bl & we need more info.
(i) 4fna \ 2BA|
lcA\ = ¢ Al n=2
= 3 (A)3) = (A)2)(3) -84
(iv) consider +he sustem of LE AV/} " [—2_:*51 what can
Yo SaY Obout the solukion ? unigue? nfinde 2 yndecided

irs O Wnigh€  solubion  because  there i only
value for X Ond one for y

\a\l=2 40
W) led C pe +he sewnd column of B. Find 4he solution set

to e  system B[§-1=C

\5\ = -3 £0 & unique  soluthon

- 2 ol of \B| w [0"] %

o 1
C= 3 (0,03}



Q2 let A be a 3XY podriXx , and C be 4he ird w\ of A.

Consider +he Sustem of Lhnear eaquations A | x, = C.
Convince Mme that e  sustem (s  wnsistent Xa
and T has infinitley many sowhons. X3

Xy

0ug  madnk

H C we cand yse  detrerminanit  gince W ot nxn
s& we need 4o show Hnat Fhe Sustemm has a
0

SO\Wton.
S0
Al X ] - xC oL )+ Xa (2" ool )+ X3 (34 o\ A) ¥y (4™ el B)

Xy

%3 =C (ad w\ of A) = (0,0, V. 0) AH the  sol. set is

Xy consistent
A s 3 xk, we con  gnclude that we wil

(2 pY hove 3 \eoding variobles ot
3¢ % var most and | free  varob\e

resuing  in  infinitley many sols.

Q3: let A be o A4xX given:

2 Ry R\ Rs 2R +Ry-3 Ry 204 L 6
0|0 O 2
orl 2 |
find AL
(B8] - 2 (n]
\c| = - |8]
\pl= lcl= -2 Al
D =l 2 u u 6 Ra*RL(%R\{ 24 U 6
O | 6 6 ~ 0 | 6 ¢
0 o0 2 0 o o 1
0 -\ 2 | o 0 3 3
£l @Y )R = 32 (€(- —a1m

32= a|Al
lﬁ\: 3:'~/;[= \b



QY: consider +the following system of LE.
Ki+ & X2 + FX3 « bXy = 30
-X| t 3 XK t Xz + QXy = 20
-a% - 2a X3 +CXs + Xy = 2
- X, - OXyq - I Xa -\2 Ky =7

for what volues oF a b ¢ will 4he system have
unigue  Ssol 2

a

-1 3 | o 20 N 0 &+3 3 b+ Q
-2 —da ¢ | 2 -2 -da C |
-1 -0 "% -\ -7 -1 -o -% -\

QR +R3~Rz |V & T b

e\ 0O 043 3 b+a
o O c+\4 [+2b N

-l -a - -2

Al= |Dl= () (a+%) (et W) Co-\&)

Al #0o & 0#-8 C#-14 b # (2
for us fo have a unigue sol

ggs; Le{- H H | a2 |0
e -
| -4 -5

(i) find Cq («) ie. 4ne charackeristic  polynomial of A

|« Tn-F| = (o I,- 4\

| 2 1o x-\ -2 -0 RatR32Ry | x-| -3 -1
- |l-t 4y s - -4 -5 N | «-4 -5
\ -4 -9 - 4 x+t5 0

X

n
—
C .o
o R O
R o' 0o

0° (&)

-1 -0 | ¢ (-0° ()
\ -9

-1 -4
| «-H



s - [(3(—0(-6) 110 + o [ (a-Nla-8)+27)

. [ -6a+6¢0) + o [ x> -4« +4+27)

(B ]

+5 - 16 x + R - H 46

"

o« -9«

(ii) find +he eigen values of A.

= o (x*-9)
=20 &34_‘7-
M:‘-ta

(i) for each eigenvalue of K, find the corresponding eigenspace
ond wnte & a<  span.

x=0,3,-3

Eo homeg  gysterm

o-1 -2 -\0 -l -2 -lo -1Ry
| -4 -5 N [ -& -5 ~N
-l 4 x+S -1 4 5
2 10 ] -gaRanRe [ ! 2 00
| -4 -5 ~ o -6 -5 |-'Ra
-4 5 | -l 45 ~
I B I I e A
o ( 5A ~J o | 91 ~N
-1 4 9 J ~4R2+R33R3 -l o -5 -R3
‘ °© 6 —R3+R|4R| o 0 &
o | 5/ ~ © | 5/3 Xa+5/aX3=0 X2 =-5/2X3
|l o 5 l o 6 X,+5X3=6 X, ="9Xz3

- $G5Y¥s, -5k Xs, Xs) | X3 €R3

= span ¢ (5, -5(2, 103 dim(Eo) - |



Ei= 3-1 -2 1o a2 2

Ya Ry
I 3-4 -5 ~J \ -\ -5 N
-1 4 3x9 -1 o Y
\ -] -% | -Ri+Ra=% b -t -8
| -1 -5 N o o © N
- Yy 3 RitR3 - Rs e 3 3 '3 Ra
\ -1 -6 I "L(- X(‘fo';:O X‘L‘ q’X}
(o) 6 o faN) ) o
14 | | R3+R;'>-’R, o | \ Xat Xg: (<) Xq = —XS
< T Uxa, - Xsy Xs) | X; € RY
= span $(4,-1, 133 dim(€s) = |
E"S | -3-] -4 -0 -;} -2 -lo "/4R;
I -3-4 -5 nJ ) -1 -5 ~NJ
« -l 4 -39 -\ 4 2
_l Ya 5/2 -Rit Ry Ry | Y2 5/2 N
I -1 -5 | © -150 -15/3 | ~3hoRz
-ld 2 Ri+Rs - Ry o 45 2
V' ta Sh | - RatRisR, o 2| x#23 0 X,=-2X3
o =| | ~N o | | Xat X3 o X 2 - X3
o 49 A/ -k9R1 +R3 Ry o o O
<2 (—2X3,—X39X3) | xs e R}
= Span §(-2,-1,1)}  dim(E-3)=]
(iv) find +he set of all points in M3, say Q= (0,0z43), sit. Al & | 33| X
a, Q2
we dont need 4o moke any cCalc. here Qs s

the 4hngy  Says  dhat 23 s an egenvalue pbut we  found our
tigen  values o be 0,3,-3

o T .13 Q| = ( f ,0\
A [0.;._1 ! [Gzl (S
Q3 03



Q6: let A:=| 0 0 O
| o -4
o | 4
| «Tn-81 = |aTz-Al
£ oo o o o] [mo o]
o X o - \ o -Y = -l « 4
6 0 X o | L o -\ x-4
Pl
= (-0 («) | X &
| -t

(®) [ of (=) = D))

\

E [o(’-Lhz +L\-]
= oo oty 4
(iv) find oy the eigen values of A
X (X" -4g+a) = o (a-2) (x-2)

> oz0 =]

(i) for each eigen value of R, find 4ne corresponding eigenspace and write i
Qs span

X o O
-l & 4
o -| oy

Eo  homog system

- D O Q 0 =0
—:‘ o 4 -xl -(-L('X3=° xl = 4)(3
o -l —L(' -Xa -4 X3 =0 X2 s - Ll' X3

reduced oL
S (&)X ,-4%;, X3) | Xsem?

§X5 (‘*,-4,073 z SPani(_‘l—,’”:Q%



' h ~ B 2
o -| a4 o -1 -2 -\ =2
| o ©O [ © )(\=
o | 2 Ra+R3=R3 o | 2 Xp +2%X3=6  X2=-2X3
(] -1 ’2 d o O ° D=0
:5(o, 2%, %) | BeR?
= span $C0,-2,0)3%
R}: Let T: BR3P swch that Ty % x3) =
( X + 2x% +10%s ,
- X t4X t5X3,
K| - L“Xz - 5X5)
() find Crlx)
[‘oco - )
o ¥ o - -1 A )
| o © & ([ -H -9
=roél—.',l -lo -1 -2 =10
| x-4% -5 RatRyoR3 [ | «-4 -5
-1 4 X45 ~ lo & «|
(NP () | %ot co | x 0E (k)| el -2
( -5 ( oY

- X L (¢-0)(-8) * 107 ¢ [ (w-1)Ca-u) +1']

<

- L-9X45+410) + Lx™ax-o~ua+2"]

Sat - 156 + &3 - BL 4 bX

= &% -9«

(i) find all eigen values of T.

= o (O(Z—Q)
K=06,3;"-3



(i) for each eigen value of T, find the corresponding eigenspace
wrive it as Spon
x=0,3,-3
Ec  Womog . system
o-1° -3 -\0 e e B | 1R,
| &4 -g N [ =& _g N
4 w49 S I SR -
| 2 o -RitRa- R \ ? o
I =4 -9 ~J o -6 -5 -/ Ra
14 5 -l % s ~
' 10 ] Lagy RS R I & 5
s U Sh ~J o | 9/a N/
-1 4 5 J “4R2+R3R3 -l o -5 -R3
‘ °© 6 -R3+ R|_7R| o 0 =©
o | S/ ~ o | 5/ Xat5/aX3=06 X2 = ~5/2 X3
I o 5 I o 5 X,+6 X3 =6 X, ="5X3
- 3653, =5A X5, Xa) | X3 e R}
span ¢ (55 -5/2,1) 3 dim(Eo) = |
Esz= 3-1 -2 -lo 2 -1 o | vig
| 3 -4 -5 ~J \ -1 -5 N
-1 4 3+95 -1 o )
\ o -5 -Ri+Ra=3%9 I -1 -g
| -1 -5 A\ o ©O © N
- 4 3 Ri+R3 3Ry c 3 3 '3 Rs
{ -1 -6 | <) —L(. X(—L'-X;:o X‘: L}X}
o) o] (o] N\) =) o o
° | ! R3+Rl—~°R| e | \ X2+t X3: o X7_:—X5

= ?(4)(5,—)(57 X;) ] )(3@[P\73

S sPan'i(L&,—l,Di dim (€3) = |

and



E (—
ai-3-1 -2 - -4 -1 -6 | iR,

| -3-4 -§ oY) -3 -5 N
< - N -3%x9 -\ 4 2
l_ ! Ya 5/ -Ri+ Ry sR, | Y 5/ N
I -1 -5 | © -154 -15/2 | ~%oRa

-l 2 Ri4Rs 3 Rs o 45 92

' Bh | pRaeRaR | 10 2| Xt s Xi=-2X3
° =| | ~ o | | Xat X2 .o X2 = - X3
o 49 afy -5k9R2 4R R, 6 o O

=¥ (-2Xs,-X35x3) | Xs€R3}
= Span §.(-3,-1,1)3 . dim(E-3) =]

(iv) find the sor of all poinks in @ say Q= (a, 4z A3) , such thod
T(a, 0. 03) = +.2 (0, a2 23)
WS basicaly soying that 3L s an  eigen value of T
whidn  is impossible  Yhus = S (o0,5,0) 3
(V) s T one-4o-one? (s T onto?
-l TF z(M = %Lo,0,0)}
but (-5, -9/2, V% £ f(02,0)% 5o, s NOT -
dim (20) + dim (R(T) = dim(D)
\ +  dim (R(M) = 3

dim (R(T)) = 3-1=2 # dim(w-domain)
A& s onto



L
o3
-1 0 2

Def« null (A)— solukion +o the homogen€ous system A[)’g] : [ g] . [H
(2]

ity (R) = dim (Nwt(R))

Def: [ONL\I FOR nxn taotrices |
exists

v
A, nxn, we soy A is non-singwlar (invertible) & I @&  madrix

1

denoted by A (the inverse of &) st. AR T,
)

J
A _1_ cARewL
A
Know: A, Nxn, is invertible  IF |Al £ 0
ANNA

A - [2 4 ] not invertible buwr when calwlatng 4ne |Al=0
find the inverse (ﬂ-') if possible.

R\ <—)R1
2 4|1 0
-2R4R2a 3Ry _ —0

B
~ 12 o \
1 -2

o 0
|_: no way that we get T,
on  His side 8o, s non-invertible




row 0P
B ER:=D
nxn ] N [ D ‘ E ] ‘% Olways +rue )]

equivalent

noice
[ | -\ .
A= -2 find A if possible.
lo- 2
L2 4 -3
-
2 2[00 o | Ri4Ry= R (I o
A- -l 2 ot o ~J g: o | O | o
L2 & 3|1 o © |JRi4RyRs °© o | [-2 0|
-JR;*RHR) l ° 2 l-ae :RB*R\”R\ oo -5 R 2
~n. C: o1l o |1 L o ~ p-| ¢ v ©° 1 Lo
° o 20 | 0 0 ' |-2 0
= v \L\
I; R

L the modrix & invertible [ non-singwiar

&L= (6= (cls [Tal =]

Properties :
AR = 1a
| A Pr"\’ [Inl =

[Aa] [a'] =\ , |AL¥0O

Know: (-] = L
o (A
At = | 23 sowe 4ne system. A | x, | = | 2 Know:
2 10 X3 4 (A)'. A
.2 6 o X3 3
Gugmented matrix 2
Ay
3

>
L
—
>
—
2 > >x<
w e =
——)
A}
| |
AL %
| I
|
£
>
L
{'-D
L
De XN ¢
[ S
—_—)
"
2
M,
e—



X, N I 2 3 p|
X 2 0 | &
Xy -2 60 | |7
T2 + 4 2] 41
2 lo
-2 i b
= ) % 3 al =
-‘-
4 40 3
-4 24 0

wlution set = § (31,51,90)3
KNOW *

A;6 are Then

4
9
¢

invertible  nxn .

reminder:
a:=|1'v a3 AT = :'!
4 56 3

Know : C 2nXm D -smxn

(co)' = DT (T

special  case: 2x2 oNLY

A : a b , |F||10
c d

ATt d -b
181 -¢c a

Know A )
nxm nm

» (AtR)T = AT = BT

. (ﬁT}T = A

Lo

3\ xlzg'
5) X = 9!
90 ] X3 = 90

unique sol.

(aB)': B' A"’
ORDER MATTERS!

e p-[3 3]
2

pt: -\ Fl »q—
n -2 3

Al = 3-1%= -]



callote B = [ -1 72 \
[ |

L .-
| A\
A, nxn A" exiss
Know *
(A = ()T

- (AT] = A]



A, nxn, assume A has @+ least two identical rows/ols  then [Al=0
Ls> ossume ™ row and K™ W gre identical

b:l: ] -R; tRe2Rx [j ‘l ~ R\ = IB)
K: —_— ~J 0-.--0

(A 1B)

omose K" row gny find 1Bl clearly IBl:0 hence, |AL=0

IF ot ol and K ). of A are identical, then ™ W & K* row
of AT are  {dentica\ since:

Al = (A7) & [A')<0 = we nave [Rl:=0

sustemy  of LE:  Qssume  nxn

oug hasS a unigue sol  TF (RL#0 A A exist
Mot R | const
et matnx

onsistent ¢ infiniHey  many sol.
fr | onst |k\-0

N inconsistent: has mo  sol.

A, Axt
(st to| i) e
. ))((\1 ol ond 4 ol are identical
= X} = Sﬁ\" (llololox
- - y’_’ (0[0’0’\) lA\:O
o) 2™ ) e Ml ol
%\ lf)().[]\'x:s[}*x‘}[):[}

(1,2'3,4) (-|,l+,6,3)(2,l,l,6) (0,0,1,2) meaning of being dep |indsp 2
Q 0 Q3 Oy

ClQ' + G v @y TRy - (0|o|o,b) €,z G=03=Cy=0
@, @, @, Qy are indep

ot least one of the Ci's 40 - B,,@,Q3, Qq are dep.



QR QO @
I =l 32 » ¢ o
Az |a e rvo]lgl.|oe % hac uiig Sl ie. (9000) IF JA[#0
) 6 1 Cs o)
h § 6 2 Cy 0
Resultt:

Asume Q> --» Qn are poinks in M then @, --» QGn ore indep. TF

eI

tols or
nows

QA wxk, G ) : |°(IH‘H| = (x-3)" (x19)*
note:  ® Seowld be clear 4ot A4, nxn, +hen deg (Cated) =p

x=3 «=-5 - repeated twice

LRl = mudipUkon of 4ne eigen vawes (w] repefition) note:
X . it 0 s not On
Bl NN CEO)ED) = (D (-8)! = H eigen  value , +hen

Al 0 = A" exists

X is an eigen vawe of A, nxn, (R\#0
7 nonzero  point (A, --- s On)

st. A(M] = x| Q itpla] - KP\—‘ a,

. : - : H

an Qn lln an
- In (}l = o ﬁ-l (?l N :(_ Q:I = A-‘ 0
' ] 1 :
an an al\ an

5, Y« is on eigenvawe of A"

Q  A,3x3, (ax): (x-2)*(«A-4)

T W) find 1A)
) fing A'| & find eigen vawes of A
() Given that E.c span § (1,020 E4= sPan §(0 2D} find £y, 2 €y,

)  K=2 dwice x=4  |Al: @ ()= b
@ Wl Yiae Yo ®=Ya twice =l

(3)  Ey,- <ﬂ-\[] . ‘h[ D find all points -in R

= E1: Span i(‘t0:1\‘£



E'/q: Eq: Spunf_(oﬂ,?:\g
Gy [2] - [:;q} . l/q[?]
9 4 /y 9
i ofE] 8]
q q 36

Trace (A), A must be nxn

trace (A) = add the #5 on the main diagonal
= 1+l +l0= 12

Def: A, nxn:
Trace |Al= sum of +he numbers on +he main diagonal
Result (know):
Trace |Al= sum of +he eigen vawes (w| repitivion)
Ca®) = ()" (-3)> (ol+4) , note A i 6x6
find all eigen vawes of A bY staring
X =-1 (repected 1twice)
K= -4
¥ : -3 (repeoted three +imes)
trace lR\= Al +-4 +3x3+3 =3
1] = )Y ERBYBYAE) = -108

find all eigenvalues of A

(-1) repeated twice
Q)

(Y/3) = repeated three +mes
Eys (wet. A = E_,, (w.r.t. 4o A)
Qe ks, Q% (0,0,--7,0)

AQT = SQT A’lQ“ :‘/3Q‘\'



g x is on eigenvalue of A (A is nxn) I Qe Ey (_Q# (0,0,0,0) ,
Q=C(a,, - o)

AQT = X QT
multipy by A

A@
AR - xo QT = «* QT X iS an eigenvalue of A
NOTE:
it ® i an eigenvae of A, Hen x* i an egenvame of A"
> Ex (wrt A) = Euk  (wrk A¥)
Q A, 3x3

Ch ) + | aTg-Al= (a-4) (xxt)
B: 2A* +5A" - 4T,

find det (8) oand Tracte (B)

Khow ¢
1Bl # |2A*] «15A) « |-41s|

eigenvalues of A are:
4 repeated wice , - &

for =4 : 204)* +9 (Ya) -4 = 29.25
23.25

+ic is 4he eigenvawe
of B

for o=-4: 2(-a) + S ('4) -4 = 26315

Trace (B) : 2925+ 29.29 + 26-15

For understanding:

Qe E4y Q# (00,0)
AQT = 4Q7

[ 2A%s ‘5A"_4I3] Q'
. 2A'Q 1 5A7 @ - 4T3 Q]
32 Q'+ 5 (M) Q' -u4Q = (324 %u-1) QT

or -4

"

BQT

n



Know :

® (s an eigenvalue of A
() &' = (x+0) is an efgenvalue of A"
() «° i an eigerwalue of AX
(3 ¢ is a constant , Cx is an eigenwalue of cA

Def: A, nxn, we say A ig diggnolizab®® _ i 3 an
invertible  matry Q , and a diagonal motrix D st

sowve for A
R'AQ=D ——— A- QL Q™

N 7

same , just sowing

for Dor A
A : | 0 o A": '/| o o Aq - "-(- o ©
6 3 o0 7 o Y3 o - o 3%t o
© o 2 o o ‘h o o a4
So A“ B (n 0O ©o
- o 3" o
o o 2°
calculate A* by equation
A* -(QDP Q" ) ( &dAM)
-\
: @b Q’ o A" -Q0"Q

A - D Q!
Cramer con be used when sSoWiNg sypem of LE , nxn,

| coeft  wmatrix | 4 o

Q: sole for X; onW
X, + 2%2 - X3=0
=X, + H5Xa * 22Xz =2

2x\-\- ""Xz +‘OX3= \D

| wett matrix | = |A| = 2~



x\ C (3
X, = |0 ¢ w]] . | o -
I o 2
IH] 2 o (o
| A
Xy Xa c
o [ [noncl] |55
-1 5 a
| A\
2 4 (o
Al
Adjoint  method:
given
A S Qn Qg ---. Qin nxn
qnl Gn,_ ---..ag\h
aglq_ = al’d row 4’“‘ Col
ad\\olﬂ"’ 0‘: A s C < Cu C”_ - ee c(‘L
Cnl Chl Cr\n
Nnxn
(i) - entry of C = Ci'g. o
S (_()HK A after deleting

K" row l'"\ogl of A

gou  Swikch “them

know @
FA - adjoint (A) = det (A)- I,

Assume  det(R) #0O
= A exists

1\

A [_'_ Gd]o(n-}(ﬁ)] -1,
e

1Al



A - 2 3 4 find the (2-3) -entry of A
-2 6
-2 -3 5
e way +o do & s to find e inyerse (') and
Sare. and  dowl  fing A,
R .
— +K
2 (0| K oster detetng Aga |
|Al
change 4o  4riangular
3: 3 & RitRa-Ra 3 4
26 ) ~ o )
-2 -3 5 P\\-[-R-_).QRs 0 0
IR| = (Q@)(Q) = 62
so, when You Find
5 . 0 /1sq A", immediodley then
AIIS = ("l) 2 q' - =\ ( 2+8> _ / ShOu.\d ‘Ffl'\d .‘-h(s
S = -5/ Jou
l6d Number — Aa,3
162
Know (Resul¥):
() Asome  Co 00 = (k- (k-a)™ - (x-ae)™

o < dim ( Eq ) € ™
(2) A, nxn, diognolizoble TIF VY eigenvalue a;,

~ for all
dim ( Ea;) =0 Nofe :

A, nmn, is diagnolizable
IF 3 a diogonal madriXx &

invertible modrix Q  s.t.

R'AQR =D = A-@0Q"



QA 303

¢ ™

Ca () = («—2)®(x+%)

spon ¢ (13,2) 3 = dim () = |

E
-

A [ -2 T
-6 -6
-4 -4

iS A diagnolizable ?

shan £ (0,1,5)3 = Sim (Ey) =)

o, buwa  dim (€) #n,  [n=2]

Q." Al SXS (03 N_g

¢ o
Cp (x) = (%-3)* (+5)* («-6)
Es- span é(l.l.l,l,l)(—l, ll'/lll)z?, dim (E3) =2 =N
E-5= sban § (1= LG 0) (=== LYY dim(Esg) =2 = g

E¢ = span 51(0:010,011325 dim (Eg) =1 = Ng

A is diagnolizable

find o diogonal matrix , D, and an invertible madrix, @, ..

Q-‘AQ: D
D- [3 0 0 o © corresponds Q- " I
0 -5 0 o O o [ -l -l ¢
o © -9 o o0 T R B - I
o O o 6 0 L1 Lo
L 0o 0 o o 3 Lrouot
R p. [60 00 0] Q: [ o1 -
= —
- 03 0o o o | -1 | -1
0 09 0 o o | oy -
O Op 3 0 o | ( | \
O 0 ¢ O9 ‘LL, |1 ( |
A




— o ©
5X5 p = L)e
o] o
-\ I !
Q A A
. -\ N l -
- QT Q s A b
T 0 0
Ag 0
Whole 0
otk 0 o
0] (v
Q@ A=:=]2 00 IF A is diogrolzable, find & dingonal matrix, D,
0 T z ivertible  matrix , @ ,  s.t. Q“ AQ-=0
-
Ca(A)= | xTs -A |
2
. . (x-2) (x-3)
o- 4 repeared fwiC
X =3
E, = Sol. sexr of fhe homeg sys. [21,-A |o]
x\ X\. Xg c
o © o | o X, -X2-X3=0 X, = \eoading vor
0 (o) (o] o ;(|= X1 + X3 Yo X3 = free var
(=)

Q'A®=D

- -
= i(x;—ﬂ(s » Xa , X3) \ X2, Xy €3

Eg:= Span § (e 0 ®) (Vo003

dim (€2) =2
Es = ( 0 o 0 'R(+R3">R3 \ o o fe) Xl =9
O | o [0 N o L ©° |, X2 =0
| -t o |0 Ra %R3 -7 Rg o O o N 0 =<0

leading Vo : X, Xa
free var: Xs

F; = S (0,0, x3) | Xx2€R: = span § (0,0,1) 3}

dim (Es) = | S AIs d(ogno\l'labl&
D = Q- {1 o

© O
S v o
w g .0

and



Wor KS h ee t -

@: Use Cramers Rule and sowe for X4

X|+ 2X2 - x3=l0
-2X, + U Xy + Lh3=-6

‘X|— 'J.Xg +6X3= L‘"
Xy Xa Ya cC

2 -1 | (o 2R\ 4Ry IR
A - -2 4 2 -6 )
I 6 4 R +R3 9 Ry
2 - (o
o 3 2|4
0O 0 ¢§ 4
IRl = (1)(8)(9) = 40
' o R 4Ry a R, 12 o
-2 4 -6 N o 14
-lo-2 4 RitRa = Ra © o 4 W)
X3 < = Z-tO uO
| A

Q2 Use Cramers Rule Qnd Sowe for Xa

X, 4 X3 — X3 &+ Xy =-1

-2X, + AXy 4+ 2X3 45Ky = -3

- X, - 2K +6X3 + iy =\
3%, & 6Xo - 3X3 t 6%y =-3

A - e I O B 2R« Ry~ Ra
24 2 5| -3 |4

-V 6 ' RitR3~Rs

[ 3 6 -3 6 |3 [ -3RReAVy
I T T T I "/QRg’rR_n,-"Qa 2 -1 v | -1l
o 83 o | -6 N o § o 31 | -¢
0 4 S5 2| 2 0 05 -3 g
Lo o o 3| -6 0o 0 0 3 | -6

(A ] = ()5 - 2o

<

\\2

—_—

e}



QRF(’R‘).QR?-

( (
~ o -lo E| \ X( Cc X% Xy \=- -160
R+ R3-Rs o 6 5 2
3R + Ry 2Ry o o 3 L Xy = -150
120

Q3: let A { 2 L\} i A exists, en find R
23

A exists

if Al #0

Al = ()3) - (q)(-a) = % #0 - A" exists

4[] o[

(

h—

>

A —
14

L o
o |

X2 hack VY
-]

.-[Ob At ! d -b
Cd 1A\ -¢ a

23]

Y -4y
Yu Uiy

Q4+ let A - [ 2 “] find A™ if possible.

| 5

1Al = (6 - (V) = -1 Fo

e L
-\

Q%  find the mairix

(L]

R

2%3 such +hat

i 3 21 T_ -3 T
o | hoq

3 | -y e
-\ 3 & o

A= (D) - @)
~ 3 21
{o l'\] At -1 I -2
-1 |
> : B 2
|



AR' = A1, - A [(‘l:z‘] [@: ‘2]

dot produck = . ENC-4) +.(2)(3) = -O

w ¥ 4
-3 -5 -3

Q6 find the matrix A, 3x4 such +hat

AT y 0 o | 1 o | T
-y L2 = o | |
o o !} [ I
L|\o
I -t o [A [ o 1
(@] | (@] o\ (U |
o 2 |1 Llllo
H‘(_: I-I (o] | oo _2R1+R5.5R3
_' o \ © ~N
| 0 2 ) o o\ Rat Ry~ Ry
[ 1 o o1 1o
0 | o 6 1 o
0 o0 \ o -2 |
-\N\—J L/‘(-V
|
1, A
AR« L A=A (L of]T[t|o 1 1
o | O o||‘
o -2 | )
3x3 3 xy
H: I 1 2 2
o | | |
I-l -1 -2
1 y 0 o 1 o | -

A A7 room THE
-y Lo = o | | = FRom
o O |} L1y RIGHT SIDE

| V o
At - l'o 0]l 1 oo | 0o | o o
T 2 600 ~ otvo || | 4
o o ! o ol O o | o 0



T O O
A ]3 2 \ 6 1 \
o ! | (R
| o0 o \
| 1 ©
T
A [ o | I 1 2 2
- n Aot |
2 -l [ -t -t -2
2 -2
Q1 e+ A:] & Q. G4 Where Q,.-- C; Qre Some real numbers such
by by bs that Rl #o0 - find the solution sei of +he
G G G system of linear eguations
Al x| = 3a,-50;
Xa 3b, - Sbs
Yz 3¢ - 5S¢
X, (Yl of A) + Xy (29 el ofF B) + Xy (3 col of A) = | 3Q,-50a3
3bi - 5bs
3¢ - bes

by Staring | You can  see:
K\= 3 K:\.-:o x3 =-5

[Al +0 = unique sol

- 3 (310;'6)§

Q8 9uen A is a 4x4 marix  and Calx) = lXIg-Al = (x-2)>(a+2) (x-3)
let B - 2A* +3R*-2T4 - Find B & Trace (B).

X = 2 repeaied +twice

o= 3
A= yar-a) ) = -24

eigen \Values of B:

X= 2 @)+ 3 () - () = 42 1B = (42) (wa)(ya) LIg3)
X= 2 2 ()% +3(2)- (2) - 42
X = -2 2 €)% + 3 (AP -(2) = 42 Troce (B) = 42442 +Uk+13%

X< 3 2080 + 3 (3) - (g) = 137



Q9: Yiven A is a 3x3 matrix and Calk) = laT3-Rl = (x-2)*(x +a)
let B = A+ &4p" £« 373 . Find (Bl & Trace (B)

XK= 2 repeated twie
K= -

find cigenvalues of §

X=3 = (N+ &) +3 =9
X=2a 2 (D) + & (M) +3 =9
=22 Ea) 44 (R) +3 2 O

IB| = (9)(4)(5) = 405
Trace (B) = q+9+5 = 23

Q0: e+ A and B in @1. Assume 4hat E; - span $C1,0,1)(0,1,2) %
and E-at sean i(-\l _‘:\)))

le4 Q= 3(\,0,\)1’—2(0,\,9\) = (3:_9*"\) then Q ¢ EQ
let F= 501 0V) ¢ (-5,-6,8) then F €€y

() find A 3
-3

-\
(3 ,-2,-1) EQe E,

H-\ 3 < ‘la 3 s "5
-d -2 -1
- - -0.5

(M) Hna B 3
-2
- Qa
fp. ¢
(3,-2,-1\) € E; € Eq

B 3 < Q 3 < 3
2 -2 -1
-1 -\ -9

(iin) fina B (-5
"9 (5,5,-5) € E.3 € Es

5
. 5] -5] .| 25
-5 25
5 -25



Qu:  ler AB o in QF. RAssume
E, (wrt. AY = span $01,2,3,0) (-1,-,-3,1) 3
., (wrt A) = span L G-4-2,2,0)3
find  Buy (wWr B)

corre sponds 10 X =Q repeated +wice
-2

Eua,

o EL\Q‘ (w.r.k. B) = EQ + E-a

= spon $C1,2,3,0)(-4,-2,73,1) (-,-2,2,00}

Q\2: et A - o \ | o if vossible  find A" then find (A}
I -y =y
o I T B
| | vy
(0 I 1 o]\ ooo R. B
l -1 v v | oloo© N
- -1 \ -\ O O\ o N
| A B oo o\
'— ; -\ - O | o © Rl+R3—>R3
o U Vv o |\ © oo
N
=t -t =i o o |\ o
i | (o { oo o |\ —R|+Rqéﬂq
1 -t -1 1] e o0
RL*R\-)Q\
o 1 \ o \ © © A
©o -4 0 o© \ Vo 2R+ Rq>R3
[0 2 2 ° | 0l ot |ag,4RyaRy
[ | o o | Il o o | o ol I | o o
o | \ O | o o o ~ o |l L o | © 0 o
°© o 2 0 2 | | o o Rs o © \o | ‘a‘th o
| 0o 0o o |[-2-lol o o o0 [-3-lo0l
[l o o | Il \ o o
© | oo |6 . \h Yo You did Something . Wrong but
o © \ 0® L M Moo sxi\ got +the rignt Onsw SO
0 © © o | -3 - o | We vibin :)
N~

#FIsa & A" Soesn't exist

Al =0

N

= R3+ Ry-Ry



QI13* given A, B are 2x2 motrix St

A7 = | 2 2 B - 0 4
o 3 2 5

(i) Fing  (ABRY

peY' = ' Q"

1
el

(i) find 1387 B

2xd So,
3" [a'8l - 3% [A"|18]|
= 9 (6) (le) = /4

A1) = (2)(3) - (Do) =6

187"\ = (0)(8) - (4)@) =8
Gii) $ma 3 1A' B\
= -1 —‘—
3\87\ (18"\>
< 3(6) (Mg) = ~9/a
QM et A= o | U o
t -1 -1 0
-1 \ a -\
a -2 "2\
(i) i possible, fna A"
o L UP \ 0 90 | piRysRe
( -t -\ o o\ o©00°
S o o \© NR S
2 -2 -2 | oo o\ -RieRs =S

1R| + Rq—yﬂq



F o ! ' o | O 0 ©
| o o o .\ o o Rz tRa Rs
-—-l o | -l -y 06 |\ o N
2 © 0 v [ 200 \ TR Ry ARy
ro | \ o I © ©o o |
Il 0o ol | | o o [“Ry+xRR,
N
0ol -V\lo t \ o
i 0O D O o -1 0 | |
r-o \ o |\ | -\ -\ o ]
- Ry + RyaR,
{1 60 o o |\ \ oo
6 o -\ O { o N
Ry+R3->R3
|0 o 0 | o -2 0 | |
i o |l o o (1 —l-|
\ oo 1 \ o o R, s Ra
o o \ o o -\ \ |
0 o O | © -2 o \ |
[V o0 o | \ oo _]
o |\ 00D T B B oAl exst
0 o \ O o -t |
LO o o |\ 0 -2 0 | ]
e~ o~
Ty A~

(i) fino the solution set+ 4o the System of LE.

-—

(*) AT Xy :

»
~
_ - O

3 me+thods: Gug matriy, , Cramer, or A~
Since  we aweady have A" we can

(AT = (A= [ 1 o 0



1:_‘ X|
Xa
X3
Xy
Resuly:
T B"=> R™  be
invertivle
dim (domain) =
n = m
[R3'—'9 iP\3
T (a, a2 03)
T ( ‘ |0, 3 ) =
Standard  modrix
| O o
O \ ©
0o O |\
mﬂ — IRZ

T s a L7

: ¥ (,-2,v, )%

Iinear transformation

R & T is  isomorphitm

dim (rcu\ge\ ~ dim (z,ey-o)

linear “transformation

(a, Q, O3)

(1,0,3)

Presen’ro&\'on

rememper

—_— s T(a\a'l\ =
T (ql az) = (G\-\'ldz 9 —a\+a1) —

it a lnear

inverkible ?
step @: -ﬁnd fhe

M =

stondard mafrik  presen tation

} T s weervle  TF M exists

Im| = () - (-1 = 340 4,

T is invertble



¥ T i jnversiole, find T

TR — R

Tl 0.): M {a- ]
a,

mt e | -2] [ -2
3ol Y5 '
1 (a, a;) - ['ls -2[3 [0. = | 3 a,-2/302
. S @, Y30, + 2 Q

T, 0.): (Us -33a3 , Y30, + ‘I3 Q)

note:

To T 1

(ToT')(a, 02) = (a,a2)

fact :

T RV T

Tz H W\K - ‘P\n

m, = stondard moadrix for T,

\_.’ dinn (m.domm\ X dim (domain)
m X n

m9~ < Smﬂrd natrix ‘Fﬂl" TJ.

L-a n xK
find ¥he srandard motrin  presentotion of T, o,
Answer: M- . Ma T, 0Ty : R°"— R™
min  axk
7

T: R'— LY

T, (@ 02) = (a;+ 0z, -a))
T, W\‘ — TP\"

T(@o) = (30,-0a, a, +01)

find T, 0T2: R - R

T O Ta » R'—- @

BRIt NN



f(x): 3x*-6x+ 73
find  f(R)

£ PROBLEM|

3 - 6A [t} you only odd/sub

"I" LT motrices of the
Sarne  Sie

motrit s
X2

JA*- 60 + 3Ty — no \oaer & Problem

Ll

note:
it A, ,nxm, ngzm
pd: A A A — i undefined

h‘:l_nul_\t!\(}\_tm
ot muttiPly
A* is undefined
A, nxn,
A is inverrible
Ko = () BN O

A = undefined

Qu A-]0o 2
o

Cala) = \&TIy-Al

’["( ’*-J ¢ & (&0
o -1 K= | ®=0

(if\S“GOd of A
Ca(ﬁ‘ = A (9‘1;{\

=102 -\ : o ©
0 | 6 © o o ]
Caley's Theorem:

A, nxN,

Cplm) = [0 ©
o .o



A = ( (o] d Cﬁ (x\ - ?

o 2 3
0 o &

= ‘ 0(13 ’A\

: | x-v o -3 = (k-0 (k) (o-4)
(o] ®-3 -3
o 0 X-u

Ca(A)=72

Q:

= (A-T3) (A -2T3) (A-413)

0.0 o

o O
o O
o O

find  (1,3)-entry of A7
nel o2y
25
-1 -2 6
R +Ry R L2 b
AN o 4 9
R\*R'g,‘iﬂ's o o (o
(A\ = \B\ = &0
143 X
_ deletng _
= Y fow 3 N 2 S
ol \ 40 20
N

\A\



Wor “S heet:

& let R~ 2 3. s« A d(o.qno\l'zab\e?
0 2 | ax2

Caln) = o Ia-n|
i

‘ = (x-aV
() (-2 = twie

-

X\ X‘L
E2'~ [O —3] T -3X2:0 \eading X1
0 0 X3 :0 ﬁnee X\
note: Ba: 30x,0) | %emd
- = Span {(‘(0)11
R, nxn, .. diagnoliable IF V¥
eigenvalue . Qi ,. dim (af) :‘%J dim () =1 #2
in Hhis ase, it 2 S it nob  diognoli2able
Q2 let A o O o -4 is A dignolizable 3 if yes, then find the dialenal
|l 0 0 0 | motrix D and an invertible matrix Q Such thot
°c Voo Q' AQ: D
o0 | ©
Co(h) = | Ty - A
1 2 8 U ¢ 1 3 Y4 1 2 3
Cl [ 0 o Hl ] L -0 ) $ GO (#)] ) d o0
2 -l ¢« 00 2| -l -6 il o -V &
4| o o - KX | I
. @) G| & |k ) (e | -«
-1 & o -|
ad -bc

ot [ - @] s [ - o]

< o(" [p(z— 5 J + 4
s oq4- Bt st = (K1) (a-4)cp
Xz 1,-1,2,-2



s [ 1004 [ geRaake| ' O 0 4| g pary | ' 0 04
SR I BRI NI 0 ! o s
o -l | -5 0 -1 1 -5 00,1~l
0 0o -l 1 6 o -I | o 0 -1 |
S % X Y Y L
RytReapy | ' O 0 4 Kythxg = X, Ky Ki leading
~ o o 4 CXa o+ HXe=0 oy free
0 o | - | Xxyg-Xgee
60 0 0| o:o =l L, iang, X, %) | uerd
,E‘ = .Span i(f‘(’,?q..ln-‘)zs
| a2 o o ¢ o ) 0 L ) 0 0 4
El = 0 . L* \/z R\*R‘l -"Q‘l Q O . L, . . . 2 o . 4
-t2aoo |0 0 2 0 2 |%ReRews 020 2
o -12 -6 o -1 3 -5 | ~ ¢ o 2 -4
oo -l 2 o o -1 2 o0 -l 4
. . . X% LY Ay . . . . . . . . . .
hRgr@agy | 2 ° °F 2 x 4xy=o X = -2Ky4 o
~ 0 2 02 | axa+ W0 Xpxo-xy = 1020, =Xy, 2wy, X ) [ Xaemy
o 0 -4 Xy - 4Xy=0  Xz= 2 Xy = §0-2,-42,1)3,
0 6 00 0:o
.E-\ : -,. O O q . . . . E-‘:Spﬂhi('-l,-l-},-l,lji
.1 -l o o .. et
o -1-1-6 S E-).= Span 5.(2.-\.,-2.‘73.
0 0 -Ll-\
I I R
E.z .E\ .E'l. E‘? = -! “HoLg -
I B WY )
why this ' R
e . b




4]

let A=l 2 - A is A diagnoliable? if yes, then find 0 modrik O and

Q3
3 1o an invertible matxix @ ¢uen that @AQ:=D
-3 -\ o
Cala) = | oI5 -Al
-1 |
a-2 11 : (-,v)"ﬂ -3 ¢! +(7\’\y'}l (-1 f o2 |
| 3
3 v
(33[ () - (HW —l 4 (&-1) [ (- () - mu\]
s (3%7) +  (a-0 (- (&) - (34€5)
= X (k-Dx-2) =0
X=0 s\ =2
'_:Q ¢ -3/; Ry+R2R -2 0| et
-3 -1 © N 0 -S54 -3,
3 Lo 3 1+ o
E°=gpa|\$_(l/5|_3[g,l)§ Q: Iz 0 "5 D - 2 o O
ol B B 6 | o
E, = Span g C0,-1, 1)} Lol 0 o
Ea: span 10-%3,-1, 1)}
s N=2
Qi lek A be O 313 moriy St Cn(x) = o¢* (42) . 9iven Eo= SPan ¢ (1,112)% and
E-z-‘-’ i(’l)ll(ﬂi

(@ s A diagnolizable ?

no, dim (E) =1 #2

(b) find all points in M , sa4y Q@=10,0.0;) st. AQ : |O
E0=SPG“§_(||‘|2)§
(©) find al points in A vy Q= (a,0. ) st AQT: 5QT

5 i« NOT an eigen  value
: span §(00,003

(d find A|[-5

-0

($)]
>
L}
(S
"
\
=
]
(L]
n



Qg" let A- 2 2 3 Find the (2.3) entry of A_‘

-2 5 6
-2 -2 ..|
43
s (".) del r=32
tol = 2
A
1Ay =2 21 3 | RtRrR 22 3
26 6 | ~ o 1 q A= QY L0) = 1y
-2 -2 1 Ru¢R3R3 6 0 o
- (-n‘5 23
-2 ¢ : @ [Lowe-3yey] -8
140
140 o

Same as before but instead of points, matrices

R™ . get of all matrices

Q@ R™ . smn to] [or] Jool Too
T 0 o | 00 | | o LOI
Ctjio|+C|o :.cs-o O-¥Cq Oo_’ =z 0o
0 o 0 o _| o. [} 1. 0o
GOJlsyloc,| +]oo|+]|00 = ¢ G - 0 o
0 o 0 o €y 0 0 Cy ¢ O o o - dl‘m(R"z)=q’
53 e R, 2
]

& R1K3 . 0, 0, Q, Q,,-..0Qs €R
04 Qg Q¢

. a[lo°|, q o1 o +ﬂ3 0al|+8q 000 |+0g5]|000]| 4 g, 000
0o0o 000 000 Loo oLo ool

Q, 82 03 ay o a6 efRi



= Span Loo 0l0 ool 000 d00 , 000
ooo | “fooo [*|ooo | *|ioo |’ ]or0 001

Know :

dim of nxm = (nNY(m)

g D- atb -
0 a

SOLUTION:

2
a,b e(RX convince me D (S not & Subspace of R“

0 ¢D the Problem is w| -1

R
Wwe Y f0 wnte as Span  we observe its not equal 10 @
span of finite oaumber of indep points

=dg|!o |, p['oO +I o -t
0\ oo 5 0
NOTE:
Py = Set of all polynomial of degree <n

@ P ={0ax’+0 X 40 |0 020 WY
5 e P ? yes
{3 €f 2 ves
ex*Vax«{n €RB 2 Yes
axtriep ? W

T oS

(x*) + 4, (x) + ao'J(T)‘i : sean § ¥, x 0]

> Polynomials

Qi find G G Ca. Co+CG X+acCak’:0
= 0+ OX vrox?

Co:=0 ¢, =0 =0 dim = 3

Know:

dim U’n\) = 0

Q: Convince me ot D - i Qo+ Oix + 02 X* [ Go G4 elRi is o subspace

{ e (Dt 02 (xx) 3 = span § (), (x+x™) ]

Know :
nxm nm
Ry R
iSomorphic

same 0S subspaces



Q: d{ronsiate the 4wo  Points o morices
T (v2,3,4) T=1! 2 A:] -\ o
A= (-,0,01) 2y o 1

() fnd dim (»)
sv, its Qoing o be in +the co-space (RY) of ®**

(] «—> (1, 2,0,1) A=V e (-, -1,0,0) U3 < (1,3,1,3)
LI (I I3

now | wriYe “4he Point in dhe mattix and Kill before 4o (heck if fhe points
are Oep or indep

L2 0 | Ri*R2> Ry v 2 0 L | oirgaRy [ 2 O | :I_,indCP
il I T T | ~n Ogl I 2 ~ o | \ 2
1 3 1 3|-R+Ry=Ry |0 1t | 2 006 O o
(v,2,0,0) Copryty2) = |1 af |-t are indep

o1 (W
dim (0) = 2

(2) write D as Span of basis

basis of D : EANE ]
o 1 (I

D = §span of basis’; = span —| 2] -1
o 1 (I




211

@ Find o bosis for R | s B, st

L] e e

Solvution : consioler  the co-space R*
2x2
vl (v, 0,0
[
-t « > (-1 "’(1|\
[ |
IR RutRaRy Lo
- ~N
=l -1t 1 o o 2 2
need fo b0 by stonng
odd 2 points 0 0 o | Lot
{[ll [-l-l (o l] 0 ol%
B _ ] 3 ] D
: (1 J Lo ) [
fact:
Po & R isomorphic a3  spaces

9'. Py «— R*

a;x’-\- a"x’.* a X+ < (al » Oes Q) ao)
2x3- 10y + 19 «— (Qlol-mllg)
13x*+ 2x—lox’+l€s<——- (-l0,13,2,1%)

Q: D= § (aa+ad x*+a, x*- a,x +aq, | 6,50 ¢ R}

[ n
D uves n P..\

(0) Convince me tha+ D is a suyospace of Py
(b) find a bosis r Py

@ D= 10 (x+x}) «a (€-x+1)3

- span § (X% x*), (x-x4n}
0 check for independent | We US€ ine co-space R4

P LY
X3+X1 —s (ULhL 0,0)

K-x41 «— (1,0,-41)



L 1 0 of -R4Raary | ! 1 0 O by Saring, You can see
\ v o -l -1 | hat “hey're independent

o -1 1

(b) Basis= ¢ xPtx*, x-xel d

domown
v Co -domain
2x2

&T R — R

T [a| qg:l « (a,+04) X1 + 06X+ ay A‘I’his Q coming in the mP
a; 0y

0 Convince me +hat T iS a Linear Transformohion

2
@ Hnd an  madrices in | YRR o [a. a—.] = X-x43
03 Q4

@ find the Z(T), ie. set o Al mamices in B st

T {a. ﬂm]:o
03 Oy

SOLUTION'
@ find the co-linear Avansformation of T

3
L: ﬂ\“—; R
L(a a, O3 Oy) = (Q+0u . a 5 a4) Note: fake matrix presentotion
1s  Co-matnx
eath coord is o linear o - domain ?

tomb of a, @y Q3 Oy
«Lisa LT % Tis a LT

@ tHe didn} finisn  Sowing

domoin
Y Ve Co-domain

R  T: P> R

T(o, X'+ QX+ &) = (8, +0 * 20 00,0
s T a LT? vyes

find the co-matrix presentorion of T. oup noTES SAYS FAke maTRIL PRES.

SOLUTION Lo m o R
L( 62, &, @)= (02+0:+00, Q) Go )

- matrix presentatin  of T is the maiX pres of L



is T invertible ?

T is invertiie if L is invertsible and M s invertible

. A\
Find M :
I 1\ \ o °— o | \
= -R’_+R\')R| l
0 1 0|0 Vv o n 0 | 00
0 0 | [o o 0 0\ [o o
-I o O -1 -I-
0ot 0|0 © s T is invertible
o 0 | o 0\
\/V__l W_,
I, m-'
Find T°':
' RP— R
I (a6, &)= M'[a
4,
0,
[ I | Q, - (Grﬂrus » Qa ﬂ;)
o o []|]G
o o | ||%
-1
T K-h

-] N
T (a‘la") a!) = [a‘-a;-aﬂ x + a, X +Q

T-l (II 1, 0) ? 'JOM \j\)&* Substitute

(a\ 1 a\, a‘\

: (1=1-0)x*+ (DX + ©

]
b3

what are the Z(T) ?

dim [RMQL) x dwn (2) = aim (domain)
3 + 0 = 3

Z(7)= %(o,o,o\'%

(o]

-R3+RO R
~J



Resuit (Know):

Q:

&

Qtb

A hnear dronsformotion
T is \-\ IF
Z(T) = fo-element}

As soon  as You kmow D is a Subspace
dim (D) ¢ ® . Then , 4he followind must hold:

() VYa, beD , a+4b €D < (ged under addition

(2) Uc e and a€eD, ca €D <« c(losed undec scalor muthplication

Convince me thai
D K {(H-b a a,bem
a 0\
show that Ym <an  write it as rpan
NOT & subspace
a(vhLyul)tb (1,0,0,0) *+ (000, ‘\
O by staring
0 o D
D+ §ne @ w03
convinee me that D is not a subspace of m”"
0 0O O
0 o o €ED
o 0 O
Ya,b €D atb €D is fakse
= | o o b= 0 o o
6 \ © o (=)
& o o o o |
(@|:0 -~ a€D (blz=o < bED
A L latbl=1 = a+b ¢/ D
o | o 4



Q@ D:§ fweh | fheo v fI=0}
show 4hod D is not & Subspace. D

fd=x € D (why?) flo)=0
fa0)= 1-X eD (ww?) fi1):0

*iyes"!

e fi¢fy=1 £ D (why?) L) fo sy #o

Closure  under

show that D=% A eR™ | AT: A% is a sespace

Show (1) closure under oaddition

and (1) closure unger scalar  multiplitation

O et a,beb

Show 1hat a+b €D

a’ --a bT < b

—_—

Why?  beuz a,b €D

nddition  FALLS

(a4pYT = T+ b" = -a + -b = - (a+b)

@ let aebD & celR Show ca €D

at: -a (why ?2) beuz aeD

(ca)T = caT = -ca = cCaeD
L3
a, a \ -a, -
D- ? [ﬂ: Qy | I;—’%:,%:H = -qa|a :.gu-] f
bu ﬁaring
a, = -aq, 5L a,:0

0y = -0
:I_, same
az : - as

aq.:-aq s Q=0

prof likes the

Find  dim (D) = of span more
o te)

in Prev exams

IN(D) =1

\ang.

instde Pj

You

in

NOTE:

an  ANSwW  thic Q@

two  ways:

(YY) axioms

(®) fina a set of finile

Points

in  {pan



Show D i¢ O Subspace
Find dim (D)

D: §f) ePs| f@:0 AND E):=0}

D=3 0, X*+ a‘x+ao| flo):Go=0 AND fm=al+q|=°§

L\f—___' ‘/Y
Conditions

finy

D: E 02X*- Q2 X + O | a1 €M 3

2% 6, (x%x) | a em}
= span 3 (x2-x)3

dim (D) = |

>
0

oIl of these
Q' Finqg 3

E; - 2R,

E1 : Ry &= R,

E| = 2R+ R R,

Il All!

1o o 0o | ©

= ol O !
o 0 -2 6 o |

|

- | 2 22\ 2 Ll- R\ R‘L
«—
3 0 N 3 o

are €9 info each other

elementary matriesS

Find

.
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DoT PRODUCT:

Dot product over R"
(a|s MRS Y qn) ( b.s LI B INFY bh)

= Q,b; + 9aba + +anb, €

Def:
M? standard basis = E(l,o\(on){

R%  srandard basis = § (1,0,00) (0,1,00) (o,0,1,0) (©,0,00)F —> orthogonal basis
meaning dot Pprodvct = 0
let Q> Q. > Qm EMR"
we Say Q,,-.-, Qm are orinogonal
IF Q\'i Qg =0 Ii+K

dot produck

Q¢ convince me i(l,zjco,'-ni is a basis for ®

[\ 1 [ by staring, you @an see Olner  basis:
0 4 theyre indep § (Lo) (o}
Q@ . @™ t (4,10) (oy3)}

&2 [ S?ﬂn ?.(“13(0!4)3
= Span 3 (4,10) (0,133

Q) v GQ1 = (o0)

C|:C1:o

W o R K S H E E T

Ql: (et T: R*— R se&.
T{[ 0, & |\ = | 0-2a4 2030,
Oy Oy -ai+4a;  9a+4a,
(i) Snow that T is a linear dransformation

by stariig , you @n see +hat | O/ -20y 203 t0 is a linear comb. of 0 2 A3 Ay
-q|*qa3 Q:\-l-"m,

. T is a linear transformotion



(i) find Range (T)
Range (T) = E 0,-04 24340,
-0+ U, Q2+ 4a,
Hdo| ! O+ 0 017-&0; 0 2 (+Qy4 (-2 0
o o 1 % o o o
= span | O 0 |-‘ 0 2 -] ©
-4 0 4 o o 0

Gij) find dim (Range (7))

0, Q2 Q3 a4 € Ri

Vo o-loy I o -l ¢4 Lo -4
0 { o | | 2R tR4=Ru | 4 1 | [-2RatRsRy [0V o I etc. dim (R) = 4
o 2 4 of o a 4 of ™ oo 4 | ™

-2 0 0 o o o2 8 6 o -: b1

3 R

Range (T) = R™ Hence T is ONTO WS ony 4 indeP matrices wil form a
pasis for Range (T)

(V) Find Z(T)
dim (Range) + dim (2) = dim (D)
S + 0 s 4
aim (2) =0

iz

Q2 Let T: B> R st
Tlax+ao) = (20,4 100 , a.+sa.)
Convince me +hat T is ioverkible. Find T°' (4.7) note:

L: R R p:|a b At ! d -b
¢d AL (¢ a

L (Q, Qo) = (20,+1Go0 » Qi+ sa.)

= (Go (N,5) + a,(2,1))
a, Qo

] — ]

= (0B - oy = g-n - -l



L-‘ (a| QD) -5 u A = (-50.1"01 ) al'zaz)
1 -2 (|0

T m’—x Pz
T (6, a2) = (-5a,+0a; YX, + (a.-20.)

T A ol m) x+ (4-23))
- 91K -0

Q3 et
Fo§ (040« ax*+ax + (a-b)| a.b em §
show thai F is a subspace

= § a (K xBx+1) b (x3- D3

= ospan § O3+ x%xe ) (XP-03

W or k S h e e t

Ql: et T: R’ — i st T(q a: @) = (Q,+03) x* + QX « Q,

(i) find +he Co-matrix Ppresentation of T
L: IR'S—)W)E

L(aa; a3) = §(a,+a3) (az)(a) } - $a, (Lo 1) +dz Lo,0,0) *A3 (1,1,0) ]
G. a'l. a;
boo : span § (1,0,1)(0,9,0) (1,1,0)
0 ¢ |
Il 6 ©

(i) find a basis for e range of T

i (a+a;)x* + a3 X +a,}

10, (x+1) +aa (0) + a3 (X2+X)2§

Range = SPan § (x3+[) (x*+X)3

B: ¢ (x*+D) (x*+x)}



(i) find all points in R s.t. T (0. 0;0s) = x*+|
from (i) we can rephrase
T(a azas) = x*+ | = (1,0,1)

. We form 1nis avq. matrnix

a4 Os
Lo 1|1 |-gitrs=> 1o 1| 1o °
X 1Ry =R - Ry+ReaR,
oo IO ™~ © 0 I |[of ~ o o |
1 o o o o -l |o | RitBs3aR; 06 o o

0'- Q, & a; leddl'l\g var
Q; free uar.

$01,00,0) | az€em}

() is T invertible ? iF Yes, find T-' angd find T' (2x*+ Xx)

L: le——y l.R'!
L(a,02,0;3) = § (Q1+as) (a3) @)}
= 2 a|(‘,0,|\+az(0,olo)+as ('l|l°)i

= span 3 (1,0,1) (0,0,0) (1,1,0)

note: _ﬁl Q2 Qg
Lom= |t o
iF M s invertible o o I - [ m| 1,]
and L is invertivle I o o
then T is invertible - -
,|°"°°-thks-ﬂl!'°"°°
o 01 o 1 of 0 o ([0 o
1 o oo o | o o || o 1
“Ra14R9Ry
~ | o o]l I o am is not invertiple S0
B+t [ 0 1 |o 1 o L is not ifwerkble and T
o o ol 1 is ot invertible
l
# 1,

(v) let H=§ AeR™ A= R% Show that H is a subspace and find dim (H)

: 0, a: a, a3 . 0 Q2
8 ny 0. Qy 0 Gy
e

by staring
0. < al

03 =022 a, a:
oazas ? [03 Q4:|
0y = Qy L
a9, Q:
[az Qy ]

02:03, 04, Q, em{

al,a‘llal e m




0:,0”04 ER

< Q, Qz
0y Oy
B qQ, \ 0l +a, |0 V' |+ a4 _a )
0 0 | o o |

= SPan I 0 -0 | -0 0-
3 2
0 0 (] o |

=] o [} 3
! now we K\
o | I o —4

- 10 maxe
o 0o o | below

4 Sure -dheyre TNOEP

& theyre au  indeP
dim (D) = 3

(vi) let
F:3(20+6b)x® + (-a-3b) x* 4(a + 3b) 3
show that F is a subspace and find dim (F)

L: $(20+6b)(-a-3b) (a+3b)3 F=§a (2X°- x*41) +b(5x’-3x=+3)| a.b R}
= fa(2,-,"M +b(s-3,3)3 = span §(2x%-x%4+1) (6x*-3x%43)3
= span § (2,-41) (6,-3,3)3 :©. Fis a subspace of finite points
a b
m=[2 & [ YaRtRa>Ra |2 &
L ° o dim (F) =1

3 -VaRi +RyaRy

\ o o



Ql QZ
Q: D= span § (1,2, (-1 L]

D lves in IR
dim (D)= 2

find  oan onthogonal basis of D

\

—>. Should be 2 ndeP Ppoints
. should be 2 points where their
dot product is O

gram - schmitt - algorithm

o dim(D)=2 so, 2 points

Q- EW\ ,W:\Z

Wl‘Ql=(l,2,l)
Wa = Q2 — @2.-Q

Qi
lQ\|’L
Q,,Q, €R"
/ \ Q -Qa= 0, b+ + anby
by o bn)
(0‘,-~,Qn\ ( l !

Q. (X1Y) @

)

(X}
<

Wye (-1, 41) - 2 (1,2,1) (X, 9,2)
Peats U7

= (-\,‘.I\ - 2 ((,2,')
\\\l.5
= ("l‘l|\ - (Il3. 2/3,‘/3)
= (-, ‘Ia:-?/s)

o check:

W,oe Wa = (02,0 « (-%3 5 Y35 2/3)

-4 42 4.2 :0
3 E] 3

Q: Jw, »w23l

B ? (l,l.\\) (-&l3, ‘I3, 2/3)



D: span $ Q> -» Qe } dim (D) = K
( I _J

indep. points

find oan orthodonal basis of D.

0: S Wy, > Wkl

W, - Q,

\N:l = Ql - Qi . wl w,
Lw

Wg’ Q!," Q3'Wl - (O WtWa.
Jwi\* | wy [*

V.1.°P

Wi - Qm - Qm":’l W, = e - Qo Weny Wen,
lw, | lwm_(\1

Result:

« i Q,®5---5 Qe oare qon.zero paints in M and orthogonal ,
then Q, .-+, Qx are independent
L, INDEP is NOT aways artnogona |

@ Q =(24)  qe they OrHwogonal?
Q; = (-2,4)
NO! dot product = (2)(-2) + (M4 =12
L Q & Q, are mt orthogonal
BT @ & @; are ITNDEP ——MM™ Q:[g "I']
04

IQl = (2)(8)- (-2)(4) =1b
How do we find the orthodinal pasis? Lolayzo

L we use the gram-schmitt alg.



inner Product on Polynomials :

)
<F.,f,>=[{,¥,dx

a

Q: D=$pan?_l,xz+|{ € P —m dwm D) =2

R '

find orthogonal basis for D where <f f2> = f £ 2 dx
[

To find basis: (= § W, Wz{

you do either —s <W,,W2> =0
0
N wW,W, = 0
[

lets check f £, fo are orthogonal:
I

|
j M (+ODadx = L x4 X
0

- % £0 & not  ortho%enal
0

s, we have to find basis +hat are orthogonal :
i § is a polynomial |f] - b ,
dx

b
So, the norm s \Ha = j {:2 dx
a

W= Q= fi=1
W, = ﬁ-of'ﬁfzdx ) {:l
1,17

s (x2+1) -ofl(x*»cl)mdx i,
Lful*

|
(x*+ 1) —,f (x*+ 1) (N dx
oflldx

al-4/3 = X'-13

now:

0- § 0, x’—‘lsi

2
0: Span ? I, X "/3{ «— span of or#ogonal basis

fo check : integrate  orthogonal basis
and Yo'l get O



f fa f3
) ‘ ‘) )

Q: D= SPQ“% X, X, x4 2 "l\'ves“ in P

inner product on D is defined

I
<f £2> 2| fifadx
Fl °f|1

find Ori W, Was N;Z

N|: {l: X
1
Wy = fa - J‘ w,; fa dx W
lwl‘l
) " b
= - Jowat ,
l‘ﬂ;l1 |wl‘z
for wa:

JIW-“ dx ’.f'* X*dx = Yy

fw,|* "J'W|'d* ‘,f.x'dx : s

W, = xz- —'/q X = X’- 3q X
(/;
exeand
for w!’ | ) Q
 [wa bars [t O 0% de
°

ijl x*- g x°dx =JI xtdx - 3/4°f|x‘ax

= Y-+ Vss

7 expand

\ ]
lwal* = [ wgtds s [ oo dex) dy
L}
[ x%- 2% 8 0t ax
° 2 &
: 1 '
:of X% dx - 3/z°r X‘dx + q/ls fx’dx

© g - 3y 436 s Vg,

J w, fa dx = JI(X)LX“)dx =Jl x® dx

|
3

x : Mo -0 = Ye

4L
6

. IW|l:| = I/3



]
Wy = fa -of wa {3 . - J'N.{s

[, l® lwi 1*

. Wy

skt Yoo (o) - Y x
Y30 Y3

v AN subspaces in MTH 221 are called yector spaces "
Ve sey vector

(V, +» ) is called a vector space if:
addition ___~" K salar

v ltiplicahion
[ ¥ x,9eV , X+4YeV closed uynder addition

[2] YceR and YXxeV so X €V  closed under mottiplication

Use tule [1Jor [2] if you want +o Prove 4% is not a vector space

prove one of them wrong !
[3] 3 zero etement in V, callit ©
[4) ¥x eV, 3 -xeV

[5] Nci,c, EM | ¥xeV  (ei+ €YK = Cx4Cyx

(6] Yyo,coe®R , YxeV Catl)x = ¢ (eax)
(3] ¥V cem X,y eV ClX+y) = cx+cy
fix)y = 1 e D

X

o: c[u2] set oF al continuows function on [1,2]

{his is a svbspace BUT cognt be wrikten a< Span
dim (D) = o0
so\ution: let f,f2 €D (fi {2 are cont on [1,2])

proves Gaxiom 1

from calc 4 fi+f, is tont on [1,2]



A pplication |

(2/"‘)
s & = (2.4).(3,-1
Sl |2, 1] (3,-1)]
‘\ (3,-1) = 6-4 . 2
{20 {0 V200
8 = cos? (_2_3 a8
V200
Application # 2:
. (3,10) Find 1the area of ABC
! S it is cructal for Vi A Ve to have the
same  inikial point
8
(,2) v #1)
' < Voo (AX,8Y) = (3-1,10-2) = (2,3)
Vp = (A%, 44)= (315 4-2) = (6,-1)
Area = a ¥ N -2 - 48 = 26
6 -1 2
&
KNow :

if S,..., Sk are nonzero orthogonal elements of an iner Product
Space , +hen they are independent

the converse need fo be  +rye

EXP USinGg  tne dot  product on R, the points (1,1} (2)
are independent , bt they are not  orthogonal

WoerKShee t

% gven A= (4,-2) B (-2,4) C=0,1 find the ared of +ne triangle  ABC

J ) Mgs V¢ (BX, 04) = (4-(2),-2 -4) = (6, -6)
BC> vy, (O, D) = (-a-1 , 4-%) = (-3,-3)
8
(‘c\:‘t\ c 6 -¢
("?) Area - -3 3 = }i = 13
— 2

2



\
Q2: Use the inner Product <, on Pg sun tar <Fiofa7 = [ fifdx
find the angle between f,=| and fo:3X* °

’<f|>(z>| note: lﬂl’-\,‘f_lz-
) (2

\ 2
- c,os"( of () (3x%) dx

‘ | W ‘ ['m‘ax

6= cos™'

I 2 ! )
5 (3x*) dx - f‘ix" dx = 1x‘l : 9/ -0
L] [ °

= cos” ( \/%) . cﬂg"(@/s) < 430

@3: Use the dot product on  R* and find the angle blw
Q= (2,6) gnd Q@2 =(-9,])

(2,6)
\/ Q- COS-I ( I< fi I{l ] > - COS_' ( (zlb)'('qll)
) 1f) 121 | (249)] “‘qll)l

‘\\( 4,1) . cos” <“2:6) - (-q,01 > . cos’! ( 1 Q)+ (€)Y | >
/

et Vgt Va0, (a2

« cos”! ( 12 ) - 71.90°
4 (zos

Q‘-IZ lE‘l' D: Span ilx, 3)(2’ 5Xq§ 'I'her\ D is a subspace of P5' Find on orthogonal
basis of D, use +he inner prodvet <, f.> = f| fif. dx
Q

.Fl: W, = 1x -F,_: 2 x? 'F'S"‘ oyt

WQ= fa - M W,
[w, 12

|
. o3x2_ S ane)
o\f‘(ax)’



o feoay s fed
ol

Xq _G__ -0 :‘/q

el

H 3X - 6/" J-x jx - Q/q_x
‘t/a
Wy = 3x*-9/4
W3= -F3— <W2"F‘3> .Wz - <W|"f!> W

.‘W’tlz. S .|.W||l.

<was by = [axamext) = s

twal’ = [ (3x WaxY = 4/g0

lw* = 405

curtss + e <5

Wos sxt - Bl (3t U x) o T oy
9/30 4/3

S BXt - SYAl (k- Yax) - ax

= 5xt -2 x*= )y X - Ty x

Wy = 6x¥ - 50/3 x*- 203 x.




Q5: let+ D= span { (1,0,1,1) (\»°:°n°)('n°/°,l3}- Find an orthogonal

basis  of D, use the dot prodvet | <f  f> = f-h

(“z W, = (1‘0'\‘|)

note:
{y= (4,0,0,0) Q -Qa= 0,b + >+ anbn
fa = (1,0,0,1) IQ‘\Q:a.z*‘”*a'i
0: Wi, We, Wil
Waz fa- <—W"{'>W.
[w;\?
cw,, 622 0,00, 10(L0,0,0) = |
R T S RS G S G
Wy = (1,0,00) = Y3 (10,1,1)
< (\,0,0,0) = (Y,0,'3, ‘/3)
= (¥Us,0,-Y3,""13)
Wi f3 = Waofy> W, _ <W,, f3> W,

|W:.|1 | w, |?

LW 9F3> z (‘”3,0,“/3 ,"/3)'(\10.011) = (¥3)0) + ("/3)(') - |/3
(Wal®= ()7« 0%+ (BY+ () = 2
2w, L F3> = (Lo L1)- (10,0,1) = 2

W, * = 3
Vs
Wi= (1,09 D - ﬁ ( 2/3, 0,-Y3, ~5) - % (\’oll'\)
= (1,0,0,1) =VYa (/3,0,-Y3,-*/3) - (3,0, 3, 2/3)

= ((,0,0,I) - ('/3 2 0,°Y¢ 7"/6) - (2/3,0,7'/3 72/3)

- 1= ‘3~ 23 = 0
0-o0-0 0
o - (Ye) -3 2

| - (V) - /3 ‘2



0- % (‘lol\l‘))( 3,0,V 73 ):(OIOI-‘hI ‘/z} 1!
Check -

(W 2AYW) + (0) () () + (1) (113) (-12) + (1) (-Ys) (1/2)

o+o0+ Y- =0

Qb:  find a nonzero point Q= (abc) such +hat Q

is orogonal
to (1,2,2) ana Q| = 2022

Formola: ¢l m=c
m|

- orthogonal if
m(1,2,2) =0 dot prodvet s O

(a,b,c)-(1,2,2) =0
la + 2b+ 2¢C =0
now choose any &, b, ¢ that  satisfies the eq above
a:-4 b= c=\

M 4) «~ a20) + 201) =0

0O =0

so, one orthogonal base s m= (-4,1,1)

but Iml - \}(-4)’+|L+ N ATY

but we want orthogmal basis Q “hat has @I s 2022

Q= Il 2022 (-4,1,1) = [ 8088 2022 2022>
Im| s N3 (g g

“w




