
IR
"

R2 = { ( ✗ iy ) I ✗ ly EIR }

= set of all points in ✗y - plane

IR = set of all real numbers

IR
}

= { ( ✗ i s ✗ a >
✗3) ✗

is ✗ 2 , ✗ 3 C- IR }

= set of all points where each point consists of 3 coordinates

= set of all points in the X
, Xz Xz - Plane

01=2 ✗ yz - plane

IR
"

= { ( X
, , iii. ,

✗ n ) ✗ , , ii. ,
✗ z E IR }

( 1
,
2

,
3) E 1123

↳ belong

(5/10) c- IRZ

( 1,7 , -2,13 ) E 1134

✓ SCALAR

( IR , + , i )

( 2,3 ) + ( 5,7) = 17
,
10 )

- 4 ( 5,10 ) = (-20 ,
-40 )

( 1
,

2
,
0 ) + C- 1

,
3
, 4) = ( 0,5 ,

4)

{ } = set → order is not IMP
.

( R
"

, + ) is closed under +

( ✗ , , . . . .

, Xn ) + ( y , s
. . - , yn )

= ( ✗ , + y , ,
. . . .

, Xntyn ) c- IR
"

✓
SCALAR VIP

( IRN , o ) is closed under •

span { ( 2,113) , 10,1 , 5) } = set of ALL linear combination

-
of ( 2,1 ,

3)
,
10,1 , 5)

E 1123



linear combination of 1211,3 ) , 10,115 ) means

CC 2,1 ,
3) + C ( o

, 1,5 )

does 312,1 ,
3) + ( 0,115) ED ?

yes
,

( 6 , 3,9 ) t lo , 1,51 = (6/4,14)

does rz ( 2,1 ,
3) + -4 ( o

, 1,5 ) C- D ? yes

☐
"

lives
"

inside 1123 ÷ D " subset
"

of 1123

Def : let D be a subset of TR ? D is called a subspace

of IR
"

II D= span { finite # of points in IRN }

0 ( 1,2 ,
I
,
0 ) = ( 010 , 0,0 ) c- D

is ( 1,4 ,
2h ) ED ?

so
,

can we find a number c such that

c. ( 1,211,0) = ( 1,4 , 2,0 ) ?

( C
,
2C

,
C

,
0 ) = ( 1,412,0 )

C = I

21=4 : . c-- 2 impossible so
,
NO ?

( 1,4 , 2,0) is a point in 1124

a D "
subspace " of 1134

but not = 1124

D= span { Q , ,
,
- - -

,
QK }

Q , ,
. . . .

,
QK are points in IRN

10
, 0,0 ,

iii.
,
0 ) E D always true ?

( = 0

y=x -11

•

11,2)
D= { ( ✗ 1×+1 ) I ✗ ER }

set of all Points on the line y=x-11

D is a subset of IR
?

but D is NOT

a subspace of IR? bcuz we cant span

of a finite # of points



if D is a subspace by our def : D= span { some points }

⇒ ( o , o ) ED but ( 0,0 ) ¢ D

hence D cant be a subspace

µ
← all the points

My
in the first quadrant

D= { lay ) I ✗ 30 y > o }

D is a subset of IR
'

but not a subspace

SI : assume D is a subspace

by def . D= span { ( X , gy ,
) ,( Xzsyz ) ,

in , ( ✗n , Yn ) }

✗
I g 111 g

✗n

Zo
Y 1) 111 9 Yn

linear
→

- l ( ✗ , , y , ) to 1×2
, yz ) + i - i + ☐ ( ✗niyn ) C- D

comb
.

impossible l - X
, ,
- y ,
) + ( 0,0) + . - . + ( 0,0 ) ¢ D

D= span { ( 1,0 ) ( 0,1 ) }

D is a subspace of 1122

anything written in the lung of span is a subspace

subspace > subset

may or may not

subset > subspace

every point in 1122 can be written as a linear combination of

(0,1 ) ( 1,0 )

( rz ,
Js ) = T2 ( 1,0) + Tg ( 0,1 ) = ( rz.rs )

( gib ) = a Clio ) + b( 0,1 ) = Caio ) + ( bio ) = ( 9 , b)



S u b s p a c e s :

Q : D= { ( X
,
✗ a ix. + ✗a) X, , Xz C- IR }

D
"

lives
"

in 1-133

the set D is infinite

use the concept of span and show that D is a

subspace of 1-123

D= { ×
, 11,0 ,

1) + Xz ( 0,1 ,
1) ×

, ,
✗ at IR }

= span { ( 1,0 , 1) , 10,1 , 1) } if he doesn't specify

which span method then

we can use whichever

D= { ( X , > Xz , -2×1+3×2 , ✗4) I ✗
i. Xz , ✗4 EIR }

D lives inside IR
"

& D is an infinite set

convince me that D is a subspace of IR
"

D= { ×
, ( 1,0 , -2,0) + Xz ( 0,1 , 310 ) + ✗ + ( 0,0 , 0,1 ) I × , , ✗ 2 ,

✗ 4 C- IR }

= Span { ( 1,0 ,
-210 )

, (0/1/3,0) , (0,0/0,1) }

D= { ×
,
,
Xz , X ,

-12 I ✗ i. Xz EIR }

D is not a subspace

D is a subset of 1123
here is 1 so we cant span

D= { ✗
,
( 1,0 , 1) + Xz (0/1,0)+40,0 , 2) I ✗

, ,
✗ z EIR }

=/ span

ANOTHER METHOD :

Check 10,010) lives in D

(010,0+2) = (0/012) so span is impossible

D= { ✗
is

×
,
- ✗

3 , ✗ 3 I C- ✗ , , ✗ 3 C- IR }

D lives in 1123

←
not finite →

z

D= { X
,
Cli ✗3,0) + ✗

3 ( 0 , ✗ , ,
1 ? I ✗

, ✗ z EIR }
3.

=/ span 9 finite points }



L i n e a r t r a n s f o r m a t i o n

( IR - homomorphism )

domain co - domain

f : IR → IR

✗ - axis y-axis

f- ( ✗ I = ✗ +3

func domain co - domain

-0: T : IR
'

→ IR

TCX, , ✗2) = 2X
,
- 5×2

Show T is a linear transformation

illustrate

1- ( 1,3 ) = 211 ) - 513 ) = - 13

T ( 2 , 1) = 212 ) - 511 ) = - 4

1- ( 3,4 ) = 213 ) - 514 ) = - 14

1- ( ( 1,3 ) + ( 2,1 ) ) = 1- (1/3)+1-12,1 )

7¥ = - 13 + - I = - 14

T : IR → IR

1- ( X ) = ✗+ I

1- (2) =3 1- (4) = 5

1- (6) = 7 =/ 1- (2) + 1- (4)

domain co-domain

Def : T : IR
"

→ Rm

IR - homomorphism

is called linear transformation IF

(1) TCQ , -1012 ) = 1- ( Q1) + 1- ( Qz)

for every points Q , , Qz in IRN

✓
constant

(2) TCC
,
Q ) =

"
CTCQ )

for every real # C and every

point Q in IR
"



Q : T : IR → IR

1- ( X ) =3 ✗

is T a linear transformation ? is T R - homomorphism ?

Al
, 92 E IR

check Tcaitaa) =

?
Tca ,

) + 1- (as )

Tca , + Az ) = 3 (9,1-92) = 39
, -1392

1- (ai ) = 3A
,

1- Caz ) = 392

1- ( a , -192 ) = Tca , ) + Tlaz)

choose C EIR
,
a c- IR

T( Ca ) =

?
ctca)

3 ca = 3.ca

T : IR → IR
not of the form mx

1- (X ) = ✗22 SO not L - T.

is t a linear transformation ?

No
,
Ta) = 12=1 note :

1- (2) = 22=4 we cant use 1-101=0

fact bcuz here it might

1- (1+2) =

?
1- (1) + 1- (2) not be a L -T

.

1- (3) = 12 + 22

32 = I + 4

9 =/ 5

fact :

T : IR → IR is L -T .

IF TCX ) =m✗ for some real number M
.

T : IR → IR
,
TCX) = 3×+2 NOT an L.T.

Sol :(1) 3×+2 is not of the form mx for some

fixed real mum
.

(2) 1- (1) = 311 ) -12=5

1- C- 1) = 31-17+2=-1

1- (1-1) = 3111+2+31-1) -12

1- (o ) = 5+-1

2 =/ 4

fact :

T : IRN → IRM is an L.T.

then TCO
,
. . . -0 ) = ( 0,0 ,

. . -

,
0 )

n - zeros m - times



T : IR → IR

1-1×1=3×+2 Continued

501 : (3) not an L.T. Since

Tlo ) = 2 =/ 0

T : IR
}
→ 1123

T ( X, ,
✗ 2 ,

✗ 3) = ( 5×1 , 2×3 ,
✗ it ✗3)

convince me that this is a L.T.

Sol : no Sol . he didn't solve LOL

fact :

T : IRN → IRM is a LT.

IF 1- ( X , ,
. . .

,
✗n ) = ( linear comb of the Xi )
-

i.e. : C
,
X , + C2 ✗ 2 + C3 ✗

3

C
,
- - - Cz = some real mum

.

T : 1122 → 1124

is T (X , , ✗2) = 10 , I
,
✗ it Xz

,
-311

,
) L.T. ?

Sol : 0 is a linear comb of Xi
,
✗ 2

0 = 0×1+0×2

I =

?
C
, X , + Cz

✗
2

a-
for fixed C

, or C2

✗ it ✗
z =

I - X
,
+ 1. Xz

- 3×1 = -3×1+0×2

No
,
since I is not a linear combination

of ✗
, ,

✗
2

OR
=

T 10,0 ) = ( 0 ,
I
, 0,0) SO NOT a L.T. bcuz its

=/ ( O
,
o

,
o

,
o ) which is the origin

fact :

IF T : IRN→ IRM is L.T.

then
,

T ( origin of 112h ) = T (origin of IRM )



T : 1133 → IR

T( ✗ 11×2
, ✗g) = -10×3-1×2 L.T. ? why ?

Yes , Lit .

- 10×3-1×2 is a linear comb

of ✗ , . . . ✗ 3

- 10×3-1 ✗ 2 = 0 ✗ it 1×2+-10×3

is it true 1- ( 1,0 , 2) + (2,5/7)=1-(1/0,2) + 1- ( 2. 5,7 )

yes , its true bcuz T is a L.T.

ASK PROF TO ELABORATE & SOLVE

T : 1124 → 1125

T ( X , ,
✗ 2

,
✗ 3

,

✗4) = TC -2×1+3×2
,
✗
z
- ✗4 ,

✗ it 2×2
- ✗ 3 , 0

,
✗4-1×1) is L.T. ?

yes , by staring ,
each coord is equal L.T. of ✗

,
- - - Xy

T : IRS → 1124

T ( X , 1×2 ,
✗3) = ( ✗ 10×2 so ,

✗ 3 , ✗ ,
) Lit. ?

Sol :

NOX
,
✗ 2 ¥ fixed GX , + fixed Cz ✗2 + fixed ↳ ✗3

hence T is NOT let .

T ( 0,0 ,
O ) = (0,0 , 0,0 ) but thats not an LT . bcuz if

we have Lit . then this is there but the Opp is not true

so this T(0,010) : (0,0/0,0) doesn't make it an LT,

QC by staring ) :

T : IR
-

→ IR is a Lil .

T ( 1 , 1) = 5 T C- 1
,
1) = 7

find T(0,2 ) = 1- ( ( 1 , 1) + Hit ) )

= 1- ( 1,1 ) + TC-1,1 )

= 5+7 = 12

Tl-4,4 ) = 1-(41-1,1) )

= 4 TC-1,1) = 4171=28



T (0,0) = 0

T ( 0 ,
b) = T (310,2)) = 3 1- ( 0,2)

= 3 ( 12) = 36

T : IR → IR

1- ( X ) = ✗2+1

We know T is not L.T.

Range → is y < a

zeros of T

the range is a subset of the

co-domai.my
- axis

✗ - int ? y=o ✗ = ?

zero 's of T that
"

live
"

in the domain

T : R2 → ☒
3

TCX
,
✗2) = (3×2 ,

X
,
- ✗ 2 ,

X , -15×2 ) by staring T

is a L.T.

bcuz each word is a linear comb of × , I Xz

find range of T
. find zeros of T

note :

the range
"

lives
"

in 1133 which is the zeros of T I ZCT)

co - domain a Ker (T ) I null space

Range { 13×2 ,
X ,
- ✗a. ✗ 1+5×2 ) X

, , X2 ER }

Range = { ×
, 10,111 ) + X2 ( 3

,
-1,5) X

, ,
✗a C- IR }

= span { 10,41 ) , 13 ,
-1

,
5) }

↳ subspace of 1133

same [
is (5121-1) c- Range of T ?

Q s so
,
can we find Ci • C2 such that

( 5,2 , - 1) = G ( 0,1 , 1) t Cz ( 3 ,
-1

, 5) ?

(5,2 ,
- 1) = ( O

,
C
, , G) + ( 3 C2 , - Cz , 5. (2)

the range lives inside

(5,2 ,
- 1) = ( 3Cz , C , - C2 , C , +5 Ca ) of 1123 but is not equal

to 1133

3C2=5 → Cz = 513

C
,
- Cz = 2 → C

,
- 5/3 = 2 → C

,
= 11/3

- I =

?
C
, +5C 2

= 11/3+25/3 = 36/3
- 1 =/ 12 so

,
the point doesn't belong in the range



fact :

range of L.T. is a subspace of the co - domain

now ,
zeros of T

they have to live in the domain

T ( ×
, ,

✗ 2) = (3×2)×1-112>-4+5×2)

we want this to be 0

Know :

T : IRN → IRM
zeros of T = 2- ( T ) = Ker (T) = null 0ft = { ( × , - - - Xn) I 1- ( ✗ , . . .×n)=o}

(0,0 ,
i ^ '

/
O )

m - times

3×2=0

✗2=0

✗
,
- ✗2=0

✗
,
- 0=0 .

'

. ✗
,
= 0

2- ( T ) = { ( 0,0) }

T : 1123 → 1132

TCX , ,
✗ 2 ,

✗ 3) = ( ✗ i + 2×3 ,
✗ z
- 5×3 )

T is Lit , bcuz its a linear comb of ✗
, , Xz , ✗ 3

(1) find her (T ) = 2- (t)

2- ( T ) ={ ( × , ,
✗ z , ✗ 3) I TCX

, ,
✗ z ,

✗ 3) = (0/0) }

( ✗ it 2×3 ,
✗ 2-5×3 ) = ( o

,
o )

✗
, -12×3 = 0 → ✗

,
= -2×3

✗ 2
- 5×3 = 0 → ✗ 2 = 5×3

✗ 3 E IR

Z ( t ) = { ( -2×3,5×3 , ✗3) I ✗ 3 EIR }

= { Xz ( -2,5
,
1) I ✗

z
EIR } fact :

2- IT) ALWAYS a subspace of

= span { C- 2,5 ,
1) } the domain

its a subspace of 1133



(2) range of T ?

range (T)
= { ( ✗ 1+2×3 ,

✗ 2-5×3 ) / X
, >
✗a. ✗ 3 ER }

= { × , ( 1,0) + ✗ 2 ( 0111-1×3 ( 2 ,
-5) }

this can be removed later on
= span { ( 110) > ( 01 1) ' (2}✓ since it can be transformed as

range lives in IRZ so subspace of 1133
a linear comb.

the co -domain

Range = 1122

take any point ca , b) in 1122

Ca , b) = a Clio) + blo ,
1) + 0C 2

,
- 5)

= Ca , b)

D= span { ( lo ) (0,1 ) ( 1,1 ) }

D is a subspace of 1122

11,1 ) is a linear comb . of 10,1 ) ( 1,0)

D= span { ( 1,0) (0,1 ) }

Def : Q
, ,
Q2

,
. . .

,
QK in IR

"

we say Q, , - . .

, QK are independent

IF whenever C
,
Qi t C2 a t

- - - + CKQK = ( 0 , 0,0 . .
- 0)

÷.

then
,

C
,
= C2 : - - - = 9<=0

Def : Q, ,
. . . .

,
QK are dependent

IF there exists on Cito such that

C , Q ,
+ - - - - + Ci Qi t a - - . - + CKQK = ( 0,0, . . - .

,
0)

equiv Def : (practical)

Qi s - - - - - , QK in IRN are independent

IF none of the Qi 's is a linear combination

of the remaining Qi 's



Qi , - . -

,
QK are dependent

IF at least one of the Qi 's is a linear combination

of the remaining Qi's

• ( 211,0 ) (0,013 ) ( 4,2 , 3) c- IR
>

1412,3 ) = 2 (2,1/0) + 11010,3 )

= (4
, 2,0 ) + ( 010,3 )

= (4 , 2,3 )

• : points are dependent

A = [ I 2 3

o , g ] size (A) = 2×3

f b

# Col
# rows

Q , 012 103

1
I 2 1 ] ,

( °
'
/ ' 415 )

,
( 110,2 ,

1)
,
f o , o , 1,0 )=/ ? ? ? ? are inaep points in IR "

CIQ
,
-1 C2 Q2 t Cz Qz = 101010,0)

G = C2 : Cz = 0

Row operations allowed

✗ Ri ,
✗ =/ 0

,
multiply a row with a nonzero # .

✗ Rit RK → Rk

Ri interchable with RK

↳ the whole thingy behind this is that it will

make it look diff but it wont change the sot .

thus you use it to solve the Q .



Q : Are (2,41-2) ( -1,213 ) (0,6 ,
4) C- IRB indep .

solution [method ] :

(24-2)×42 go row by row

- I 2 3 1st row
,

1st nonzero # needs to be
"

I
"

O 6 4

f equivalent

I 2 - I
use

"
I
"

in row one and kill all #'s

- I 2 3 exactly below the
" l
"

usually we use

0 6 4 row UP. #2

f 1121-1122-3122

I 2 - I go to 122 I repeat Cop # 2)

( O 4 2) 44

0 6 4

f - 61221-123 → 123

I 2 - I
→

I 2 - l none of the rows

0 I 42 0 I 42 ⇒ are ( 0,0 ,o ) : these

0 6 4 0 O l points are indep

Q : Are 11,2
,
-1,4 ) ( -2 , -3,4 , b) ( -2 , -2 , 6,20) t 1124 indep ?

I 2 - I 4

-2 -34 6

-2 -2 6 20

µ 2121+122 → R2

- -

I 2 - I 4
-

I 2 - I 4

-

212 + Rz → 123
0 1 2 14 # 0 1 2 14

-

-2 - 2 6 20
- -

O 2 4 28
-

f -2122+123-7123
- -

÷ the points are 1 2 -1 4

dependent meaning that 0 1 2 14

( 1,2 , -1,4 ) ( -2 , -3,4 , 6) O O O O
-

-

is a linear comb of

C- 2 , -2 ,
6,20)



Def : let ☐ be a subspace of IRN
,
so we know

?⃝☐,RnD= span { Q , ,
. . . > QK} for some points in IRN

dim (D) = Max . # of indep . points in D ( i. e. : find the independent

points out of Q ,
- - - QK )

say P
, ,

. . . . Pm are the Max # of inolep points in D.

D= span { P, , . . - , Pm }

dim (D) = m

Q: D= Span { ( 1,1 , 0,1 ) ( -2
,
-2

,
I
, 3) ( 0,0, 1

, 5) C- 2 , -2 , 3 , 13 ) }

is a subspace of 1124

Ci ) Find a basis for D.

Iii ) Find dimension of ☐ .

Ciii ) Use ci ) and rewrite ☐

Sol :

"
" + "" →"

" "

°-
"

) ] "%indep [(1-101)-<"""→ R" [-2 -2 I 3 0 0 I 5

O O l 5 0 0 I 5

-2 - 2 3 13 0 0 3 5

- Rz+Rz→R3 I 1 0 I

0 0 I g / indep-3122-+124%4 ( ii ) dim (D) =L
O O O 0(
ooo
}

Ii ) B ( basis for D) = { indep . points }
= { ( 1,110,1 ) ( 0,011,5) }

liii ) D= span { ( 111,0 ,
1) ( 0,011,5) }

30 Q , -110012 -1 15013 - 42104



Liu) is 110,10 , 2,15 ) E D ?

( 10,10
,
2,15 ) = C

, C 1
, 1,0 ,

1) + C2 ( o
,
o
, 1,5 ) , try to find c,

I cz

= (C , , C , , C2 , C ,
+ 54)

C
,
= 10

C
, + 5 C2 = 10+10 ?= 15 NO such C , , Cz exist thus

( 10
, 10,2 , 15 ) ¢ D

math L O L :/

1) 112h is a subspace of itself ( IRN ,
we call it vector space )

IRN = span { ( 1,0 , 0,0 ,
-
- -

,
0) ( 0 , 1,0 ,

.
. -

,
0 ) ( 0,0 , 1,0 ,

. . . 0 )

- - - .

=3

( A , , 92 ,
. . .

, an ] Q2 : 2nd word = 1
,
others -- 0

Qz :
3rd coord = 1

,
others = 0

= A
,
Q, + Az Q2 -1 . . - + An Qn Qn : nth coord = 1

,
others = 0

iii. o - - - 0

iii. . . . 0
= In

☐
ii. in. . . . 0

.
: identity matrix

- - -

'
i
-
- =

'

-

,

0 0 0
! "

-

,
!,

IRN = { rows of In }

nxn

dim ( Rn ) = n

B. = { ( 1,0 ,
- - -10) ( 0,110, - - - so ]

,
. . -

,
( 0,0, -

. .

,
0,1 ) }

is the standardbasi for IRN

VIP 2) Assume D is a subspace of IRN and dim (D) =m . Then
,

lil dim (D) = m In

Iii ) D= IRN IF n=m

then every

Ciii) IF K > m
,
ant K Points in ☐ are dependent



Ig E.
•

3) basis for D= { any mindep points in ☐ } t.gs

span { basis } =D

span { any Lindep points in IRN
,

Lam } =/ D

D= span { any m inolep points in D }

Q : is { ( 2,6) (-3/12) } a basis for IR
'

?

42 RI
, z

3131 + R2 ~ R2
, z2 6

→

- 3 12
→

-3 12 0 21

'121122 I 3
•: yes, the points are the basis

→

O l for 1122

1-122 = span { (1,0710/1) }
= span { (2,611-3,12) }

Questions :

L i n e a r T r a n s f o r m a t i o n s

S u b s p a c e s

Q1 : Use the concept of
"

span
"

and answer the below

( it Is D= { ( X
,
-13×3 , 5×1 ,

0
, 2×3 ) ×

, ,
✗
z
EIR } a subspace of

IR" ? Is 111,10 , 0,6) c- D ? Is 19,15
,
0
,
8) ED ?

D= Span { ✗
, 11,5 ,

0,0) -1×313,0 , 0,2 ) }

i. D is a subspace of IR
"

C
, ( 1,5 , 0,0) + Ca ( 3,0 , 0,2)

(G
,
54,0 ,

0 ) + ( 3C2 10,012 (2) I (11,10/0,6)

( C1 -13cg , 5C , , 0,2C , ) I ( 11 , 10
,
0
,
6)

C
, -13C 2 = 11 → 2+3 Ca = 11 → C2 = 113£ = 3

5C ,
= 10 . :C

,
= 2

0 = 0

2C
,
= 6 9=2 I cz =3 . : yes it does

C2 =3 belong to ☐



19,15 , 0,8) ED ?

4+312=9 3 -1 3C2=9 → Ca = 9-32 = 2

54=15/5 .:c, =3

. : (9,15/0,8) ¢ D because

2Cz : 8/2 :-C2=4 we cant find a const c
,
I cz

Iii ) Is D= { ( × , -1×4×3 ,
✗4 ,

0
, 2×3 ) I ✗

,
✗3×4 E IR } a subspace of 1124 ?

-

it is not a span because of

this multiplication

D is NOT a span of FINITE number of points in 1134

( iii) is D= { ( Xi -12×21×3+1,0) ×
, ,

✗21×3 EIR} a subspace of IR
}
?

D is NOT a subspace of 1123 because (0,0/0) ¢ ☐

therefore D is not a span of FINITE number of points .

( iu) is D= { ( X , , ✗3
"

, Xi ) ×
, ,

✗ z EIR } a subspace of 1124 ?
in

No ,
because of this

exponent .

D is not a subspace of 1123 because when you do span

{ × , 11,0 , 1) -1×4310,1 ,
0 ) I ×

,
C- IR BUT ✗3430

meaning X} can't be ANY real number.

(V ) is D= { ( ✗ is ✗3-2×4 ,
✗ 114×3 ) I ✗ 11×31×4 C- IR } a subspace IR

"
?

D= span { ✗ , (1,0/1,0) + ✗310,1 , 01 4) + ✗4 (01-2/0,0) }

= span { ( 1,0 , 1,0 ) ( 0,1 , 0,4 ) ( o , -2,0, o ) }
. : yes , D is a subspace

of 1124

(Vi) is D= { ( X , , ✗ 3 , X , - 2×3 ,
✗4) 1×4=5×1-7×3 & ✗ , ,

✗ 3 C- IR } a subspace

of 1134 ?

D= { ( X , ,
✗ 3 ,

Xi - 2×3
,
511

,
- 7- ✗3) I ✗

,
✗ z EIR }

= span { ✗
, ( 1,0 ,

I
,
5) + ✗ 3 ( o , 1

,
-2

,
-7) }

= span { ( 1,0 , 1,5 ) ( 0,1 ,
-2

,
- 7) } : yes , D is a subspace of

1124



Q2 : Ii ) Let L : 1123 → 1122 such that LCX
, ,

✗ 21×3 ) = ( ✗ , -13×2 - ✗ 3 , 2×2+5 ) .

is L a linear transformation ?

No
,
its not a L.T. because 2×2+5 is not a linear combination

of X
, ,

✗21×3

&

110,0 ,
0 ) = 10 , 5) =/ 10,0)

Iii ) Let L : 1123 → IR " such that

LCX , , ✗ 21×3 ) = ( X
, -13×2 - ✗ z , 2×2 ,

X
, X } ,

O )
.

is L a L.T. ?
in

no
,
its not a Lt,

bcuz of this multiplication

in other words
,

X
,
✗ 3 =/ ( fixed G) ×

,
+ ( fixed (a) ✗ 2 -1 ( fixed G) ✗3

Liii) Let 1- = 1124 → 1123 such that

TCX
, , X2 , ✗3 ,

✗4) = (- Xz -14×1-3×3 ,
0
,

✗4- 3×1+2×3 ) is Ta Lit, ?

write the range and 2112) as span .

yes, by staring
,
you can see that all the word are a linear comb.

Of X
, ✗2 ✗3 ✗4

Range = { C- Xz-14×1-3×3,0 , ✗4- 3×1+2×3 ) ✗
, Xz Xz ✗4 C- IR }

= span { ( X, 14,0 ,-3 ) -1×21-1 , 0,0 ) -1×31-3,0 , 2) + ✗410,0 , 1) }

by staring Xz 2×4 is a linear comb of ×
, 2×3

range = span { C- 1
,
o
,
o ) , 10,0, 1) }

2. ( t ) = Ker ( T ) = Null ( T ) is a set of all points in the domain set .

1- ( point in 1124 ) =/ o , o , o )

1- ( X, Xz Xz ✗4) = ( - ✗2+4×1 - 3×3,0 , ✗4 -3×1+2×3 ) = ( o
,
o
,
o )

- ✗2 -14×1-3×3 = ° ✗4- 3×1+2×3 = 0

✗2 = - (-4×1+3×3) ✗4 = 3×1 - 2×3

= 4×1-3×3

✗
I /

✗ 3 E
IR

2 (t ) = { ( X
, , 4×1-3×3 , ✗ 3 , 3×1-2×3 )

I ✗
i
✗ 3 C- 'R}



T : IR-7113

1- ( X) = 3x is L - T .
IF item 3 is eigen value

Def :

if T : 1Rn→ Rn is a Lit . A number ✗ is called an

Eigen value I T IFF 3 a none zero point Q in the

domain such that

1- ( X, , - - -

, Xn ) = ✗ ( X , , -
- -

, Xn )

T : IR
>
→ 1123

T ( X
, , ✗ z , ✗3) = ( 5×1 , 3×2 , -10×3 )

find all the eigen values

1- ( 110,0 ) = ⑤ (5. 0,0)

= 5 ( i. 0,0) : 5 = eigenvalue of T

3 and -10 are eigenvalue

any point in the span { ( 1. 0,0) } satisfy Tlpoint) = 5 point

span { 1110,0) } eigen spaces corresponds to eigenvalue 5

span { ( 0,110) } ⇒ 3

span { 10,0 ,
1) } ⇒ -10



MATRIX :

É
✗ ①

° ° " " "

O l 2 3 O l l > 8 I 6

I 0 I

②✗4 2 0 I

4×30
in

1 0 2 4 1

: : : :
• }BO

l
-

Ix
' 2 4

2 O

g

+ 2 ✗ § + Ox 13 t 1 ✗

0

i. this a linear combination of the=L:) columns of A

using LC method

I
- I

1 2 34 0 I
=

C

o l l 2 2 0 3×2
0 0 I -2 3 2

1st Col :

' 4.1+041+41+1:]
2nd cot ;

"

I :/ "1:14:14:] -1: :]8 8

i. every column in C is a LC of columns

in A



f a c t :

Any N ✗ M matrices
,
then 1- = IRM → Rn given by

1- ( X, , - - is ✗ n ) = M

mm /
×

:/ → 1¥:/ emXm

MXI nxl

: M

[
×

;
'

) is a lit.

Xm

T : R'→ IR

TCA , ✗ a) = [ 1,4 ] [¥] = X
, +4×2

1- ( 1,3 ) = [ 1,4 ] [ ;] = [ I 3 ]

ZCT) = set

✗
I + 4×2=0

✗ ,
= - 4×2

ZCT) = { ( X, , ✗2) C- IRZ ✗1=-4×2 , ✗z EIR }

= { ( -4×2 , Xz ) ✗
z EIR }

= { ✗a C- 4,1 ) }

= span { C- 4,1 ) }



E T : IR
>
→ 1132

1- ( a , , Az , Az ) = ( a
,
-292+93 9491 - 892-1493 )

(1) find the standard matrix presentation of T .

A , 92 93
M =

I -2 I/ 4 - g 4) standard matrix

presentation

standard basis of the domain ( IR
} )

= { ( 1,010) ( 011,0 ) ( 0101 1) }

IF I

T( 1,010) = ( 1,4) ist Col of M

T ( 0,110 )
= ( -2 , -8) 2nd Col of M

T 1010,1 ) = ( 1 , 4) 3rd Col of M

= a
, ( 1,4) + Az ( -2 ,

- 8) + Az ( 1,4)

Range : span { 11,4) I -2 , - 8) 144) }

Tla, , A2 193 ) = M

( Aaa;)
Range = span { columns of A }

21T) = { la, , 92,93 ) C- domain / Tla, , 92,93 ) = 10101 }

¥3

Y ::/ =L :)

9
,
- 292 + 93--0

4A ,
- 892 + 493=0

o

"

o

"

? / § a -292+9=0
I -2 I

[ y.gg/fJ-~4Ri+R2-R2 [
I -2 1

a ,
= 292 -93

92193 EIR
completely ✓

augmented free

matrix
reduced

variables



2 ( t) = { 1292 - 93 , A2 993 ) I az.az C- IR }

= { Az ( 2,1 ,
0) + 93 C- 1,0 , 1) }

= span { ( 2,110) ( -40,1 ) }

FACT :

dim 12 (t ) ) = # of free variable when we solve M / ¥;] = [ I]
d

standard

matrix presentation

Range IT) : span 1114 ) dim /Range ) = I

dim (Zeros 1=2

ZCT)
• : dim ( Range ) + dim / zeros)= dim ( Domain )

2 t 1 = 3 z IR
}

T : 1124 → ☒
3

1- ( X
, , Xz , Xz ,

✗4) = ( ✗ i - 2×2-1×4 ,
0

, 2×1-4×2 -1×3+2×4 )

(1) find the standard matrix presentation of T.

X 1×3×4 each coordinate

is a row"" l: :|O O O O

dim ( codomain) ✗ dim (domain)

→ 1- ( ×, , ✗2 ,
X} , Xx ) = M ✗I

✗2

✗
31.1

1- (2,41011 ) =

µ ? I f) µ;)2 -4 I 2

= "

f;)
"

.fi/ty;/=f?:)=tlsi0 ,
-101

the origin of domain = (01010/0)
" " " codomain = ( 0,010, 3)



fact :

Rank (matrix) = # of inolep rows of A

= # of inolep cols of A

12) find the rank

rank = 2-

2RitR3→R3( indep ✓~

→ K⇒
° ° o o

F)

fact :

Row space of M = Row (m) = span { indep rows }

(3) find the rowspace :

note :

Rowspace = span { ( 1
, -2,0, 1) ( o , o, 1,0) } rank ( m) = dim ( rowlm ) )

= span { 11 , -2,0 ,
1) ( 2 , -4,1 ,

2) }

(4) column space M = collm ) = span { ( 1,0, o ) 10,0 ,
1) } ✗WRONG ?
this is Col CK)

you must take the 00

= span { 11,0 ,
2) ( 0,011)}

Col 1m ) = Range (T) = span { ( 1,0 , 2) ( 0,011 ) }

dim /Range CT) ) = Rank ( m) : dimlcolcm )) = dim (rowlm ) ) = 2

n o t e :

Mathy :

• T is onto IFF

• T is 1- I IFF

Range (T) = co - domain 2 (T) = { origin of domain }
= span { " }

• T is l - l IFF
• dim (span { origin} ) = 0

1- ( Q1) = 1- (Q2) THEN Qi = Q2 because its not an inolep point

ALWAYS !



T is isomorphism :

T is onto AN=D I - I
,
then T is isomorphism

so , he
is asking if its onto I 1- 1 .

(5) isomorphism ? NO , because its not onto

↳ is it 1- 1 ?

dim ( Range) + dim (21T) ) = dim (domain)

2 + 2--10 = 4

. : its not l - l bcuz for it to be 1-1

the dim (ZCT) ) = 0

T : R¥→1R%

1- ( X, , ✗2 ,
✗3 , ✗4) = ( Xz - ✗3-1×4

,
X
,
+ Xz - Xy , ✗ ,

-12×2 - ✗3 , ✗
, -1×3-1×4 , 0 )

(1) find all points in the domain ( IR " ) s- t - T teach point) = ( 1,4 , 5,6 , 0 )

note : it cant be onto because 5>4

note.

× ,
✗2×3×4 Tlany point)=M [¥§ )M =

O l - l l

l I 0 -1( I 2 -1

I 0 I 1

O O O O

augmented matrix s - t . i need to find

%¥:/ =/ ¥ )
1mi constants]

✗
, ✗2×3×4 Constants

I tRz→Rz O l -l l l

l
" " '

l l 0
- l l 0 I -2

- 2121+123-3123 } }:|, z.io g { , o , -2

I 0 I 1 6 I 0 I 1 6

O O O O O O O O O



- 122-1123 → 123 O l - l l l O l - l l '

I 0 I -2 3 I 0 I -2 3 - R4+Ri→Rl
~ ( o o o o o } N o o o o } N-R2 -1124 → 124 0 0 0 3 3 43124 O o o l l 2124-1 R2 → R2

O O O O O O O O O O

variables -_ I are leading
O l - l 0 0

I 5 , o g

- ✗3=0 Variables y ×
, ,

Xz
,
✗y

☒ + ✗3=5 all other variables

o o , , } → completely ✗4=1 are free variables = ✗z
EIR

o o o o o reduced § 0=0

O O O O O

i ✗2
= ✗3

• : ✗ , =
5- ✗ 3

{ ( 5- ✗3 , ✗31×3 ,
1) / ✗ ER }

Questions worksheet :

Q1 : let L :1R5→ IR
"
sit .

L ( X, ✗2×3 ✗ 4 ✗g) = ( ✗ 2- ✗ 3 -1×4+2×5 ,
✗ 1- 2×3-2×4 -3×5 ,
- 3 ✗

, -16×3+6×4 -111 ✗ g- ,

✗
, +

✗ z - 3×3 - ✗ 4 - ✗ s)

it is clear that L is an R - homomorphism ( i-e.LT)

(i) find the standard matrix representation of L
.

M = dim ( codomain ) = dim (domain )
= 4×5

✗
,
✗2×3 ✗4 ✗s

' " "

I1 0 -2 -2 -3[ ?} 066 "

l l -3 - l - l



Iii) rewrite L in terms of M

O l - l l 2Llx , ✗2×3×4 ✗5) = M(g ) =

(¥¥µl 0 -2 -2 -3

- g o g g , , }
1 I -3 - I - I

liii) rewrite L in terms of m find L (2 , -1,3 , -2 , 4)

O l - l l 2

=L I 0
-2 -2 -3 ) ( ? )-3 0 6 6

11

1 I -3
- I

- I -42

= 2 0
- l l t 3 - l l

→

"

?⃝ +41;)1:11 :/ It-3
1
,I

-3 - I

= ( 2
,
-12,44

,
-10 )

(ir) use the original def of L and find L( 2
, -1,3 ,

-2
, 4)

L ( 2 , -1 , 3 , -2 , 4) = ( Xz - ✗3 + ✗ 4 t 2×5
,

✗
,
-2 ✗ 3 - 2×4-3×5 ,

- 311
, +6×3 + 6×4+11×5,

✗ it ✗ z - 3×3 - ✗ y - ✗5)

= ( ( -1 ) - 3 t C-2) +214 )

2 - 2 (3) - 2 C-2) - 3 (4)
- 3 (2) +6 (3) +61-2) + 11 (4)
2 + C- 1) - 3 (3) - C-2) -4)

= ( 2 ,
- 12

,
44

,
- 10)
←

note : this must

equal the prev Ciii)



( v ) is 12 , -12,44 ,
-10) c- Range (L)

yes ,
because Q = ( 2 , -1,3 , -2,4 ) C- IRS

and LIQ ) = ( 2
, -12,44 ,

- 10)

( vi ) find the rank of M

→ # of indep rows

O l - l I 2 O l
- l I 2

= 3132+123-7123

{ , o - 2 -2 -3
- Rl+R4→R4 I 0 -2 -2 -3

-3 o 6 6 11 ] ~ { -=3 0 6 6 11 ] ~- Rz TRY -7124
1 I -3 - l - l I 0 -2 -2 - 3

{
° " " " ° ° " " " " °

'

12123 (I o -2 -2 -3 ] ~ I É -2 -2 -3 } Rank ( M) =3

0 °
o o 2 É o o O l

0 °
o o o o o o o É

(Vii) find the Imp i. e. now space of M

span indep rows of A

Row ( m ) : span { ( 0,1 , -1,1 / 2) ( 1,0 ,
-2

,
-2

,
- 3) C- 3,0, 6,6, 17 ) }

= span { ( 0,1 , -111,2 ) ( 1,0 ,
-2

, -21
- 3) ( o , o , o , o , , ) }

(Viii) find the cot space of M : colcm )

COICM ) = span { ( o , 1
, -3,1 ) ( 1,0/0,1 ) ( 2 , -3,11 , - 1) }

( ix) what is the relation b/w Ranklm)
,
calm ) , and Range ( L ) ?

find Range (C) ?

dim ( Range 1L) ) = Rank cm) = dimccolcm) ) = dim ( Rowcm ) ) =3

Range ( L) e Colcm ) = span { ( 011 , -3,1 ) ( 1,010,1 ) ( 2 , -3,11 ,
- 1) }



(X) is 14,610,10) E Range (C) ?

{
I 0 2 4 - R , -1124-7124 I 0 2 4 3122+123-7123
O l -3 6 o l -3 - 6) ~☐ I. →, → , ,

, ,
| N ,,

☐
, ,zz , ,zy , ,,,

I 1
- I 0 I -3 6

{
I 0 2 4

{
I 0 2 4 3123+122-3122

O l - 3 6 01 -3 6

0 ° 2 18 / 'ÑRz 00 1

ooo
f) ~

O O o o
- 2123 + R

,
→ R ,

{
I 0 0 -14 C

,
= -14

0 I 0 33 Cz =
33

.

/ =
0 0 I 9 Cz = 9

O O O

Cy = 0

Valid

0=0

i. it does C- Range (C)

(4,6/0,10) = -14 (1,0/0,1) + 33 ( 0,1 , -3,1 ) + 9 ( 2 , -3 ,
11
,
- 1)



( Xi) find all the points in the domain ( IR
' )

,
such that

L ( each point) = ( 4,6 , 0,10)

LIX ,
✗2×3×4 ✗5) = M

O l - l l 2=

, I 0 -2 -2 -3) %
y augmented matrix

→ o g g , , § }1 I -3 - I - I 10

=/
0 ① - l l 2 4 - R , -1124 → 124
I 0 -2 -2 -3 6

-3 0 6 6 11 O

l l -3 - I
- I

go
} ~

=/
O l - l l 2 4

- Rz -1124-1124
① o -2-2-3 6

N

-3 0 6 6 11 O

l 0 -2 -2 -3
g) +3122+123 → Rz

=
O l - l l 2 4 O l - l l 2 4

{ I ° -2 -2 -3 | 6 { ' ° -2 -2 -3 6 3% + RIM
O

O O O ② 18} 4212g O o o o ① 9) ~

O
O O O O O O O O O O o

- 2123 1- Ri -7121

✗, ✗2 Xz Xy ✗5

O l - l l 0 -14 Xz - Xz -1×4=-14 → ✗2 = ✗3- ✗4- 14

I 1 ° -2 -2 ° 33 ) IT -2×3-2×4=33 → ✗ 1=2×3+2×4 +33
O O O O l 9 ✗5=9 leading variables

0 O O O O o 5=0
note : NOT a subspace

= { ( 2×3 -12×4+33 , ✗3- ✗4- 14 , ✗ 3 ,
✗4,9 ) I ✗3. Xy EIR } is a set of all

points in the domain IRS where L( points ) = ( 4,610,10)



( ✗ ii ) find dim ( Range LL)) and dim 1214)

dim / Range ( L) ) -1 dim 12cL)) = dim ( domain L )

3 + ? = 5

dim 12147=2

(Xiii) find 214 and write it as span of a basis

so
, L(each point) = (0,0/0,0)

☐ ① -1 I 2

:|
- R
,
-1124 -7124=

, I 0 -2 -2 - 3 o N

-3 0 6 6 11

1 I -3 - I - I o

o l - l I 2 0
3122+123 → 123

① 0 -2 -2 -3 0 ) ~06 6 11 0
- Rzt 124-7124

I 0 -2 -2 -3 °

{
° " " " " °

(
° " " " " ° ° "" + ☒ ° → " "

I 0 -2 -2 -3 ☐

42123
I ° -2 -2 -3 • ) ~o o o o g o } N o o o o ① o.gg, , ,z , → R ,

O O O O O O O O O O O o

4×2×3 Xy ✗5

O l - l l 0 0 ✗ z
- ✗ 3-1×4=0 ~ ✗ 2 = ✗3- ✗4

I 0 -2 -2 0 0 ✗ , -2×3 -2×4=0 ~ ✗ 1 = 2×3+2×4{ O O O O 1 0 ) ✗g-- O

O O O O O O 0=0

21L) = { ( 2×31-2×4
,
✗3- Xy , Xz , Xy , 0 ) ✗3×4 ER }

= { Xz ( 2 , 1,1 , 0,0 ) -1×412 , -1,0 , 1,0) }

=

span { ( 2 , 1,1 , 0,0 ) ( 2
, -1,0 ,

1,0 ) }

B. = { ( 2,1 , I , 0,0 ) ( 2 , -1,0 , 1,0 ) }



( XIV ) is ( 3,6
,
1,0

, 2) c- 2cL ) ?

213, 6,1 , 0,2) = C
, ( 211 , 1,0 , 0) + Cz ( 2 ,

- 1
, 0,1 , O )

= 2C
, +
2C2 =3

C
,
- C2 = 6

C
,
= I

02=0 impossible i. No it doesn't E 2cL)

0 = 2

Q2 : Let T : 1124 → IR
}
such that 1- (4×2×3×4) =

( 2 ✗ , - ✗ 3 +
✗4 s

- 6×2
,

4×1-6×2 - 2×3+2×4 )

( i ) find the standard matrix presentation of T

{ × , ( 2,0 , 4) + ✗ a 10 , -6 , - 6) + Xz ( -1,0 , -2) + ✗411,0 , 2) }

M = (
2 0 - l I

0 -6 0 0 }
4 -6 -2 2



Cii ) find the standard basis of IR " and clearly state the relation

between the standard matrix of 1124 ( domain) and M
.

Standard basis of 1134 = { ( 1,010,0 ) ( 0,1 , 0,0 ) ( o , o , 1,0) ( 010,011 ) }
e
, ez ez e4

1- (9) = 12,014) 1- lez) = ( 0
,
-6

,
- 6)

Tlez) :(-1,0 ,
- 2) They ) = ( 110,2)

(Iii ) find 21T) and write it as span of basis

M = (
2 0 - l I

0 -6 o o |
"" R '

~ (
① 0 -42 112

0 -6 o o ] _~4R ' -1123 → Rz

4 - G - 2 2 4 -6 -2 2

4
10 "K "

2) -116 R2
n (

I 0 "K "2

] 6122+123 → R30 ① 0 0 0 I 0 O

o - b o o o - 6 O O N

iii.:|I 0 - 1/2 42 Xi - 112×3+42×4 = 0

[ 0 I ✗2 = 0

0=0

dim (21T) ) = number of free variables =L

✗
,
= 42×3 - ' 12 ✗4

✗2=0

= { ( 42×3 - ' 12×4 so ,
✗ 3 a

✗4) I ✗3×4 C- IR }

= { ✗3142,0
,
1,0) + ✗4 (-42,0/0,1) }

= Span { ( 42 , 0,1 , 0 ) (-42,0/0,1) }

B = { ( 112,0 , 1,0) (-112,010/1) }



liv) find Range (T) and write it as span of basis

Range (T ) = collm ) = Span { 12,0 , 4) 10 , -6 , - 6) }

(V) is 16
, -12,0) E Range CT ) ?

( 6 , -12,0 ) = C
,

C 2,0
,
4) + Cz ( 0 , -6 ,

- 6)

2C
,
= 6 4=612 =3

- bcz = -12 Cz = -12/-6 = 2

4C , -6C 2=0 4 (37-612)=0
0 = 0

Ivi) find all the points in the domain 11134) such that

1- ( X
, ,

X2
,
✗ 3 , ✗4) = 16 , -12,0)

(
2 0 - l 1 6 42 R , (

I 0 -42 42
Y, J -4,121+123-1123

0 -6 0 0 -12 ) N O - b o o

4 - G - 2 2 o 4 -6 -2 2 0

{
' ° -42 42

,

?
,
J

-

YR , (
I 0 -112 42 3

0 I o o z } 6yR2+R3 → Rz0 -6 0 0 -12

0 -6 O O O - G O O - 12

(
I 0 -42 '12 3

y |
✗
,
-

' 12×3+112×4 =3 → ✗ 1=1/2 ✗
3-

'

12×4+3
0 I 0 0 ✗2=2

O O O O
o = 0

my
Sol doesn't have this

= { ( 42×3 -42×4+3,2 ,
✗3 , ✗4) I ✗3×4 C- IR }

Nii ) is T ONTO ?

dim ( Range (t) ) = codomain

2 =/ 3

1- is not ONTO



(Viii ) is T one - to - one ?

IF ZCT) = { origin of the domain } = { 10,010,0 ) }

T is not one - to - one since

ZCT) : span { ( 42 , 0,1 , 0 ) (-42,0/0,1) }

( ix) is T an isomorphism ?

no since its neither onto nor l - l .

Q3 : given T : IR > → R2 is a linear transformation such that

-11210,0 ) = ( 4
,

- 2)

1- ( 0,6 ,
0 ) : ( 18

,

- 6)

1- ( 1,1 ,
1) = 110 ,

- 5)

( i ) find the standard matrix presentation of T
,
M

.

Tcei) = ith Col of M

g
were taking it back to the origin

1- ( 2. 0,0 ) : 4-21-(210/0)=4214 ,
- 2) = ( 2 ,

- 1)

1- 1016,0) = 16 1- ( 016,0 ) : '16118
,
- 6) = ( 3

,

- 1)

→
1- ( 1,1 ,

1) = 110
,
- 5)

one of the

standard basis

SO
,

T( 1,1 , 1) - 1- ( 1,010) - 1-(0,1/0)

= 110 , -5 ) - 12
,
- 1) - ( 3

,
- 1)

1-10,0 , 1) = ( 5 , - 3)

m=( ? ? ? ]



Iii ) find 1- ( 4 , -6,5 )

=mI :]
= ( 2 3 5

- i - i -
3) / %)

- 41;] -6/11+51 :]
= ((4121-613)+515) ] ,[ 41-11-61- 1) +51-3) ) )
= ( [8-18+25] , [-4+6-15] )

to -125 2- 15

=

( 35 , -13)

system of linear equations :

X
, Xz Xz Xy

o , , , g)
→ last step in calculation

{ I 3 0 O l

system of LE

o O_O I 3 nxm

✗ is
consistent

,
we have

# of # of

three leading variables eq variables

3 Possibilities :

X
, -13×2=1 X , leading
✗3=2 Xz " (1) Unique solution

✗4 = 3 ✗4 " (2) no solution

✗ 2 C- IR (3) infinitely many solutions

noteim we must have

at least one free variable • if the system has (1) or (3)
,

then the system is consistent

✗ ,
= I -3×2 1 free variable

so consistent

✓ . if the system has (2)
, then

f = { ( I -3×2 , ✗ a , 2 , 3) Xz EIR } we say its inconsistent



is 11,0 , 2,3) belongs to f ?

We take ✗2=0

yes , it belongs since its not a subspace

✗ 2=-2

( 7
, -2,2 ,

3) ✓ belongs

✗2 =3

( 8
,

3
,
2,3 ) ✓ belongs

✗
,
✗
2 ✗3

1 00 2
we have three leading variables

0 I 0 3) no free variables| 0 0 I 4 inconsistent

0 0 0 1 SO NO SOLUTION

system of LE has no solution IF in one of the steps

[ ] ~ ( ] • you observe that one of the

equations become

augmented 0 = nonzero number

3×3 ✗
, +

✗ z - X} =L

system of - ✗
, -1 2×3 = 2

L - E .
2X

, + 3×2-2×3=10

write it in augmented matrix

X
, ✗2×3

l l - l

[
l l - l l

z z . ,
|
"

' + Rz
→ Rz

{ - I 0 2 2 ~ O l l 3)
- 212

, + Rz → Rz 0 I 0 8

- 122+12, → Ri

(
I 0 -2 -2

(
I 0 -2 -2

~
O l l 3 O l l 3

- 122+123-1123 - R} o o I -5
]

o o
- i \ ~

µ, gey consists of2123+12 , → R ,

[
I 0 0 -12

~ 0 I 0 8 ) one point

- Rz -1122-7122 0 O l
- 5 ( ✗ , Xz Xz) = ( -2,8

,

- 5)



- ✗ , + 2×2-3×3=4
- X , + a ✗ z t 5×3=10

2X ,
+ 4×2 1- bxz = C

① for what values of a ,b , c does the system have unique solution ?

② " " " " " Wi" " " be inconsistent ?

③ " " " " " Wi " " "
have infinitely many

501 ?

X, ✗2 ✗3

R , -1122 → Rz 4I 2 -3 4

| ~
I 2 -3

you cant do

{ - l a 5 10 ( o a-12 2 14 ) anymore row op

2 4 b C
-

212
, -1123 -7123 o o b-16 C -8

✗
, -12×2-3×3=4 Unique 501 : a =/ - 2 b =/ - 6 C ER

(a -12) ✗2+2×3=14
(b -167×3 = c- 8 inconsistent " O = not zero

"

b = - 6 C 7- 8

b. =/ -6 ✗3 = g÷=7
. : a = -2 I 5¥ -1-7

infinitely many Sol :

which is when we have at least 1 free variable

• A = -2 i. X2 will become a free variable

= 7 ✗3--7 for it to be consistent

b-16

• b= - 6 I c= 8 0 = 0 for the Xz case a =/ -2

T : 1124 → 1134

f.→ eigenvalue
T ( X , Xz Xz ✗4) = 14 ✗

, ,
-2×2 , 3×3 , - ✗4) review

✗ = 4 T / 1,0 , 0,0 ) = (4,0
,
0,0 ) = 41110,010) ÷. 4 is eigen value

ei÷pag corresponds to the eigenvalue 4

subspace of Ey = span { 11,01010 ) }
the domain

there 1134 )



A- =/
' 2 3

☐ , , y ) find all eigen values of A- for each eigenvalue of A
,

say ✗
, find Ex .

O o 6 y study eigen for nxn matrices

>
meaning find real number

,
✗
, such that there exists

at least one point in IR }
, say 01=(4×2×3) =/ (0/0,0)

"'

"1- (¥;)
-

- ✗ [ ¥;]
3×1

Tools needed to find eigen values :

(1) determinant
←
means determinant

( " j ) z - I find HAN .
A = (① 4 I } choose any row or any 001 ( recommended we choose the one

I①
that has more zeros )

1st WI :
10C

31-1

c. , 1) gÉ☒ + (-17*112)/3-1 + t" ' " ' "

1A, B

, / = AD - Bc2 6 4 I

d
minus

= (4) (b) - 2 -2 (18+2)+1 (3+4) = -11

a:| : : :|⇒
= (-15+216) y g f + (-15+3110) I 2

I 4

=
6 (3-0)+1014 - 2) = -181-20=2

facts about determinant :

(1) nxn system of linear eq .

X
,
- - - Xn C

l 11=141
in

Coeff
matrix

has unique solution IF the determinant of If / to



(2) IF / ( 1=0 then
,

/
no solution

→ infinitely many

Cramer - Rule :

explain by example :

X
,
+2×2 - ✗3 = 10

✗
I +4×2-110×3=11

3×3

- 311
, -110×2-19×3 = 30

X, X2 ✗
3

Assume /C) = (
I 2 - l

cxz ×}

1 4 10

to
g) =/ °

⇐ ×. :
- 3

×
,
=

-31030

• the effect of row operation on / A / ( determinant )

Explain by doing an example :

I 2 3 212 , + R2 → R2 ÷ Upper triangular☒/ At = ( -2 2 5 ] ~ 6 11

- I -2 10 R , -1123 → 123 0 13

/ B / = detc B) =/ Al

= (1) (6) ( 13) = 78

Result :

let A be nxn triangular matrix
,
then IAI = multiplication of all numbers

Mmmmm

on the main diagonal

✓
has to be nxn

Def : A is triangular if it has one of the following forms :

"| = upper zeros

(
a "
zero] = diagonalall

zeros

(d"zf = lower zeros



'16122

(
I 2 3

N o I 11/6 )0 0 13

14=461131--116 /At = 13

i. / A / = 6/(1--6113)=78

Q : A

:(
0

,
¥ !} Find IAI

4 -2 6 ]
0 I 3 212 ,R' [ , o o } ~+R3→B ( § f ?

, }
-4122-1123 → Rs

0 10 ~

4 -2 6

1131--44 / Al ICI = 1131=44 IAI

1 : : :
o o -2g

/ "← Ra °°g]
÷ upper zeros

IDI -- ICI -- 441A / IE / = - ID / = -114 IAI

1=1-4 ) / El = C-4) (111171-28)=112
we multiply by

a -ve when we

interchange

A = 2 4 6 10 4×4

- 2 5 10 13 nxn
✓

- 4 - 8 10 10(
16 32 48 100

]
42nF (

I 2 3 5 2121+122-3122

(
I 2 3 5

-2 5 10 13

§
9 lb 23 )- y -g , , w } ~4121+123-7123 0 22 -

, , g, yg , ,,
. , , , , , , , , ,,

g,,g,§
1131=42 /At 1C / = Ya IAI

IAI = 2 / ( I = (2) (1) 1911221120)

= #



Big Result :

AIB are nxn matrices

give integer

(1) IAB / = IAIIBI in particular , 1A④ / = [ / A 1)
^^

in

A- ✗ A ✗ A . -
- ✗ A

m - times

(2) / ✗ A / = ✗
n / A /

I
scalar

(3) IAT / =/At

↳
Def : A

,
NXM

AT =

(
1st cot of A

mmai.tn. ) ⇐ " =L ! ! :] At

:|
,

'

;)- - -
-

- '

2 3

2×3

3×2

in general , IA IB )
nxm mxn

AB need not equal to BAD

(4) IAB / = IBA /

(5) in general , IA IBI need not equal to IAI -1.1131

• =/ i :] BY : :]
IAI :O 1131=0

IAI +1131=0

A -113 = ( f ? ] 1A -1131=3 =/ IAI -11131

small result but useful :

In = identity matrix nxn

Ia -
- [ I ? ] Is / II ?010 ] / I / = 1

Whenever multiplication is legal

In B =B A Ig = A

B. In - B 3×2-5×5

I } A
3×5

= A

3113J



A
, nxn

imagine ✗ is an eigen value of A

⇒ F non- zero point Ca, , -
- -

,
an ) E IRN

si . a /
a

:') = ' /
a

:')an
an

Ala:/
= ' " / ÷

. ]
NXI

"

Y
"

:| - " II. 1=1%1
Inn - a) II. 1=1 :]
/✗ In - A / = 0

Q : A :[ I } ] 2×2

find all the values of A

set / ✗ Iz - A / = 0
,
solve for ✗

Characteristic polynomial of A
,
(A) =/ ✗ Iz - Al

=

[ : 0

a ] -1 : :]

= ✗ - I - 2

= 0

0 ✗ -4

(✗ - 1) ( ✗ - 4) = 0

i. ✗ = I ✗ = 4



Questions WS :

Q1 : find the solution set of the following 4×5 system of LE .

X
,
- ✗2+2×3 - ✗41-4×5=8

- X, -1×2 - Xz -14×4-1×5 = 2

- 2X
, -12×2-3×3 -15×4-3×5=-6

311, - 3×21-6×3 -3×4+12×5 = 24

create the aug . matrix

X
, Xz Xz ✗4 Xs C

(
I - I 2-1 4

82 ) ¥125122
' -1 2 - l 4

8)
-2122+12, -7121

- l l - l 4 I { 0 0 I 3 5 10
=

~
-2 2 -3 5 -3 -6 0 0 I 3 5 10

212
, -1123-7123

O O O O o o
- R2 -1123-11233 -3 6 -3 12 24 -3121+124-7124

[
" " ° " ° " " → ✗ "

" " " " "" + ° " = " " → " = " " " "" " ° " " "

° ° 1 3 5 10 / → ✗3 -13×4+5×5=10 → ✗3=-3×4 - 5×5+10
O O O O O O

o o o o o
O

o: leading variables are ×, & ✗3

X2
,
✗4 , Xs I free variables

= { ( ✗2+7×4 - 6×5-12, X2
, -3×4 -5×5+10 , ✗4 , ✗ g- ) ✗21×4 / ✗ s C- R }

the solution set is not a subspace of IRS

we have infinitely many solutions and each Sol . is a point in IRS

Qz : consider the above system ,
but make all constants zeros

. Note that if all const .

are zeros
,
then the system is called homogeneous system .

✗ , - ✗ 21-2×3 - ✗4-14×5=0

-× , -1×2
- Xz +4×4-1×5 = 0

- 2X , -12×2-3×3 +5×4-3×5=0
3 Xi - 3×2+6×3 -3×4-112×5=0

find the solution set
.
is the solution set a subspace of IRS

,
if yes , then

write it as a span and find olim ( solution - set)



X
, Xz Xz ✗4 Xs c

l - l 2 - I 4 0

=

" " " ° " " " " + """

o /
" " "" "" → *

- l l - l 4 I
° ( o o I 3 5 0

2 -3g -3 %) ~ o o F 3 5 N
212

, -1123-7123
3 -3 6 -3 12 °

-312
, + Ry→Ry

o o o o o o
- R2 -1123-1123

0
→

X
,
- ✗2- 7×4+6×5=0 → ✗

,
= ✗2+7×4 - 6×5

(
l - l 0 -7 6

° ° 1 3 5 g) → ✗3 +3×4+5×5=0 → ✗3=-3×4 - 5×5

O O O O O O

O O O O O X
, 9×3 leading variables

✗21×41×5 free variables

= { ( X2-17×4-6×5
,
Xz , -3×4-5×5 , ✗4 ,

✗5) I ✗21×41×5 E IR }

= { ✗211,1
, 90,0 ) -1×4 ( 7,0, -3 , 1,0 ) + ✗ g- (-6,0 , -5,0 , 1) }

= Span { ( 1,1 , 0,010 ) ( 7,0 , -3,1 , o ) ( -6,0, - 5 , 0, 1) }

dim (Sol - set) =3

it is always true
,
the solution set of homogeneous system of linear

equations is a subspace and dim ( Sol - set )= number of free variables

I M P O R T A N T D l S C U S S I 0 N :

Let T : IRS → 1124 St . TCX
,
✗2×3×4×5 ) =

✗ , - ✗2+2×3 - ✗4+4×5
,

- ✗ , + Xz - Xz + 4X4 + ✗so

-2×1+2×2 - 3×3+5×4 - 3×5 ,

3×1 - 3×2+6×3 - 3×4-112×5

( i ) if you find the standard matrix presentation of Tim
, then them

is the aug matrix .

Iii ) the points in the domain of TCIR' ) is the solution set of the

system .

Ciii ) 21T) = Ker (T) = Null ( T ) is the sot . set of the homogeneous system

[ mlo]

i.e. ZCT) : span { ( 1,1 , 0,010 ) ( 7,0 , -3,1 , o ) ( -6,0, - 5 , 0, 1) }



Q3 : find the solution set of the following system :

2×2 -14×3+8×4=10

✗,
- X2 +2×3-4×4=-7

2X, -18×3-12×4 = 12

=
" " ( ; ; ; ; ; }

" "" → "

f ? ? ? ! !! i
-iz -4 -7

2 0 8 2 12 } ~ ~

1; ; ; ; :/ """ "" 1 ; ; ; ; ;I 0 4 0 -2 ~ I 0 4 0 -2 )
Xz -12×3+4×4=5 ✗

, -14×3=-2 2×4=16

✗2=-2×3-4×4 -15 ×
,
= -4×3-2 ✗4--16/2=8

= -2×3-4181+5
= -2×3-27

✗2 ,
X , , Xy leading variables

Xz free variables

= { ( -4×3-2 , -2×3-27 ,
✗ 3 ,
8) I ✗ s EIR }

Q4 : find the solution set of the homogeneous system

2×2+4×3 +8×4=0

✗ , - ✗2 -1 2×3-4×4=0

2X, + 8×3 + 2×4=0

0 2 4 8

2 o g z

8 }
R' {

° ± 2 4 0

}
Ri -1122 → Rz

={ I - I 2 -4 I
- I 2 -4 0 ~

0 2 0 8 2 0

± og o o / if '+%→R3 ( ; ; ; ;
0

/1 : : : : : 1040

:

Xz -12×3+4×4=0 ✗
, -14×3=0 2×4=0

✗2=-2×3-4×4 X
,
= - 4×3 114=0

= -2×3-410)
= - 2×3

= { ( -4×3 , -2×3 ,
X } ,

0 ) I ✗3 ER }

= { Xz ( -4 , -2 , 1,0) } = span { (-41-2,110) }



Q5 : find the solution set of the following system

2×2+4×3 -18×4=10

✗ I
- ✗2 -12×3+2×4=-7

2×1+8×3 -112×4 = 12

(
0 2=4 8 10 12 , -1122-7122

2 0 g , , ,
]
" " [

° =/ 2 4 g

I - I 2 2 -7 ~ I - I 2 2 -7

2 0 8 12 12
} ~

O l 2 4 5

I 0 4 6 -2( I ° 46 -2

-2µm, /
° " 2 4

5)
2 0 8 12 12

] ~ O o o o 16 0=116 E. there are no

solutions

Qb : find the solution set of the following system :

✗ , -12×2 -14×3+8×4 = 10

✗
1
- Xz t 2×3 + 2×4 = -7

✗ , + 4×2+8×3 + 12×4 = 12

I 2 4 8 10 - R , -1122-3132 (
I 2 4 8 10

0 -3 -2 -6 -17( I -12 2 -7

o 2 4 4 2) ¥
"

l 4 8 12 12
] ~ =

- R , -1123 → R3

(
1 2 4 8 10 -2122+12 , → R , {

I 08/34 -413

]0 I 73 2 17/3 0 I 2/3 2 17/3
=

0 2 4 4 2
} ~

- 21221-123 → 123 0 0 8/3 0 -28/3 ✗ 318123
=

( I ? ! if,? /
✗ i -1813×3+4×4=-413

0 0 I 0 -7/2 ✗
,
= (-8/3) ( -3.5 ) - 4/3+4×4
= 8+4×4

✗ 2 1- 213×3+2×4=17/3

✗2=(-2/3)-(3-5) +17/3+2×2

= 8+2×2

✗3=3.5



Questions Ws #5 :

QS : given

A=(⇒) and IAI = -7 Where a bold are some # 's

C 3 7

Ii) let B =

(
10 a b

C 3 7) find 1131

d - I 3

IAI = 1-1)
"

(2) - + C-Pca ) ; ; + tÑlb) c 3 = -7
d- I

= ¥161 - a ( 3C
- 7- d) + b C- c -1301 ) = -7

= - a (3C - 7- d) + bl- C -1301 ) = - 7- 32

/ B / = f-1) 2 ( lo ) 37 + C- 1)
' (a) c 7 + C-1)

" (b) C 3

- I 3 d 3 d-I

= 10 ( Ib)

-a,(gY-7d)tb(-ct3d)_
= 160 - 7- 32 = 121

( Ii ) let C

=/
4 2A 2b find 1C /
01+2 a- I b-13 ) IA / = -7 1131=2 / At
c 3 7

1131=-2 / At
A B

(
2 a

b) YR , /
4 2A 2b 1C / = (-211-7)=14

c 3 7 c 3 7 / Rz → 123

01 - 1 3 01 - I 3

D C

1 : : :/ ""
" 1 : : :01 - I 3 01-12 a- I b -13 ]



Qb : find the solution set to the system :

✗ , -1×2 -1×3-1×4=4

- Xi - Xz - ✗4 = 10

- 2×1-2×2 -2×3-2×4=-8

I 1 I 1

4)
Ri -1122 4 × , -1×2 -1×3-1×4=4( I o - l - l to ~ 0 I 0 0 14 ✗2=14

-2 -2 -2 -2 -8 212 , + Rz {
" " " "

O o o o o
]

0=0

✗ , =
- ✗3- ✗4+4-14 ✗2=14

= - Xz - Xy - 10

= { C- ✗3 - Xy - 10,14 , ✗31×4) ✗3×4 C- IR ) }

① 7 : given the augmented matrix of a system of LE A- =

(
I - a 3 4

-1 Ita -3 -2 ]
- l

a b C

ti ) for what values of a ,b,c will the system have a

unique Sol ?

4 Ri -1122-7122 I - a 3 4

| . !
- a 3

I -19 -3 -2 ) ~ 2

Ri -1133 → Rz
[ ° I 0

- l a b c o o b -13 C-14
}

AEIR C EIR b =/ -3

( ii ) for what values of abc will the system have infinitely many Sol ?

D= -3 c= - 4 a EIR



Recall :

✗ is an eigen value of A

we know 2 things

(1) / ✗ In - A 1=0

(2) F a non - zero point Q in Prn
,
Ca

,
- - - an ) sit

.

Ian - a) II. 1=1 :|
Q : a- I :L, ;]-2 4 5

find all eigenvalues of A for each eigenvalue
,
✗ find E✗
in
eigen space

for (1) set / ✗ Iz - Al = 0 find ✗

-

Characteristic polynomial

of A a char (A)

✗ I
}
- A =

[ ! ! ! - 2 4 5☐ ✗ it : : :|

=/÷ .:-. :
-2 4 ✗ + g)

"""

/
a

"

J ]2 ✗ -4 - g

you need this ✗-2
- l - 3

matrix to find
←[ 2 ✗-4 - 5 = 0 , solve for ✗

Ex If

31-2

= C- 1) ( X ) ✗ -2 -3 + (-113+34) ✗-2 - I

2 -5 2 ✗-4

= °

= - (d) ( on-211-5) - (¥¥ ) + (x ) (K - 2)(✗-4 ) - 1--0

= C- ✗ ) ( -5×+10 + 6) + (d) ( ✗2- 4×-2×+8+2 )
= 5×2 - 16 ✗ + ✗ 3- 6×2+109



old exams

= ✗ 3- ✗2- 6 ✗ =0 IN (D) = dim (D)
= (X ) ( ✗ 2- ✗ - 6) = 0

= (X ) ( ✗ - 3) ( ✗+ 2) =o

✗ =O ✗ =3 ✗ = -2

-3

1?
"

2 ✗-4 25 ]
✗

✗ = 0

E✗=o : Sol . Set of the homogeneous system

( o Iz - A f)
the augmented matrix

[
-2 -1 -3

g) jar , [
± 42 %

-5 02 -4 -5 0 2 -4

o
? ]

O O O O O

-

2RitR2→R2[ to 4=2
312

g) x_YsRa(
' '12 312

0 I 815 ON - g - 8 O N ? ]
O O O O O O

- Y2RztR→R ,

[ to
0 7/10 0 % leading var

81s 0 ] ? 0%0×3=0N I
→ ✗2+8/5×3=0 Xi & Xz

O O O O

free var

✗3

✗
,
= -7/10×3

✗3 EIR

✗2=-8/5×3

to = { ( -7110×3 , -8/5×3 , ✗3) I Xz C- IR }

= span { ( -7110 , -815 , 1) }

Ed is a set of a-1 points in 113th
,
say Q = ( ai - - - an)

where Alaa:L ]= ✗ ( I;]



Ez = Augmented matrix

✗ Iz - A

[
✗ -2 -1

? ] ¥ (
-2+3 -1 -3

2 9-4 -5 2 3-4 -5 0:|0 ✗ 0 3 3

0
-

2RitR2→R2[ to ?
'

} g)I
' "

: :/ ~2 - I - 5 O o l l

0 3

RztR, -312 ,
~

° I 1 g)
→ Ra+Rs→p ,

%
"

o

?
→ °

X
,
= 2×3

×,
= -113 Ez = { ( 2×3 ,

- ✗3 , ✗3) / GEIR }

✗3 ER = span { (2 , -1,1 ) }

f-
2

( it should be span of 1 point )

D={( X, Xz Xz ✗4) ✗ I -1×2
- ✗3-1×4=0 } is this a subspace ?

X2 - 7×3-2×4=0

yes its a homogeneous

to find the span you do the Aug matrix etc

you 'll get a span of 2 points

Questions WS :# 5 :

QQ : given D= span { 11,1 , 1. 1) 1-1,010,0 ) ( 0,1 , 1,1 ) ( -1,111,1 ) }

(1) find dim (D) = 2

(
l l l l - R2 + Ri→R ,I 1 1 I RHR2→Rz
, , , , {

I 0 ° 0

I ° ° ° ° ' l l} ~ o I I 1) ~☐ , , , R , , ,zy , ,y
. pyypy , ,z, o o

o o |
- I 1 1 1 02 2 2 -2122+124-7124 O O O O



(2) in view of your answer to part (1) , does D= 1134 ? why ?

D =/ 1124 because only two points are independent and

for it to be in 1134
,
it needs 4 inolep . points

(3) convince me that the point (218,8/8) lives inside D

D= span { ( 1,111,1 ) (-1101010) }

( 2,818,8) = C , (1,1/1,1) t Cz (-1,010/0)

= Cc , , Ci , Ci , Ci ) + C- C2 , 0,0 ,
0)

2 = C
,
- C2 is 2 = 8 - C2

8 = C
, 02+2=8

8 = C
, c2=8-2=6y

8 = C
,

here something is

linear comb : wrong he got -2

0 ( 1,111,1 ) - 2 (-1,010/0) + 8 (0/11111)+0 (-1/1,111)

= ( 2,010,0 ) + ( 018,8 , 8) = ( 2,8 , 8,8 )

(4) Does the point 12,516,6) live in D ? explain

( 2,5 ,
6
, 6) = C

, ( I , I , I , 1) + Cz (-1,0/0,0)

2 = C
,
- C2 C2 -12=5 C2 = 5-2=3

5 = C ,

( 2,5 , 6,6 ) =/ 511,1 , I , 1) + 3 (-1,0/010)

cant be written as a linear combination

Q4 : given A- =

(
1 a b

g)
is equivalent to the matrix

2 4 C O

O d -9 3

I -2 3

B.

=/ to
C f h

}
find the values of aibiciol

O O O

O O O O

O O O 1 So we know Rank (A) =L

fro'm B



( a ,4 ,
01
,
- 2) = C

, ( 1
, 2,0 ,

1) + C2 ( 41013 , 1)

= ( C , , 2C , ,
O
, C , ) + (4 C2 ,

0 , 3 C2 , (2)

A = C
, +4 C2 =

2 -14 C-4) = 2-16 = -14

4 = 2C ,
i. C

,
= 4/2=2

01 = 3 C2 = (3) ( -4) = -12

- 2 = Citcz .
: a = -14

- 2 = 2 1- C2 d = -12

C2 = -4

lb
,
C

,
-9

, 3) = Ci ( 1,210,1) + C2 (4,0/3,1)
= Cl

,
2cL

g
0

3. C2
'
c '

+ 4C2 0 C2

b. = C
,
+4 C2 c = 2C

, -9=3 C2 3 = Cit C2

= 6+41-3 ) C. = (2) (6) C2 = -9/3 3=4-3

=
- 6 = 12 =-3 C

,
= 3+3=6

Q5 : given A is a 3×3 matrix sit . 2 is an eigenvalue of A and

Ez = Span { ( 1,2 ,
- 1) ( 0 , -1 ,

- 4) }

Ii ) can we conclude that

Af
.

}
,
] =

(§,]
? explain

• 1,11=1%1 yes

Cii) if A is oliagnolizable and Trace (A) = 4 .
Find Rank (A) ,

is A invertible (nonsingular) . Explain .



Questions WS :

☐ e t e r m in a n t Ei g e n v a 1 u e s

E i 9 e n v e c t o r s

Q1 : given A
,
B are 2×2 matrices sit . / A 1=2 and / 131=-3

(it find / A } BT /

= / A 13 113-11 = (2131-3) = (8) C-3) = -24

Iii ) find 1A -1131

1A -1131 =/ /At + 1131 . : we need more info .

liii ) find 313A

1cal = C
" / Al n=2

= 32 (2) C- 3) = (9) (2) 1-3) = -54

Civ ) consider the system of LE A [I, ] = [-2-75] what can

you say about the solution ? Unique ? infinite ? undecided

its a unique solution because there is only

value for ✗ and one for y

1A 1--2 =/ 0

(v ) let C be the second column of B. Find the solution set

to the system Bff, ] =
C

1131 = -3 =/ 0 a unique solution

*c. = 2nd cot of 1131 a [ °o°, ]
C. = { 10,1 ) }



Q2 : let A be a 3×4 matrix , and C be the third cot of A
.

Consider the system of linear equations A
-

× ,

-

= C.

Convince me that the system is consistent ✗ a

and it has infinitely many solutions .

✗3

-

✗4-

aug matrix

-
-

A C we cant use determinants since its not nxn

-

: we need to show that the system has a
-

solution
.

SOA
¥ = X

,
( 1st Col A) + X2 ( 2nd cot A) + Xz (3rd cot A) + ✗4 (4th cot A)

11¥34 = C ( 3rd WI of A) = (0,01110) i. the Sol . set is

consistent

☒ A is 3 ✗ 4 : we can conclude that we will

d-
-

↳ have 3 leading variables at

3 eq 4 Var
most and 1 free variable

resulting in infinitely many sols .

QI let A be a 4x4 given :

2124 Ri Rs 2121+124-7124
-

2 4 4 6-

A → B → C → D= 0 I 6 G

O O O 2

-

o - I 2 I
-

find IAI
.

/ B / = 21A /

14=-1131

ID / = 14=-2 / Al

D

=/
244

6) 124-1124 (
2 4 46 2 446

| %←R4 ( o I 660 I 6 6 0 I 6 6

O O O 2 O O O 2 0 0 8 7

0 - I 2 I 0 0 8 7 0 0 0 2

upper triangular
IF / = (2) (1) (8) (2) = 32 IE / = -2 / A)

11--1=2 /At
32=2 /At

/ A / = 32/2=16



Q4 : consider the following system of LE
.

✗ it a X2 + 7×3 + b. ✗4 = 30

- Xi t 8 Xz + ✗ 3 + A ✗4 = 20

-2X,
- 2A X2 + cxz t ✗4 = 2

- Xi - axz - 7×3 - 12×4=-7

for what values of a b c will the system have a

unique 501 ?

I a 7 b 30

a)
""" f! ! ! !

-

( - I 8 1 9 20 0 91-8 8 bta

-2 -2A C l

- l - a
- 7 -12 -7 - l - a - 7 -12

,

1 A 7 b

o a-18 8 0 a-18 8
2121+123+123

[ , , , , , , µz,

b+ " ]
+ a →
I:/

"""" " " [I¥É.
~ ~

O O O b - 12

IAI = / D / = (1) (at 8) Cc-114) Cb -12 )

IAI -1-0 .: at -8 Ct -14 b -1-12

for us to have a unique sot .

as : Leta

=/
'

, .
! !;]- I 4 5

( i ) find CA (a ) i. e. the characteristic polynomial of A

/ ✗ In - A / =/ ✗ Iz - Al

=/ If :| - (
1 2 10

, x.y.gg?g+R3-'R3(
✗ -1 -2 -10

1 -4 -g) =/
✗" -2 yo

- I 4 5 f
✗-4 -5)

o o ✗ - I 4 ✗ +5 ✗ ✗

= 1-1151×1 / g- t.jo/t C- 1)
• (d) / ✗-1 -2

I ✗ -4 /
-



= - ✗ [ ( g- 1) C- 5) + to] + ✗ [ ( ✗ - 1) ( d-4) +2 ]

= - ✗ [-5×+51-10] + ✗ [ ✗ 2- ✗ -4×+4+2 ]

= +5¢ - 15 ✗ + ✗3-51×+6 ✗

= ✗3- 9 ✗

( Ii ) find the eigenvalues of A .

= ✗ ( ✗2- 9)
✗ = o Ñ=§

✗ = -1-3

( iii ) for each eigenvalue of A
,
find the corresponding eigenspace

and write it as span .

✗ = 0,3 , -3

Eo homog
. System

(
✗ -1 -2 -2 -10

f.
-1121

I ✗ -4 -5 I¥14 :* .sn5
- I 4 4

1 2 10

→ f-
"""

[ !
, as

I -4 o % Ys ) - Yong,[
- i 4 5

(
1 2 10

. , y
g)

→ " + "→ "

( f i %s / ~0 I % ~

- 4122+123-7123 - I 0 -5 - R}

[
1 0 5

☐ , gyz )
-

R~3+ R'
→ Rt ( % ? g% ] ✗2+5/2×3=0 ✗2=-5/2×3

I 0 5 I 0 5 ✗ , -15×3=0 ✗ 1=-5×3

= { C- 5×3
,
-512×3

,
✗3) 1×3 EIR }

= span { 1-5 , -512,1 ) } dim (Eco ) =L



-2 -10

-g) 42 Ri↳ =

/ ??
⇒
g) ~ (

• -2 " °

I 3 -4 -5 I - I ~

4 - l 4 8

{
, ,

"

L
,
J

- Ri -1132-3132

I - I - 5) N o o o ~

R' + Rz → peg
[

/ ' l - S

o 3 3 ] '13123

( & ?
-5

( ; § it ]
" -4×3=0×1--4×3

0

,
/ ~RztR , → R, ✗2-1×3=0 Xz= - ✗ 3

= { ( 4×3 , - Xs , Xs ) 1×3 C- IR}

= span { ( 4 , -1,1 ) } dim / C-3) =L

E-
3 :(

- 3- I -2

÷:/ f-±
"

;]
""

I -3 -4 -5 I -7
- 5 N

r - I 4 - 1 4

42 5/2 N

[
I '12 5

? }
- " ""

/ to
- Isla - IslaI -7 -5

" " RHR} → Rs
o 4.5 912 } -2/15/22

|
' 42 5/2 -1121221-12, → Ri ( f p f)

✗ 1+2×3=0 ✗1=-2×3

0 ! I
✗2-1×3=0 ✗2 = - ✗3

° 4.9 9/2 ] ~- 4.51221-123-7123 O O O

= { ( -2×3 , - Xz , ✗3) I ✗3 ER }

= span { C- 2 , -1,1 ) } dim ( E- 3) =/

( iu ) find the set of all points in 1133
, say Q= ( 919293 ) , s -

t.tt/aq':)--7.23(aa:)
We dont need to make any calc . here as

the thingy says that 7.23 is an eigenvalue but we found our

eigen values to be 0,3
,
-3

÷ A / ag.ly/--7-23faq;f-- { 10,0101
}



QG : let A-- ( Y °o°
o , -1]

( i ) find CA (X )

I ✗ In - At = / ✗ Iz - Al

1: :| -100
.

0 ✗ 0 I o -4) = [9 % 4

o - I
£4]

0 I 4

= C- 15 ( X ) ✗ 4

- I ✗-4

= (a) [ ✗ (✗ - 4) - C-1) (4) ]

= ✗ [ ✗2-4×+4 ]

= ✗ 3- 4×2+4 ✗

Lii ) find all the eigen values of A

✗ ( ✗
'

-4×+4 ) = ✗ ( ✗ -2) (4-2)

⇒ ✗ =o ✗ = 2

liii) for each eigenvalue of A
,
find the corresponding eigenspace and write it

as span

I:÷÷t
Eo homog. system

:|
O O o

- I 0 4 - ✗ , +4×3=0
X
,
= 4×3

g- + a) ÷
.

?a×,=o
✗2=-4×3

=

reduced LOL

= { ( 4×3 , -4×3 , ✗3) I ✗ 3 C- IR }

= { Xz ( 4 , -4 ,
1) } = span { (41-4,1) }



"

=/ ÷ : :| fi : :
o . , ,
]

"""

µ ; ;0 - , y
|¥R2

0 - I 2-4

• i. / ÷:
o

"

÷
,

? / 132+123-3123 (
o

"

? ?( O l 2 ✗2+2×3=0 ✗2=-2×3

~

= { ( o , -2×3 ,
✗3) 1×3 ER }

= span { ( 0 , -2,1 ) }

Qf : Let T : IR
>
→ TR

>
such that TIX , ✗a ✗3) =

( X
, + 2×2+10×3 ,

- ✗ , +4×2-15×3 ,

✗ ,
- 4×2-5×3 )

( i) find Ctlx )

2 10

(
✗ ° °

) - fi as ]0 ✗ 0

0 0 ✗ I -4 -5

= (
A1 -2 -10 d- I -2 -10

I ✗ -4 -5 ✗ -4 -5 }
- I 4 ✗ + g) R2+R3→R3

,~ a

= C- 1)
5
(X) ✗ - I -10 + f- 1)

6
( X ) ✗ - I -2

I -5 I ✗-4

= - ✗ [ ( ✗ - 1) C- 5) + 10 ] + ✗ [ (✗- 1) ( ✗ -41 -12 ]

= - ✗ [-5×+5+10] + ✗ [ ✗ 2- 4 ✗ - ✗ +4+2]

= 5×1 - 15×-1 ✗3- 5×9+64

= ✗
3- 9 ✗

Iii) find all eigenvalues of T
.

= ✗ ( ✗ 2- 9)

✗ = 0,3 ,
-3



( Iii) for each eigenvalue of T
,
find the corresponding eigenspace and

write it as span

✗ =D ,
3
,
-3

Eo homog
. System

(
✗ -1 -2 -2 -10

J
- IRI

I ✗ -4 -5 I¥14 :* .sn5
- I 4 4

I 2 1 2 10
- R , -1132-1122 ( o - f -1g ] -1/6122:| .[ I -4 -5

- I 4 - I 4 5 ~

2 10 -2122 + Ri→R ,
I ° 5

[ to I %

- I 4 5 ] ~- 4122+123→ R, [ ° I 5/2
- lo - s

/ -1%
(

1 0 5

0 I 5/2 ) 3+Ri→Ri[ g
o o

I 5/2 ] ✗21-5/2×3=0 ✗2=-5/2×3

I 0 5 I 0 5 ✗ , -15×3=0 ✗ 1=-5×3

= { C- 5×3
,
-512×3

,
✗3) 1×3 EIR }

= span { 1-5 , -512,1 ) } dim(Eo ) -- l

-2"=/ I ⇒ / ~ / ?
"

/ "I"
4

"°

I 3 -4 -5 I - I -5

4

I - I - 5

{ I - I - g)
+ R2→Bz

O O O

R' + Rz → peg
[

/ " t - s

- I 4 8 0 3 3) 'ÑR
,

I
' "

:/ ~RztR , → R, ,°
,

"

]
× ' -4×3=0 ✗1=4×3

O O O O

o I ✗2-1×3=0 Xz= - ✗ 3

= { ( 4×3 , - Xs , Xs ) 1×3 C- IR}

= span { ( 4 , -1,1 ) } dim / C-3) =L



-2 -10

-3+5
}~[ ¥

→ ' -11412 ,€
>

"

[
"

" " " " "
" ° ~

4 - I 4

(
t 42 512

;]
- " ""

1 : :÷ ?;) -aim- 7 0 -15/2 -1512

- I 4 RitR3→R3

( f 4,2 5/2 ✗1=-2×3

°
4.gg/y/~%B2tR,-R

,

=

"

-4.sRa+%→r,
/ ! ? ? / ¥! ×, . . ,

0 0 0

= { ( -2×3 , - Xz , ✗3) I ✗3 ER }

= span { C- 2 , -1,1 ) } dim ( E- 3) =/

Civ) find the set of all points in 1133
,
say Q= Ca ,

az az) , such that

1- Ca
,
Az Az ) = 7.2 Ca , Az 93 )

its basically saying that 7.2 is an eigenvalue of T

Which is impossible thus = { ( o , o , o) }

LV ) is T one - to - one ? is Tonto ?

1- 1 IF ZCT) = { (0,0, o) }

but { ( -5
, -5/2 ,

1) } =/ { ( 0,0, 01 } so
,
its NOT 1- I

dim (211-1) + dim ( RCTI ) = dim (D)

I t dim ( RCTI) = 3

dim ( RCI) ) = 3-1=2 =/ dim ( co - domain )

f. its onto



2nd M D M A T E R 1 A L :

A-=/
1 0 2

-1 I 3

- I 0 -2 ]
Def : null (A)→ solution to the homogeneous system A[¥;) =/§ ] a [A o]

nullity (A) : dim INUIICA) )

Def : [ ONLY FOR nxn matrices ]
exists
✓

A
,
nxn , we say A is non-singular ( invertible) if F a matrix

denoted by thifAf s -t . A A-
'
= In

=/ ¥ CAREFUL

Kunonw : A
,
nxn ,

is invertible IF / At =/ 0

A =/ ? 24 ) not invertible bcuz when calculating the lAl=0

find the inverse (A
") if possible .

a) [ A / In ]
(2) do the row OP ( if In A

" ]

[ if # In A" doesn't ]exist

in

[ 2 4 01 ]
: A is non - invertible /singular

1 2 I 0

R, ← R2

N [ 1 2 01 )2 4 I 0

-2121+132 → Rz

[ , , fights
BA = (f ? ]

~

0 0 I -2

↳ no way that we get Iz

on this side so
,
its non- invertible



Result :

row OP ( D E ] ⇒ EA =D( Anxn Bnxn ] N

equivalent always true :)
no ice

A

:|
1 2 -2

- , - , g) find A
"
if possible .

2 4 -3

2 -2 0 0 I R ,-1122-3122

A-=/ - F - l 2 o , o ) ~
100

}B. = 0 I 0 1 I 0

2 4 -3 100 -2k,+r,→r,
%

"

É ?
-2 o ,

- 2122+13 ,→ R , (
I ° -2 - I -2 0

} 2123+12,→R, [
I 0 ° -5 -2

2)N C. =
0 I ° I 1 O N D=

0 I 0 I 1 O

O O L -2 0 I 0 0 I -2 o I

¥
,

"

A
"

o: the matrix is invertible / non - singular
1A / =/ B / =/Cl = 1-1-31=1

Properties :

AA
"

= In

/ A A-
' / =/ In / =L

/ A / 1A -11--1 ,
IAI -40

Knowin 1A -1 / = 1-
IAI

I 2 3A " =

( 2 10 '

.gg ,,
) solve the system .

A

/ ¥;) :( 2g )
know :

( A- ' 1-
'

= A

augmented matrix

[ A ;)4

A" / A / ¥:/ =/¥11 a
A-

'
A / ¥:/ = AT;]w
I}



1¥.tl:*:X:|

=\ :[
"

I :/
"

I :|
✗1=31

1¥11:/ 1¥11:/ " = .

✗3=90

solution set = { ( 31,51190) } unique sot .

KNOW :

A , B are invertible nxn .
Then (AB)

- '
= B-

'
A
-1

ORDER MATTERS !

reminder :

A = [ I 2 3

45 6) AT =/ § § )
know : C → nxm ☐ → mxn

( ( D)
T

= DT ( T

special case : 2×2 ONLY

A :( ca db ] ,
IAI =/ ° A :( ? 7

, ] IAI =3 -14=-11

a-"¥1: :] a"÷f : ;]
Know A B

nxm nxm

• (AI B)
T

= AT ± BT

• ( AT )
"

= A



A
,
2×2

=/( Afi :/ +1 ; :] )Y :(fi :] inaa
.

Ali :] -11 : :Fili :)) '

% :/ =L : :] -11¥
Ali :/ =L: :]
a-

B

calculate B
"

= [ ? ? ] f-

(Ali ;] :(: :)) B
"

T
ABB

"
= [ 0 -3

~ -3 -4) [ I ? ]
A -1-2
in

A

/ At =/ 0 means A-
'
exists

/ A-
'

I = 1-
IAI

A
,
nxn

,
A
"
exists

know :

• ( At)
"

= ( A-1)
T

• 1 AT / = IAI



• A. nxn , assume A has at least two identical rows/ cols then 1Al=0

↳ assume ith row and Kth row are identical

¥:[=) - RitR~k→Rk⇐] ÷ IAI = 1131

IAI 1131

choose Kth row and find 1131 . Clearly 1131=0 hence
,
IAI __ 0

IF ith cot and Kth Col . of A are identical
,
then ith row I kthrow

of AT are identical since :

IAI =/ At / I 1A-11=0 : we have lAl=O

system of LE : assume nxn

aug has a unique sol IF LAI -40 d A-
'
exist

matrix / A const /
I

coeff matrix

consistent : infinities many Sol .

/ A const } IAI --01
↳ inconsistent : has no Sol

.

A. 4×4
1st cot .

[
lstcol

-
-
. . 1st cot and 4th Col are identical

""

1T¥:| -11-
- - . Sol : ( 1,010,0)

- - - . (0,0-0,1) IAFO

itwl 2nd cot zrdcol 4th cot Ptwl

A / 1-1×2/1 -1×31/-1×41 / =/ /
( 1,2 , 3,4 ) ( -1,4 ,

6,8 ) ( 2,111,6 ) ( 0,0 , 1,2 ) meaning of being dep / indep ?

Q, Q2 013 014

C
, Q,

1- (2102 + GQ} + Cy Qy = 101010,0) C
,
= cz=C3= (4=0

Q
, ,
Q2

,
Q}

, Qy are inolep,

at least one of the Ci 's -1-0 → Q , , Qz , Q} , Qy are dep.



Q, QQ} Qy

1
" "

A = 2 4 10 : has uniq Sol . i. e. 10,0, 0,0) IF LAI -1-0

" " 11¥.tt:/
4 8 62

Result :

Assume Q , , . . . , Qn are points in IR" then Q , ,
. . . . Qn are inoep . IF

(9) =/ 0
Qn

cols or
rows

Q : A ,
4×4

, CA ( X) = ✗ 14 - A = (✗ - 3)
"

(✗ + 5)
2

note : it should be clear that A. nxn , then deg ( CAIN ) =n

✗ =3 ✗ = -5 → repeated twice

IAI = multiplication of the eigen values (w/ repetition ) note :

if 0 is not an

IA / = (3)(3) C- 5) C- 5) = (3)21-512 = # eigen value
,
then

IAI to : A
"
exists

✗ is an eigen value of A. nxn
,
1A / to

7 nonzero point la, , - - - , an)

*

af:/
"

la:/ →
"

Al ::[
"
"

la:/an

→
"

I:/
" "

I:/ → 4:/
"
"

I :|
So
,

Ya is an eigenvalue of A
-1

Q : A , 3×3 , (Aca) = (✗ - 2)
'

(✗-4)

(1) find IAI

(2) find 1A
" / I find eigen values of A

"

(3) given that Ez : span { ( 1,012) } E4= span { ( 01213) } find Ey, & Eye,

(1) ✗ =L twice A- 4 LAI : (2/214)=16

(2) 1A
" / = that = 1/16 ✗ = Ya twice ✗ = 44

(3) Ey, = ( A-
'

f) = yz[ 1) find all points in IR
'

= Ez = span { 11,0, 2) }



C- y4= E4 = span { ( 012,3 ) }

141 A" / § / =/%
.
/ = "41%1

Al:) --41%1=1%1

Trace (A) , A must be nxn

3 trace (A) : add the # 's on the main diagonalA

=\.ly?#. = 1+1+10=12

Def : A
,
nxn :

Trace IAI = sum of the numbers on the main diagonal

Result ( Know) :

Trace /At = sum of the eigenvalues (w/ repetition)

CA (X) = (✗ + 1)
2

( ✗ - 3) ' (2+4) ,
note A is 6×6

find all eigenvalues of A by staring

✗ = -1 ( repeated twice )

✗ = -4

✗ =-3 ( repeated three times)

trace / A / = - I + - l t - 4 + 3+3+3 =3

1A / = 1- 1) C- 1) 1- 4) (3) (3) (3) = -108

find all eigenvalues of A
-1

1- 1) repeated twice

(-1/4)

(1/3) repeated three times

Eyz ( w - r - t . A-1) = Ez (w - r - t . to A)

Q E Ez ,
Q f- ( 0,0 ,

- '
'

,
0 )

AQT =3 QT A-
'

QT =Y3QT



Q : ✗ is an eigenvalue of A ( A is nxn) 7 QE Ex [ Q =/ 10,010,0 ) ,

Q = ( a
, ,

. . .

,
0in )

AQT = ✗ QT

multiply by A

AZQT = ✗ AQT

A- QT = ✗ ✗ QT = ✗
'

QT ✗ is an eigenvalue of A

NOTE :

if ✗ is an eigenvalue of A ,
then ✗

"
is an eigenvalue of AK

⇒ Ex (Wirt . A) = Exk (Wirt . A
"

)

Q : A
,
3×3

CA ( X ) = ✗ Is - A = (✗ - 4)21×+4 )

B = 2A
'
+5A
"
- 4 Is

find Get (B) and Trace (B)

know :

1131 =/ 12A
' / +15A" / + I -4 Is

eigenvalues of A are :

4 repeated twice
, -4

for 4=4 : 21412 -15 ( 44 ) - 4 = 29.25
t

this is the eigenvalue
of B

9

for ✗ = -4 : 2C-4)
2
+ 5 (-1/4) -4 = 26.75

Trace (B) = 29.25+29.25-126-75

For understanding :

Q c- E4 Q =/ 10,010)

AQT = 4QT

BQT = [ 2A
-

+ 5A
"

-4 I } ] Q'

= 2A
- QT -15A" QT -41-3 Qt

= 32 QT + 5144) QT -401-1 = (32+5/4-4) QT
¥

or -4



Know :

✗ is an eigenvalue of A

(1) ✗
-1

=L (✗ =/ 0) is an eigenvalue of A-1

(2) ✗
"

is an eigenvalue of AK

(3) c is a constant
,
C. ✗ is an eigenvalue of CA

Def : A
,
nxn

,
we say A is diggnolizable ,

if 3- an

invertible matrix Q
, and a diagonal matrix D s-t .

Solve for A

Q
>

yA=QD
same

, just solving
for ☐ or A

A

:| ; ; ; / →
'"

=/ : : :/→
a

:| :* :|0 3 O

O o 42 0 0 24

⇒ *

=L : : :|0 3h

calculate A2 by equation

A2 =(QDQ
" ) ( QDA" )

= QDZQ
"

SI An = QD
" Q
"

A
}

= QD
>

Q
- l

Cramer can be used when solving system of LE ,
nxn ,

coeff matrix =/ 0

Q : solve for Xz only

✗ , + 2×2 - ✗3=0

- ✗ , + 5×2 1- 2×3=2

2 X, + 4×2 + 10×3 = 10

/ coeff matrix / = / At = I 2 - I

- I 5 2

2 4 10



X
, C ✗3

✗ 2 = [ ✗ 1 C X} ] I 0 - I
=

- I 0 2

IAI
2 10 10

IAI
✗ , ✗z C

✗z = [ ✗ I ✗2 C) I 1 2 0

=

- I 5 2

IAI
2 4 10

IAI

Adjoint method :

given

A =

[ ?
" an - - - . am

]
nxn

Ah
,
Anz - - - . . Ann

93,4 = 3rd row 4th col

adjoint of A = C =

(
Cli 42 - - - - Ciz

Cn , Cnz - - - . Cnn }
nxn

grow
( i.K) - entry of C = Ci ,k ← cot

= ( - 1)
it"

A after deleting

kthrow ithcol of A
ÉiÉhn

IAI

Know :

A • adjoint (A) = Get (A) • In

Assume det(A) 1=0

⇒ A" exists

A ( 1- adjoint ( A) ) = In

←
A"

AA
"

= In



Q :

A = 2 3 4 find the (2-3) - entry of A- 1

- 2 6 I

-2 -3 5

one way to do it is to find the inverse (A-1) and

stare and YOU'll find A-12,3

0¥
= (1)

it "

/ A after deleting A- 3,2

/ At

change to triangular

÷ § § }
R'+Ra→Rz

( I 6 I ~

Ri -112 }→R,
§ }

1A / = (2) (9) (9) = 162

so
, when you find

= -10/162]→ A
" immediately then

A2
,
}

= (- IF 2 4
= -1 (2+8)

you should find this

-2 I 162

= -5/81
number → A- 2,3

162

Know 1 Result) :

(1) Assume CA (X) = ( ✗ - a , )
"

( ✗ - az )
"

. . . (✗ - ak )
" "

0 < dim ( Eai ) E ni

(2) A
,
nxn , Oliagnolizable IF lt eigenvalue ai ,

→
for all

olim ( Eai ) =ni note :

A
, nxn ,

is oliagnolizable
IF 7 a diagonal matrix &

invertible matrix Q S.t.

Q
-'

AQ =D ⇐ A -
- QDQ

"



Q : A
,
3×3

←
N2

CA ( X) = ( ✗ -2 ( ✗ +4)

Ez = span { ( 113,2 ) } → dim ( C-2) = I

E.
4

= span { (011,5 ) } → olim ( E-4) =/

" E. 1=21 :|-6 -6

is A diagnolizable ?

no
,

bcuz olim ( Ea ) =/ nz [ nz=2]

A
,
5×5

f.
M3 an -5 ← ng

ca (X ) :( ✗ - 3)
2

( ✗ + 5)
2

( ✗ - 6)
'

Ez = span { ( 1,1 , 1,1 , 1) (-1,1/1,111) } dim ( C-31=2 = n }

E-
g : span { ( -1 , -1,1 , 1,1 ) ( -1 , -1 , -1,1 , 1) } dim / E-g) =L = ng

EG = span { ( 0,010,0 , 1) } olim ( Eb ) =L = NG

e: A is diagnolizable

find a diagonal matrix ,
D

,
and an invertible matrix , Q ,

S -t .

Q
"
AQ =D

D= 3 O O O O corresponds Q : l - l - l 0 - I

° → ° ° ° " " " ° " )( o 0 -5 o o } ( l l - l 0 I

o O o 6 O l l l 0 1

O O O O 3 I 1 I 1 I

01=2 D

:(
60000

→ Q

:(
0 I - i - i - i

° ° ° ° ° ) ° " ' " " ' "

O O -5 O O O l l
l

- l

o o , g , , , , , , |
O O o 0 -5 l l l l t

w

Ab



Q
- '

A Q =D

1-11*11 :/ " I :|°

,
E

Q
"

A
AG

e: Q-1£ : • 6 =

+ As / 8 ( ! )whole

g

"

]matrix 8

IF A is oliagnolizable , find a diagonal matrix , D , and

0 2 0

A

=/?
°

,

°

, } invertible matrix ,Q ,
sit . Q

"

AQ =D

(✗ (A) =/ ✗ Is - At

=/o✗-2 = ( ✗ - 2)
'

(✗ - 3)

f
"

.

? %
,
} ✗ = 2 repeated twic

✗ =3

C-
2

= 501 . set of the homog Sys . [ 212 - A / 0 ]
✗ I ✗ L X , C

0 ✗
,
- ✗ 2- ✗3=0 ×

,
→ leading var

= [
° ° O

O O O O ] ✗
,
= ✗2-1×3 Xz Xz → free var

I - I - I 0

= { 1×2-1×3 , ✗ 2 , ✗3) Xz , ✗ s C- IR }

Ez = span { ( 1,110 ) ( 110,1 ) }

dim ( C-21=2

Ez =

(
I 0 0 0 I

° O
o ✗ ,

= 0

0 I o g)
' """

[ 0 I 0 g) ✗2=0

I - I o R2 -1123 -7123 O O O 0=0

leading var : X
,

✗ 2

free var i ✗3

Ez = { (0,0 ,
✗3) I ✗3 C- IR } =

span { ( 0,0, 1) }

dim ( E3 ) =L : A is diagnolizable

☐

=/ ; ; ;) Q :/
' ' °

I 0 0 )0 0 3 o l l



W or K S h e e t :

Q1 : Use Creamers Rule and solve for ✗ 3

✗ it 2×2 - ✗3=10

- 2X , +4×2+2×3=-6

- ✗
,
- 2×2 + 6×3 = 4

✗
, Xz Xz C

" t: : : :/ ÷:÷:
1 : : : :
0 0 5 14

]
IAI = (1) (8) (5) = 40

2 10

- I -2
4) 2%+122 → R,( -

"

2 4 -6
o 8 14

~ 1 : : :|
Ri-1123 → R}

=

(1) (8) ( 14)
= 1¥1/3 = =

40
40

/ At

Q2 : Use Creamers Rule and solve for ✗2

✗
, + 2×2 - ✗ 3 + ✗4 = - I

- 2X , + 4×21-2×3 +5×4=-8
- ✗ , - 2×2+6×3 -1×4 = 1

3×1 + 6×2 - 3×3+6×4 =-3

A = I 2 - l l - l 2121+122 → R2

{ -2 4 2 5 -8it .- I -2 6 I R, -1123 → R3

3 6 -3 6 -3 -3 R , -1124 - Ry

(
I 2 - l l - l I 2 - l l - l

-6)
'

%R2tRz→B0 8 0 7 ( O 8 0 7 -6 }0 4 5 2 2 00 5-3/2 5

O O O 3 -6 O O O 3 -6

/ A / = (1) (8) (5) (3) = 120



{
± - l - l l

/ 2Rj+Rz→Rz
l - l - l l

- 2 -8 2 5 0 -10 0 7 / X, C Xz ✗4 / = - 150

- l l 6 I R ,+Rz→R3 0 0 5 2

3 -3 -3 6 - 3R , -1124 → Ry
-

O O O 3
]

: ✗2=-11
120

Q3 : let A [ . } 34 ) if A" exists
,
then find A

"

A" exists if IAI -1-0

/ A / = (2) (3) - (4) C-2) = 14--10 : A
"
exists

( Aa / Ia ) v1! ; i :]
0¥ 2×2 hack ?

A :( Iab ] A"=a÷, /
d - b

- ca ]

2 2

= 4%4 -444 /A
"

= (3-4) 2/14 2114

Q let A =

[ 2, Y ] find A
" if possible .

/ A / = (2) 15 ) - (1) ( Il ) = - I =/ 0

A-' =÷ I ? ;) =/
- s "

I -2 ]
QI find the matrix 2×3 such that

1111.1^+1 : : :D :-| : :))
'

Ii :/ a- +1%11=1 : : :]
=.

IAI = (1) (1) - (2) (1)

must
Mitt . [ I ? / A =/ ; ; ; ] - [ 321

g.Romita
't" O l - l ] A-

'
=
- if . ! ? ]

be:( Ii :] af " -271 )3 3 =/ ? ? ]¥=?



AA -1 = AI
,

= A =/ (-4-2-2)I - I ① 3 I

dot product = A) C- 4) + (2) (3) = -10

= ( 10 8 4)
- 7 - 5 - 3

Qb : find the matrix A
,
3×4 such that

T

(
At

/
' 00

(
101

- l l 2 O l l

oo , / = f)I 1 I

1 I 0

1 : : =p : :|0 I 0 O l l I

0 I o o , o

2+123 → R}A-' =\
'

?
° "

☐

°o°
,
]Rz+Ri→R

'0 2 I

1 : : : : : :|0 0 I

I. A
"

AA

"=T→A=A=; ? ! ;)0 I 0

3×3 3×4

A- =

(
1 1 22

O l l l ]
I - I - I -2

(
101At

µ,
°

, ? A- FROM THE
O l l

0 0 I ] = | I 1 , | ) RIGHT SIDE

1 I 0

I 00 I 0 0A" = { - I 1 2
01 °

' 00 100

) ~ ( o , o , , → ) A-1=(19-02)0 O
l

0 0 I 0 0 I 0 0 I 0 0 I



A' Is

=/ !
°

1) /
I 0 0

O l l l I -2 ]
I 1 O O l

l I 0

T

(
A' = I 0 I

| l l - l
~

A =/ o l l lii.:|
2 l - l

L
2 I -2

Q" '" "

=/
" " "

) ;;; ;
ne
! !:* .sn?erea'

numbers ""

bi b2 b3 that 1A / =/ o . find the solution set of the

C, C2 [3

"

1¥11::÷3 bi - 5b3)
✗
, ( 1st cot of A) + Xz ( 2nd cot of A) + ✗3 (3rd cot of A) =

??
'

? ? ?? ]{ 3 bi - 5b3
by staring

,
you can see :

✗1=3 ✗2=0 ✗3=-5

IAI to : unique sot

= { 13,0 , - 5) }

108 : given A is a 4x4 matrix and Cali) = 1×-1-4 - At = ( ✗ - 2)
'
( ✗ + 2) ( ✗ - 3)

let B = 2A
"
+ 3A

'
- 21=4 . Find B & Trace (B) .

✗ = 2 repeated twice

✗ =
- 2

✗ = 3

/ A / = (2) (2) 1-2) (3) = -24

eigen values of B :

✗ = 2 2124 ) -13122) - (2) = 42 1131 = 1421142114211187)

✗ = 2 2 (2) 4+3 (2) 2- (2) = 42

✗ = -2 2 (-214-131-2)' - (2) = 42 Trace (B) = 42+42-1421-187

✗ = 3 2 (3)4 + 3 (3)2- (2)
= 187



① 9 : given A is a 3×3 matrix and CAIN =/ ✗ Is - At = 1×-2121×+2)

let B = A 't 4A
- '
+ 31--3 .

Find 1131 & Trace (B)

✗ = 2 repeated twice

✗ = -2

find eigenvalues of B

✗ = 2 → (2)
'

+ 4 ( Yon) +3 = 9

✗ = 2 → (2)2+4 (1/2)+3 = 9

✗ = -2 → C-2)2+4 (-1/2)+3 = 5

1131 : (9) (9) (5) = 405

Trace (B) = 9+9+5=23

QIO : let A and B in Q9 .
Assume that Ez = span { ( 1,0 , 1) (0 , 1,2 ) }

and E -2 = span { l - l , -1 , 1) 3

let Q = 3 ( 1,0 , 1) t -210,1 , 2) = ( 3
,
-2 ,

-1) then Q c- Ez
let F = 5 (-11-1,1) = 1-5

,
-5

, 5) then FEE-2

( i ) find A-
'

( §
,
)

( 3
,
-2

,
- 1) C- Q C- Ez

"

I:|
-

- "1:11
.

'

:|- I
lii) find

B( ÷ )
Q9

←
A GB

( 3
,
-2

,
- 1) c- Ez C- Eq

:B .fi/=Y::1=l-:1-9
Ciii ) find B ?⃝§ ) ( g

,
g
,

- g) E E-2 E Es

→

1%1=1%1



QII : let A ,
B as in Q8 .

Assume

£2 (Wint . A) = span { 11,213,011-1 , -2 , -3,1 ) }

f.2 (Wint . A)
= Span { C- 1

,
-2

, 2,0) }

find C- 42 (wir . -1 . B)

C- 42 corresponds to ✗ =L repeated twice

✗ = -2

I. C- 42 (wir . -1 . B) = £2 + E-2

= span {( 1,213,0)( -1 , -2 , -3,1 ) ( -1 , - 2. 2,0) }

0112 : let A =

(
O l l 0

)
if Possible find A-1

.

then find IAI
l - l - l l

- l
- l l - l

' ' ' '

O l I 0 I 0 O O R , Rz

( l - l - l t o I o o
<→1.- l - l l

- l 0 0 I 0

-

l I 1 1 00 0 I

{
=L

- l - l 1 01 00

)
RitRz→R3

O l l 0 I 0 O O

N
- l - l l - l 0 0 I o

l l l t o o o 1
- Ri -1124 → Ry

µ
l - l - l l 0 I 00

122+121-1121
O l l 0 I 0 0 0

= / ~o - 2 O O O l l °
2122+123→ R3

0 2 2 0 0 - l O l
-2Rz+Ry→R4

µ
I 0 O l l l 0 0 I 0 O l l I o o

O l l 0 I 0 ° ° | N o l l ° I ° ° °

o o g o z , , o o o , o , yay, ?⃝ ~

= Y2R3 { =

° O O O -2 - I 0 I o o o o -2 - , o ,

- R3+R2→R2

" ° ° " " " ° °

)( 0 I 00 0 -42 -420 you did something wrong but

0 0 I 0 I
' 12 ' 120 still got the right answ SO

o o o o -2 - I 0 1 We vibin :)
in

=/ 1--4 ! A" doesn't exist

1A 1=0



① 13 : given A
,
B are 2×2 matrix S.t.

* =L :} ] " =L : :)

( i ) find ( AB ) -1

( AB)
"

= B-
' A-

'

= :# I:O :)
= [ 0 12

4 19 ]
Iii ) find 13A " B /

2×2 SO
,

3
" / A- ' 131 = 32 / A -1/1131

= 9 (6) ( Yg ) = -2714

1A -11 = (2) (3) - (2) ( o ) = 6

113-11=10115 ) - (4) (2) = -8

Ciii ) find 31A-1131

= 31A-111¥ ,)
= 3 (6) (-1/8) = -9/4

1014 : let A = O l l O

l - l - l 0{ -1 I 2 - I

2 -2 -2 I
]

Ii ) if possible ,
find A

"

o I I 0 I 0 00
R , -1122→ R2

l
- l - l 0 0 I 0 0| - l l 2 - I o o 10 ) ~

2 -2 -2 I o o o 1
- Ri -1123 → R3

2R , + R4→Ry



O l l 0 I 0 O O

l 0 0 0 , I o o
R2 1- R3→R3

O l - l - l 0 I 0 | N
2 0 0 I 2 o o I

-2 Rztry → Ry

o l l 0 I 0 0 0

( I ° ° ° l l ° °
- R>+ R'→ R '

o o , , , , , , , | N=

O O O I 0 -2 O l

O l O l l - l - l o
- Ry -1121 → Ri{ I ° 0 O l l ° ° | NO O l - l O l l 0

0 -2 O l
124-1123 → Rz

0 0 0 I
=

(
O l 0 O l l - l - l

I 0 O O l l 0 0 } R
, # Rz

0 0 I 0 0 - l l l

0 0 0 I 0 - 2 0 I

1 O O O l l 00

)( O l 0 O l l - l - l
e: A- I exist

0 0 I 0 o
- l l l

0 0 0 I o
- 2 O l

m -

A-
'

1=4

Iii) find the solution set to the system of LE .

1*1 At

/ ¥
= to11 :|¥

3 methods : Aug matrix ,
Cramer

,
or A-

'

since we already have A- 1
we can

( A-1)
T

= (AT )
- '

=

f.
' ' 00

I - I -2

0 - l l 0 )
o

- I 1 I



9:¥⇒a¥¥,
É9☒÷o:µ☐

1=4 / ¥ / =/
' ' 00

it -1 -2 | =/ ÷ }0 -1 I o#¥4
0

- l l l I

4×4--4×1

e: = { ( 1
,
-2

, 1,2 ) }

Result :

T : Rn → IRM be a linear transformation

1- is invertible IF n = M & T is isomorphism
1- I & onto

dim (domain ) = Olim ( range ) + olim ( zero)
n = m + 0

T : IR
>
→ 1133 ← identity linear transformation

T la
,
92 93 ) = Ca , Az Az )

1- ( 1,0 ,
3) = ( 1,0 , 3) . . .

Standard matrix presentation

1 : :*
remember :

T : 1132 → 1132

T 1992) = ( 9 , -1292 ,
- a , + Aa )It=/ . ! ? / [%)

T is a LT bcuz its a linear comb

is T invertible ?

step ① : find the standard matrix presentation of T
,
M

M =/ . ! ? ] T is invertible IF M
"
exists

1M / = (1) (1) - (2) C- 1) = 3=10 . : m is invertible

a T is invertible



if T is invertible ,
find T

"

T
"

: 1132 → 1132

TYa.az ) = M
"

/%)
m-1=13-1 :-p ] = [

"3 -

%)1/3 43

:O T
- '

Ca , Az) = ( 43 -213 ) (Y ) = [ 4391 -2139243 ' 13 ' 13 Ai t 4392 ]
T
"

la
, Aa ) = ( 43A , -21392 ,

4391 + ' 1392 )

note :

T 0 T
"

= I

T a-
identity

composition
fvnc

.

( TO T
-

1) la, .az) = (a , .az)

fact :

T
,

: IRN → IRM

Tz : IR
"
→ 113

"

M ,
= standard matrix for T

,

↳ dim ( co - domain) ✗ dim lolomain)
m ✗ n

Mz = standard matrix for T2

↳ n ✗ K

find the standard matrix presentation of T
,
o -12

Answer : M= M
, M2 T, O -12 : IR

"-7113m
a

m¥n nxk
TI

Ti : 1132→ 1132

T, Ca , Az)
= (alt Az , - a , )

Tz : IR
"

→ 1132

T Ca, Az) = ( 3 a, - Az ,
A , -192 )

Find T
,
0 -12 : 1132 → IR

'

T, 0 T2 : 11341132

% : :/ 1 : :/1:11:11:|
= ( 4A , -10- 3A, + Az )



A =/ I 2

0 I /
-11×1=3×2-6×+7

find f- (A)

- PROBLEM !

= 3A
'
- 6A -17 you only add / sub

T T matrices of the

same size
matrix is

2×2

= 3A
' -6A -1712 → no longer a problem

note :

if A
,
nxm , n =/ M

A
}

= A A A → is undefined

a

nxm nxm nxm
I

cant multiply

i. AK is undefined

A
,
nxn ,

A is invertible

A-
5

= ( A- ')
"

: A
- n

= ( A- 1)
^

A'12 → undefined

A -1 : :]
CAIN = / ✗ Iz - A /

=/ ✗ -2

0 g- , ] = ✗ ( ✗ - 1)

✗ = I ✗ = 0

[
instead of 1

CA (A) = A ( A - Ia )

=L : :X :
'

• 1=1 : :|

Caley 's Theorem :

A , nxn ,

CA ( A ) =
0 - - - - - o

:
0 . - - - - - 0

In

CA (X) = ✗
n
+ an-1 ✗

n"
+

- -
- + a , ✗ + Go



A

=/ ;
02

o o 4 ]
(Ak) = ?

2 3

= I ✗ Iz - Al

= ✗ - I 0 -2 = (✗ - 1) ( ✗ - 2) ( ✗- 4)

0 a -2 -3

0 0 ✗-4

CA (A) = ?

= (A- I} ) ( A- 213) ( A -41--3 )

= O O O

O O O

O O O

find 11,31 - entry of A -1

a

:(÷ :
"

:)
Rerum | ! ! ! ]AN 0 4 9

Ri + R3→R3

1A 1--1131=40

= C- 1)
' +3

/
deleting

= ÷ =Lrow 3
20m



W or K S h e e t :

Q : let A =/ } ? ] .

is A diagnosable ?

2×2

CALM =/ ✗ Iz - Al
← hi

= = (✗ - 2)2-

0 ✗ -2
✗ =L twice

✗ , ✗2

[-2--1,0-30] = -3×2=0 leading Xz

✗2=0 free ✗ ,

Ez :{ ( × , , 0) 1 HEIR }
note : = span { ( 1,0)}

A
, nxn ,

is oliagnolizable IF Y

eigenvalue Ai
,
dim tail =ni dim / C-2) =L =/ 2

T
in this case

,
its 2 . : its not oliagnolizable

Q2 : let A =

-

O O O -4
-

is A diagnolizable ? if yes , then find the diagonal

I 0 0 0 matrix D and an invertible matrix Q such that

0 I 0 5 Q
"

AQ :D

-

O O l 0
-

CAIN = 1×-1-4 - A /
I 2 3 4

I 2 3 4+1
' 2 3

I ✗ 0 0 4
= C- 1)

2
( X ) ' ✗ 0 0

+ C- 1) (4)I - I d 0

2 - I ✗ 0 0 2
- l ✗ -5 2 o

- I ✗

} O
- I ✗ -5 3 0 - l ✗ 3 O O - I

4 O O - I ✗

= (d) tix ) ✗ -5 + 1-4) 1- 111¥ -1 ✗

- I ✗ 0 - l

ad - be

= ✗
2 [ (a) ( ✗ I - (-511-1) ] + 4 [ (-111-1) - (d) ( o ) ]

= ✗
' [ ✗ 2- 5) + 4

= ✗4- 522+4 = ( ✗2- 1) (22-4)=0

✗ = 1
,
-1

,
2

,
-2



E
,

= R, -1122 → Rz
1 0 0 4 Rz+Rz→Rz

I 0 0 41 00

4) ~{ -I 1 O o 0 I 0 4 0 I 0 4
= N

o - l l - 5 0
- l I -5 O O f - I

0 0 - l l 0 0 - l l 0 0 - l I

X, Xz ✗3 ✗4

RgtR4→Ry 1 0 0 4 ✗ 1+4×4=0 X
, ,

Xz , X} leading

~
O l 0 4 ✗2+4×4=0 ✗4 free

0 O l - l ✗ z
- ✗4--0

O O O O 0=0 = { ( -4×4
, -4×4 ,

Xy
, Xy ) / X4ElR }

El = span { I -4 ,
-4

, 1,1 ) }

Ey = 2 0 0 4 20 04 2004
= Y2R,+R2→R2
- 1 2 00 0 2 0 2 YzR2tR3→R3 0 2 0 2

0 - I 2 -5
~

0 I 2 -5
~ 0 0 2 -4

=

00 - I 2 O O - I 2 O O - I 2

✗ , Xz Xz Xy

YzRztRy→Ry 2 0 0 4 2×1-14×4=0 ✗ 1=-2×4

~ 0 2 0 2 2×21-2×4=0 Xz= - ✗4 = { ( -2×4 , - ✗4,2×4 , ✗4) IXYEIR }
o o 2 -4 2×3-4×4=0 ✗3=2×4 = { ( -2 , -1,2,

1) }
O O O O

0=0

E. , =
- I 0 04 E.

,
= span { 14

,
-4

, -1,1 ) }
- I - I 0 0

. .
- ,
etc .

o - l - l - 5 E-2 = span { ( 2 , -1 , -2,1) }

O O - I - I

Q = -2 -4 4 2

E
,
E
,
E
, Ez =

- l -4 -4 - I

2 I
- I -2

why this 1 I 1 I

order ?

D= 2 O O O

O 1 O O

O O
- I 0

O O O -2



0,3 : let A=
-

2 - l
- l

-

is A diagnolizable ? if yes ,
then find a matrix D and

3 I 0
an invertible matrix Q such that Q

- '

AQ =D
- 3 - I 0

- -

CAIN = I ✗ Iz - Al
- I

- -

✗-2 I 1
= (¥2 1- 3) I 1

+ (-
"

( ✗ - 1) ✗-2 I

- 3 ✗ - I 0 I ✗ 3 ✗

-

3 I ✗
-

= (3) ( ( d) (1) - (1) (1) ] + (✗ -1 ) ( (✗-2) (a) - (1) (3) ]

= (32/-3) + (✗ - 1) (✗ - 2) (X ) - (3×-3)
= ✗ ( ✗ - 1) (✗ -21=0

✗ = 0 ✗ = I 4=2

-

Fo = -2 I 1

-

-3/2 R , -1132→R2
-

-2 1 I
-

= etc.

- 3 - I 0 N 0 -5/2-3/2 - . .

-

3 I 0
- ,

3 I 0

-

Eo = span { ( Yg ,
-315

,
1) } Q =

-

-113 0 Ys
-

D=
-

2 0 0

-

- l - l -315 0 I 0

E
,

= span { 10 , -1,1 ) }
-

l l l
-

-

0 0
,

C- 2 = span {1-4}
, -1,1 ) }

✓ 9- = 2

0,4 : let A be a 3×3 matrix sit . Calx) = ✗
' (2+2)

. given Eo= span { 11,112) } and

E-2={1-1,401}

(a) is A diagnolizable ?

no
,

dim ( Fo ) =L =/ 2

- -

(b) find all points in IR
}

,
say Q= (9,92 A} ) s-t . AQT =

0

0

Eo = span { ( 1. 1,2 ) } 0
- -

(c) find all points in 1133 say Q= Ca
,
Az as ) sit . AQ-1=5 QT

5 is NOT an eigen value

÷ = span { ( 010,0) }

(a) find Af;) Af? /
=

- '

f? / = |



-
-

① 5 : let A = 2 2 3 Find the 12,3 ) entry of A
"

-2 5 6

- 2 -2 7
--

= (- 1)
2+3

del r=3

Col = 2

/ At

2 2 3 R ,tRz→Rz 2 2 3lAl= ?

( j g b) ~ 0 7 9 | IAI = (2117-1110)=140
- 2 -2 7 RitR3→R} ( o o 10

= 1-115 2 3

-2 6
= C- 1) [ (2) (6) - (3) C-2) ]

=

- 18

140

140 140

same as before but instead of points , matrices

Rmn = set of all matrices

a. R
""

-
- span / Ii :/ 1%11 : :/ 1 : :| }

" Ii :/ + " 1%1+4 : :/ "" 1 : :/ =/%)

1 : :/ +1 : :/ +1%1+1%1=1 : :/ =/ : :| :aimir⇒= "

( 57 / ER""= ?

I 2

=sl : :/ +71 : :/ + ' Ii :/ " 1: :)

Q : R
"}

= { ( ai 9293 ) a
, ,

. . . . ao EIR }94 As Ab

- - - -

= { a. ( tooooo / + 92
010 + 93-001-+94-000

-

+ As 000
+ as -000

-

a. azazayasab EIR }
-

000

, ,

000

,
-100
,

-010
,

-001
,



- - - -

= Span | -100 001

'
'

000

'

,

'

000

-

-000
-

-

Ooo

9

° / 0

000
'

000
"

100 010
"

001 }
- - -

- - -
-
-

- - -

know :

dim of nxm = (n) (m )

Qi D= { ( Atb
- 1) a. b EIR } convince me D is not a subspace of 122×2

o a

SOLUTION :

- -

O 0

¢ D the problem is w/ - I

0 0
-

-

0¥
we try to write as span we observe its not equal to a

span of finite number of inolep points

in

=/% :/ +4 : :/ +10-110 0

NOTE :

Pn = Set of all polynomial of degree < n

Q : P, ={ Az ✗
'

+ a , ✗ + ao a , az ao EIR }

5 c- B ? yes

2×-1 V3 C- 13 ? Yes

6×2- Tz ✗ + MT c- 13 ? Yes

2×3-+1 c- Pz ? No

→ Polynomials

= { Az ( ✗ 2) + A , ( X) + do (1) } = span { ✗
2

, ✗ ,
I }

Qi find Co Ci C2
.

Co + C , X + Cz ✗2=0

= 0 + 0 ✗ + 0×2

Co = 0 4--0 cz=o dim =3

Know :

dim ( Pn ) = n

Q : convince me that D= { Got 92×+92 X
'

ao ar EIR } is a subspace

{ ao (1) t Az ( ✗ + ✗2) } = span { (1) , ( ✗ + ✗ 2) }

Know :

IRN ✗my Mnm

isomorphic

same as subspaces



1,32×2 y 1,34

( I 2-

3 4

< > ( 112,3 , 4)

-

Q : translate the two points to matrices

- -

T = ( 1,2 ,
3
,
4) T = I 2 A =

-

- l 0

-

A = ( -1,0 , 0,1 ) 3 4 O l

- - - -

- - -
-

-
-

O D= span | I 2
- l - l l 3

}
-

O l l l l 3
- - - - -

(1) find dim (D)

so , its going to be in the co - space 11134 ) of 1132×2

- - - - - -

l 2 → ( 1
, 2,0 , 1) - I - I ← ( -1 , -1 , 1,1 ) I 3 → ( 1,3 , I , 3)

O l l l l 3
-

- - - - -

now
,

write the point in the matrix and kill before to check if the points

are olep or inolep

- - - - - -

l 2 0 I
=

R, -1122→ Rz I 2 O l
- 122+123-7123 I 2 O l

→ inolep
- I - I 1 I ~ O l l 2 ~ o l l 2

=

-

I 3 I 3
,

- Ri -1123 → R} O l l 2
-

O O O O

- - -

- -

( 1,210,1 ) ( 0,111,2) = I 2 (
- l - l

'

are inolep

-

01
,

I 1

-

dim (D) = 2

(2) write D as span of basis

- - -

basis of D= / I 2
,

- i -i

}I 1

-

O l
- - -

- - -

D= { span of basis } = span /
I 2

,

-1 -1

'

}
-

° 1-
-

l l

-



2×2

Q : Finola basis for IR
,
say B

,
S -
t
.

-

, i
- -

g

- l - l EB dim = 2×2=4

-

l l l l
- - -

solution : consider the co - space IR
"

1132×2 1134
- -

' '
< >

' '
'
'
'
'
'
1)

I 1

- -

- -

- l - l

< ,
l - l , -1 , I , 1)

1 I
- -

-

, , , ,

-

RHR2→R2
-

, , I 1

'

= N

- l - l l I 0 0 2 2

need to
° I 0 0 by staring

add 2 points
-

o o o 1
,

LOL

" 5:11 : :/ 1:41 : :| }
fact :

Pn I IR
"

isomorphic as spaces

Q : Py → IR
"

Az ✗3+92×2+9, ✗ + ao → ( Az , Az , a , , ao )

2×3 - 10×+15 → ( 2,0 , -10,15 )

13×2 -12×-10×3+15→ ( -10 , 13,2 , 15 )

Q : D= { (92+91)×3+92 ✗
'

- a , ✗ + a , a
, saz c- IR }

☐
"

lives
"

in Py

(a) convince me that D is a subspace of R
,

(b) find a basis for Pq

(a) D= { 921×3-1×2 ) + a , ( X
'

- ✗ + 1) }

= span { ( ✗
'
+ ✗2) , ( ✗ 3- ✗ + 1) }

to check for independent , we use the co -space
,
1134

P4 1124

✗ 3-1×2→ ( 1,1 , 0,0 )

✗ 3- ✗ + I ← ( 1,0 , -1 , 1)



| ' ' ° °

, . , . , ,

by staring , you can see

, o . , , / I'+R'→ R2 /
' l 0

of that they're independent

(b) Basis -_ { ✗3-1×2 , ✗ 3- ✗ + I }

✓
domain

co - domain

2×2

Q : T : IR → B
/

- -

T ai 92 = (altar) ✗
'

+ ai Xt ay this Q coming in the MD

-9394
,

① convince me that T is a linear Transformation

② find all matrices in 1132×2 S.t. T [ a, asa} ay} = ✗2- ✗ +3

③ find the 21T) , i. e. set of all matrices in IR
""

s.tt/aiaY--0

A} Ay

SOLUTION :

① find the co - linear transformation of T

L : 1134→ 1133

Lla, Az Az Au ) = ( ai -194 i ai s 94 ) note : fake matrix presentation
-

is co -matrix

each word is a linear co - domain ?

comb of a , Az Az Ay

i. L is a LT I T is a 1. T.

② He didn't finish solving

domain
Ts ✓

CO-domain

Q : T : P
,
→ 1133

1- ( Az ✗
'

+ a
,
✗ + 90) =

( az + a , + ao , Ai , Ao )

is T a LT ? yes

find the co - matrix presentation of T . OLD NOTES SAYS FAKE MATRIX PRES .

s0N L : IR
}
→ IR

'

L ( 92 ,
A, , Ao ) = ( data , -1 Ao , Ai , ao )

co - matrix presentation of T is the matrix pres of L

M=

{
I 1 I

0 I 0 )0 0 I



is T invertible ?

T is invertible if L is invertible and m is invertible

Find M
"

:

- - -

l l l I 0 O l - l 0

-

=
- R2 -112,→R,

I ° I
- R3tRi→R,

O l 0 0 I 0
=

N O l 0 0 I 0 ~

0 0 I 0 0 I 0 0 I 0 O l
- - - -

- -

l 0 O l - l - l

0 I 0 0 I 0 % T is invertible

0 0 I o 0 I

=
.

Is M
- I

Find 1--1 :

1-
'
: IR

}
→ 1133

L" 19
,
a, a} ) = M

- t
-

a,

-

92

93
- -

- - - -

=

l - l - l Al
= ( A,- Az - Az i 92793 )

0 I 0 Az

93
-

O O l
- -

-

T
"

: IR} → B

T
"

( a, , 92 , A } ) = la, - Az - az ) ✗
"

t as ✗ + a
}

T
"

( 1,110) ? you just substitute

( 9 , , 92,93)

= ( I - I - 0 ) ✗
'
+ (1) ✗ + 0 = ✗

What are the 21T) ?

dim (Range) + dim (2) = dim (domain)
3 + 0 = 3

21T) = {10,010)}



Result ( Know) :

• A linear transformation

T is 1- 1 IF

21T) = { 0 - element }

• As soon as YOU know D is a subspace

dim / D) < N - Then
,
the following must hold :

(1) Ya , BED , Atb C- D ← closed under addition

(2) Yc EIR and a ED ,
ca ED ← closed under scalar multiplication

Q : convince me that

D= { ( atb a

9+1 ] a- b c- 113 }a

show that you can write it as span

NOT a subspace

9 ( 1,1 , I , 1) t b 11,010,0) + ( 01010 , 1)

OI by staring

1 : :/ 4- ☐

Qi (1) D= { A E 1133×3 IAI -- o }
convince me that D is not a subspace of 1133×3

{
O O O

O o o / C- D

O O O

ta , b ED Atb C- D is false

- -

a =

-

I 0 0

"

b= O O O

O 1 O O O O

O O O

,

O O 1
,- -

/at :O : AED 1b1=o i BED

-
-

Atb = I 0 0 latb / =L : a-1b¢ D
O l O

-

O O l
,



Q : D= { FINE Pz 1-101=0 OR f- (1) =0 }

show that D is not a subspace . D
" lives

" inside Pz

ffx) :X E D lwhy ? ) f- 101=0

f-21×1=1 - X c- D lwhy ? ) fz( 11=0

fz = f , -11-2=1 ¢ D lwhy ? ) fslo) =/ o f} / 1) =/ 0

Closure under addition FAILS

show that D= { A c- 1122×2 AT = - A } is a subspace

show (1) closure under addition NOTE :

and (2) closure under scalar multiplication you can ANSW this Q

in two ways :

1 ' let a. BED (1) axioms

show that atb ED (2) find a set of finite

at = - a bt :-b points in span

-

Why ? bcuz a. BED

(atb ) -1 = AT -1 BT = - a + - b = - ( atb )

2 let a c- D & CEIR show ca ED

AT = - a ( why ? ) bcuz AED

(ca)-1 = cat = - ca ⇒ CAED

OI
D= { [ Gaz93 94 ] [

91 93
92 94 ] = [ -91

- Az
2

- as -au ] }
-

by staring

A
,
= - 9

,
: 91=0

A} = - 92

92 = -93
→ same

94 = - 94 % 94=0

☐ =/ f: :/ at " }
☐ =/ a, / . ? ;) aatR }
D= span { [?, ;) }

prof likes the Lang .

Find §im_ =p
of span more

in prev exams

IN (D) = I



Q : D= { fat C- Pz f- 101=0 AND f-(1) =o }

Show D is a subspace

Find dim (D)

D= { 92×2+9, ✗ + do -1101--90=0 AND fll) = 92+91=0 }

IF
-

conditions
t

A , = - A2

D= { 92×2-92×+0 92 C- IR }

= { Az ( ✗ 2- X ) as C- IR }

= span { 1×2- X ) }

dim (D) = I

- -

l 2 2h ( 24
R ' Ra

( ; g) %+R2→R
'

/ you}A=
3 o

~
3 o } ←

-
-

B

all of these are eq into each other

Q : Find 3 elementary matrices Ei , Ez , E3 S.t. E
,
EzEz A = B

Ez = 2131
2121

E , = R , ← Rz Ia :( f ? ] ~ ( I °, }E
,

= 213 , -1 Rz → Rz

R, c→R2

Iz A- 2×2
- 1%1

1:11:41 : :| "" ~

zRiR""

↳
A = I 1 I 0

"

'

i :
i , o

" '→

Ryo3×4/0 I 2 ~

I 1 0 3 }
0 I 2 0

, , , o } =p
Find elementary matrices E. Ez sit . GEZA = B

-

2nF } ( t
3×4

-2 -2 0 -6

R, R2
<→

£2 = Is ~ = 0 I 0 E
,
= Is

3

=/ to ? ;)fool
0 0 I 0 0 -2

- - - - - -

l 0 0 0 I 0 I 1 I 0

⇒ 0 I 0 I 0 0 0 I 2 O

-

O O - 2
- -

O O l
, ,

I 1 0 3
-



DOT PRODUCT :

Dot product over Rh

la
, ,

. . .

, Gn ) ( b , , . . .
,
bn )

= 9
,
b
,
+ azbz + ' ' ' + an bn C- IR

Def :

1132 standard basis = { 11,011011 ) }

1134 standard basis = { (1,0/0,0) 10,1 , 0,0) ( 010,1 , 0 ) ( 010,011 )} → orthogonal basis

meaning dot product =o

let Q, , Qz , - ' '

, Qm EIR
"

we say Q , ,
- . -

,
Qm are orthogonal

Qi . QK = 0 I =/ K
b

dot product

Q convince me { ( 1 , 2) ( 0,4 ) } is a basis for IR
'

-

I 2

o 4) by staring , you can see other basis :

-

theyre inolep { 11,071011) }

Q, Q2 { 14,10) 10,13 ) }
1132 = span { 11,211014 ) }

= span { 14,10) ( 0,13 ) }

C
, Q , T Cz Q2 = (0,0)

G = (2=0

W O R K S H E E T :

Q1 : let T : IR
>

→ 1132×2 s- t .

-

293+92

-

TH ! !;) / = a. →at

-

-91+493 921-491
,

lil show that T is a linear transformation

by staring
,
you can see that ( ai - 294 293 -192 } is a linear comb . of 9192 a } 94

- 9
,
-1493 92+49 ,

÷ T is a linear transformation



Iii ) find Range (T)

Range (T) = { ( ai -294 293+92

'

a
,
aza} 94 C- IR }- A

, -1493 921-491
,

=/af : :/ + " 1: :/ + " 1 : :/ "" 1: :| }
=

.nl/.::1l::1l::1l::11liii
) find olim ( Range 1T ) )

(
± ° " " " ° " "

"

" ° " "

O l 0 I 2R'tR4→R" µ 1

,
.gg/-2R~2tR3-R3 0 1 ° 1| ~ =

o o y , / % ' dim / 121=4

0 2 4 0 0 2 4 0
=

- 2 O O O

-

O O -2 8

Civ) find a basis for Range (T )

- - - - - -

B :{
-

l O

-

O l 0 2 -2 0 }- I 4 4 0
- - -

° 1
- -

- -

° °

-

NOTE :

Range 1T) = 1132×2 Hence T is ONTO thus any 4 inolep matrices will form a

basis for Range (T)

( V ) Find 21T )

dim / Range ) + dim (2) = dim (D)

4 t 0 = 4

dim (2) =O

- -

21T)={
0 0

→ a }
Q2 : Let T : Pz → IR

'

s.TT/aiX-ao)--l2A,+llAo
, a , -1590 )

convince me that T is invertible . Find T
- '

14.77 note :

L : R' → pi A :( Iab ] A"=n÷, /
d - b

- ca ]
LIA, Go ) = ( 291+1190 , a , -1590)

= (90/11,5)+9112,1 ) )

9 , do
- -

M :| ? ;) ,
mi -1 5 -11 =/ -5 11

- I - I 2 I -2 ]
- -

IAI = (2) (5)
- (111/1) = 10-11 = - I



L
- l ca , ao ) =

'

-5 11

'
-

a,

-

=/ -59 , -11192 , 9
, -292 )

-

I - 2 Az
- -

-

T
"

: IR
-

→ Pz

T
"

Ca
, Az ) = (-59,1-1192) ✗

,
-1 la . -292 )

1-
"

14,71=(-5/4)+1117) ) ✗
,
-1 (4-2171)

=
5711

,
- 10

Q3 : let

f- = { ( at b) ✗
'

+ a ✗
'
+ ax + ca - b) a. b EIR }

Show that F is a subspace

= { a 1×4×4×+1) +b ( ✗ 3- 1) }

= span { ( ✗
'
+ ✗4×+1) ( ✗3- 1) }

w o r K S h e e t :

Q1 : let T : IR
>
→ Pz S.t. T / 9 , Az Az) = (9,1-93)×2 + 93×+91

Ii ) find the co - matrix presentation of T

L : IR
}
→ 1133

L( 919293 ) = { (91+93) ( az ) (ai) } = { a , (1,0/1)+921010/0) +93 ( 1. 1,0) }

-

A , 92 93
-

l 0 I = span { ( 1,0 , 1) (0/0,0) ( 1,110)

O O l

-

l 0 0

-

Iii) find a basis for the range of T

= { la , -19,1×2 + a } ✗ + a , }

= { a , ( ✗
'

+ 1) + aa ( o) + a } ( ✗
'
+ ✗ ) }

Range = span { 1×2+1 ) ( ✗ '+ ✗ ) }

B : { 1×2+1 ) ( ✗
'
+ ✗ ) }



Ciii ) find all points in 1133 S.t. T la.az as ) = ✗2+1

from ( i ) we can rephrase

1- ( ai 9293 ) = ✗2+1 = 11,0
,
1)

% we form this avg .
matrix

- - - -

at Az Az C

t O l l
- R , -1123 → Rz 1 O l l

-

l 0 ° I

-

a
,
= I

0 O l 0 ~
o o 1 O

- R"R'→R"

o o I 0 93=0
=

~

I 0 O l
-

-0 o
- I 0 R2 -1123-1123 -0 O O O

- - -

÷ a
,
& a } leading var = { ( I .az , 0 ) az EIR }

as free var .

( IU ) is T invertible ? if Yes , find T
"
and find T -112×2-1 X )

L : IR
}
→ 1133

1191,92 , a } ) = { ( Altas ) ( as ) (ai ) }

= { A , C 1,0 , 1) +9210,0,o ) + Az ( 1 , 1,0 ) }

= span { ( 1,011 ) ( 010,0 ) ( 1,110)

note : -91 9293

i. M= I 0 I

-

it M is invertible → [ M Is]O O l

and his invertible 1 o o

then T is invertible
- -

-
- -

l ° I 1 O O
- R,+Rz→Rz

1 O l l 0 O

'

=

0 0 I 0 I 0 ~
0 0 =L 0 I 0

I 0 O O O I 0 0 - l
- l

O l
--

- -

- R2 -112 , -1121 - -

~
I 0 O l l 0 % M is not invertible so

122+123-1123 0 0 I 0 I 0 L is not invertible and T

-

O O O ' l l l
-

is not invertible

t

=/ I}

( v ) let H = { A C- 1132×2 AT __ A } show that H is a subspace and find olim (H )

- - -

:{
-

a. ai a. as a. ai }=

93 94
,

92 94
,

-

A} 94
-

by staring

A , = A ,

a } = 92 92=93 , 94,9 ,
ER }A2 : as

→ {
"

Gaza
" "

y
!:±_
92 94 ] / 92194,9 ,

C- IR



-

= {
'

ai 92 az , ai , ait EIR }
-

92 94
-

- - - - - -

= { A ,
I 0 + Az O l

+ 94 O O

O O I 0

-

O l

,

}
-

- - -

- -
- - - -

= span / ; ; ,

° '

. °o°
, }I 0

- -
- - - -

- -

l 0 0 0
now we kill

=

O I I 0 7

=

below to make
0 0 0 I
-

=
- sure theyre INDEP

% theyre all inolep

dim (D) =3

Ivi) let

f- = { (29+66)×3+1- a - 3 b) ✗
'

+ (a + 3b) }

Show that F is a subspace 01h01 find olim ( F)

L : { 12A -16 b) l - a - 3b) ( a-13 b) } f- = { a 12×3 - ✗
'

+ 1) tb ( 6×3 -3×2+3 ) a. b EIR }

= { a ( 2 , -1 , 1) tb ( 6 , -3,3) } = span { ( 2×3- ✗2+1 ) ( 6×3- 3×2+3 ) }

= Span { ( 2 , -1 , 1) ( 6 , -3,31 } :. F is a subspace of finite points

-

a b
-

M= ? 6 4212,1-122 → R2
-

2 6-

- I -3 ~ 0 0 olim (F) =L

I 3
- Y2RitR3→R3

-

O O

- - -



Qi Q2

Q : D= span { 11,2 , 1) (-1,1/1) }

D lives in 1133

dim (D) = 2

find an orthogonal basis of D

-
• Should be 2 inolep points

gram - Schmitt - algorithm
• should be 2 points where their

✓ dim / D) =L so
, 2 points dot product is 0

D= { w , ,
wa }

Wi = Qi = ( 1,2 , 1)

W2 = Q2 - Q2 • Q1
Q ,

IQ ,

2

Q
, ,
Q2 EIR

"

Q , e Q2 = A
, bit . ' ' + anbn1 i.

( b , . . . . bn)
la, , . . > An ) 2

•
Qi CX , y ) = ¥2

IQ , / = fait . . . -1 an
' :

✗y

/QI
'

: a.
'
+ . . . tan

31-3:

wz = f- 1
,
1,1 ) - 2 ( 1,2 , 1) • IX. y , Z )

12+22+12 += l - l , I , 1) - 2- ( 1,2 ,
1)

↳ '13

= l - l , I , 1) - ( ' 13
,
2/3 , 113 )

= (-4/3,4322/3)

to check :

W ,
• W 2 = ( 1,2

,
1) • ( -4/3 s

'13 , 2/3 )

= -43-+3-+23=0

0 = { w , , wz }

= { ( 1,2 ,
1) ( -413 ,

' 13 , 213 )



D= span { Q , ,
- . . . QK } dim (D) = K

=
inolep . points

find an orthogonal basis of D.

0 = { W , ,
- - .

> Wk }

W ,
= Qi

Wz = Q2 - Q2 • Wi
w

,

1W, /
2

W } = Qz - É w
,
-
€W2Wz

Iwit Iwai

v-tt.mn#Wm=Qm-QmoWiw,-ooo--QmWm-1Wm-,

1W, /
2

Result :

• if Q , ,
Q2 , - . -

, QK are non - zero points in IRN and orthogonal ,

then Q , , . . . , QK are independent

↳ INDEP is NOT always orthogonal

Q: Q ,
= 12,4 ) are they orthogonal ?

Q2 = I -2,4)

NO ! dot product = (2) 1- 2) + (4) 141=12

°: Q
,
I Q, are not orthogonal

BUT Q, I Qz are INDEP > Q= / 2 4

-2 4 ]
1011=(2/14) - (-2/14)=16

How do we find the orthogonal basis ? ÷ 101=10

↳ we use the gram- Schmitt alg .



inner product on polynomials :

b

< f
, ,
f, > = f f, fz DX

a

Q : D= span { 1
, ✗ 2+1 } I Pz > dim (D) =L

find orthogonal basis for D where < f, ,fz > = f
'

f, fzdx

0

To find basis : 0 = { w , , Wz }

you do either → <W , , Wz > = 0

→ of
"

W , Wz = O

lets check if f , fz are orthogonal :

I 1

of (1) ( ✗' + 1) DX = 1-3×3-1 ✗

,

= 4g =/ O o: not orthogonal

so
,
we have to find basis that are orthogonal :

if f is a polynomial If /=µ
a

so
,
the norm is If /

2

= fbf ? dx
a

W ,
= Q , = f , =/

Wa = -12 - of
"

f, fzdx

If, /
2

° %

= ( ✗
'
+ 1) - of

"

( ✗
'
+ 1) (1) DX f ,

If , /
2

= 1×2+1 ) - of
"

/ ✗ ' + 1) (1) DX
o

l

of 't DX

= ✗2+1-4/3 = ✗2- 43

now :

0 = { 1
,

X
'
-

' 13 }

0 = span { 1
,

✗2- 43 } ← span of orthogonal basis

to check : integrate orthogonal basis

and you 'll get 0



f ,
ta f}

i t t

Q : D= span { ✗
,

✗
2
,

✗ 4 } "

lives
"

in Ps

inner product on D is defined

< f , fz > =/
"

f, fz DX
0

find D= { W
, , Wa , W } }

W ,
= f , = ✗

Wz = f-2- of
"

W , fz DX
W ,

1W, /
2

I

Wz = fz - of WZ 1- 3
.
w , -

of
"

Wi f3

/ W , /
2

°
W '

l wa /
'

for wz :

of
"

w ,
f, dx = of

"

X X
'

dx = 44

1W , /
' :o)

"

widx = of
"

✗
'

dx =
'13

Wz = ✗
2

-

1/4
✗ = ✗2- 314 ✗

'13

expand
for W3 :

→
° of

"

Wa f3 DX = of
"

( ✗ 2- 314×11×4 ) dx

=

,
/

"

✗ b- 314 Xsdx =

,

/
"

Xbdx - 314
.
/

"

✗ sdx

=
'
17 - 1/8 = 1/56

26
expand

• Wz
2

= of
"

Wi dx = of
"

1×2-314×1 dx

= of
"

✗4- 3- ✗
'
+ % X

'

dx

=

,
/

"

✗ 4 dx - 312
,

/
"

✗
'

dx + 9/16 f
"

✗
'
dx

0

= 11g - 3/81-3/16 = 1/go

• of
"

W
,
fzdx = of

"

1×11×41 DX =

,

/
"

✗
'
dx

= f- ✗
b

"

= 1/6 - 0 = 1/6
O

o / Wild =
'13



Wz = fz - of"W2 1- 3
.
w , -

of
"

Wi f3

/ W , /
2

°
W '

/ Wald

= ✗
4
-

456
( ✗2-3/4×1 - 46

✗

'180 43

" All subspaces in MTH 221 are called vector spaces
"

✓ set vector

( V , + ,
• ) is called a vector space if :

addition- ( scalar

multiplication

(1) Y ✗ , y c- V
,

✗ + YE V closed under addition

[ 2 ] Yc EIR and V- ✗ C- V sd CX C- V closed under multiplication

use rule [1) or [2 ] if you want to prove it is not a vector space

prove one of them wrong !

(3) I zero element in V
,
call it 0

[4 ] V- ✗ C- V
,
7- ✗ c- ✓

[ 5 ] j C , , Cz EIR ,
th ✗ c- V ( C , -1 (2) ✗ = Cix + Czx

[ 6] V-ci.cz C- IR
,
TX EU CC, Ca ) ✗ = C

, Cczx )

[ 7] F C EIR × , y c- V ccxty) = cxtcy

f- ( X ) =
I

✗

C- D

D= C [ 1,2] set of all continuous function on [ 1,2]

this is a subspace BUT cant be written as span

dim (D) = a

solution : let f, , -12 C- D ( f, -12 are cont on [ 1,2 ] )

→ proves axiom 1

from calc 1 f
, + fz is cont on [ 1,2 ]



Application # I

• (2/4)

COS Q = ( 2. 4) • ( 3 ,
- 1)

10 (2,4 ) ( 3 ,
- 1)

• 13 , - 1)
= 6-4

= 2

Foro Foo

① = cos
- ' (¥

,
) = 81.8°

Application # 2 :

F (3/10)
Find the area of ABC

V1

,
→ it is crucial for V1 I V2 to have the

same initial point

13°
11,2 ) % •

[
17,1 )

V , = ( DX , DY ) = (3-1,10-2) = 12,8 )

V2 = ( DX , AY ) = ( 7- I , I - 2) = 16 , - 1)

÷ Area = 2 8
=

-2 - 48 = 25

6 - I 2

2

KNOW :

if S
, , , , ,

,
SK are nonzero orthogonal elements of an inner product

space , then they are independent

the converse need to be true

ex : using the dot product on 1132
,
the points 11,1 ) ( 211 )

are independent , but they are not orthogonal

W or K S h e e t :

Q1 : given A = (4 ,
- 2) 131-2,4 ) C=( 1,7) find the area of the triangle ABC

A (41-2) AB→ V
,
= ( DX , DY ) = (4-1-2)

,
-2 -4) = ( 6 , - 6)

•

q
Bc → V2 = ( DX

,
DY ) = ( -2 - l

,
4-7) = ( -3 , - 3)

B •

( -2,4)
> 6 -6

• c.
(1/7) Area : -3 -3 = ¥ = 18

2



Q2 : Use the inner product <
,
> On Pg such that < f , , fz > =

,

/
"

f. fzdx

find the angle between f, -_ 1 and fz= 3×2

note : If, / = if
D= cos

-1
/ < fi , fz> /

If , / lfzl

= cos -1 of
"

(1) (3×2) dx

'

ftp.dx/flsx4'dx
0

of
"

3×2 DX = 3¥10
"

= ✗
3 / I = I -0

of
"

ldx = ✗ If = 1 - O

l

of
"

13×4
'

dx = of 9×4 dx = 0¥51! = 91s - o

= cos
" /

'

Hrs ) = cos
-
' (8/3)--41.810

013 : Use the dot product on R2 and find the angle b/w

Qi = ( 2,0) and Qz = ( -9,1 )

(2,6)
0 = cos

-1

(
< tiifz > I

= cos
-1

( (2,614-9,1)
go lfillfzl (2,41111-9,111)

pg
,
, ) = cos

- ' (11216101-911) / ) =
cos
"

(É)E- Fi Fiora

12
= COS

-1

( ypg ) = 77.90°

①4 : let D= span {211,3×2,5×4} then D is a subspace of Ps . Find an orthogonal

basis of D
, use the inner product < fi.fr > = of

"

f, f, ① ✗

f
,
= W

,
= 2X f-2=3×2 -13=5×4

Wz = fz -

< Was fz >
W ,

1W
,
/ 2

= 3×2
-
of

"

(2×113×2)
2x

of
'

12×12



• of
"

(2×713×2) = of
'

6×3

= 6 ✗
4

"

= 6-4 - 0 = 6/4
-4

☐

• of
"

12×1
'

= of
"

4×2 = 4/3×3 / I = 4/3

= 3×2
-

6/4

413

2/1 = 3×2 - 9/4 ✗

i. Wz = 3×2-9/4 ✗

Wz = fz - < Wzsfz >

/ wz /
2

WZ -

< Wis f } > W
,

I W , /
2

< Wz , 1-37 = of /3×2-914×1 (5×4) = 15/56

lwzl
'

= of
"

( 3×2-914×5 = 9/80

1W ,
12 = 413

< W
,
,f3 > = of

"

(5×4) 12×1 = 5/3

Wg = 5×4 - 15/56 ( 3×2-914×1 - 5/3 2X

9/80 413

= 5×4 - 50/21 ( 3×2-914×1 - 5/2 ✗

= 5×4 - 5¥ ✗2- 75/14×-5/2 ✗

Wz = 5×4
- 50/7 ✗ 2- 20/7 ✗



0,5 : let D= span { (1,011/1) (1,0/0,0)/1,0
,
o
, 1) } .

Find an orthogonal
basis of D

,
use the dot product < f , ,fz > = f. ofz

f
,
= W

,
= ( 1,0 , 1,1 )

note :

f- 2 = (1,0/010) Q, • Q2 = a
, bit . ' ' + Anbn

f} = 11,010,1 ) / Q, /
2

: aft . . . +
and

0 : { W , ,
Wz

, W3 }

W2= fz - < Wi , f , >
W

,

1W , /
2

< W
, ,
f , > = ( 1 , 0,1 ,

1) • ( 1,0 , 0,0 ) = I

1W
,
/ 2 = 12+02+12+1

'

= 3

Wz = 11,010,0 ) - '13 ( 110,1 , 1)

= 11,010,0) - / 43,0
,

' 13
,

' 13 )

= (213,0 , -1/39-1/3 )

Wz = fz - < Was fz > Wz - < Win f3 > W
,

1W, /
2 1W , /

2

< Wz of } > = (2/3,0 , -113 ,
- '/3) • (1,0/0,1) = (2/3111)+(-1/3) (1) = 113

/ Wz 12 = (2/3)
"

-102 + (-1/3)+(-1/3)
'

= 213

< W , , 1-37 = (1,0/1,1) . (110,0/1)
= 2

1W ,
12 = 3

Wz = ( 110,0 , 1) -
"3
( 2/3,0

,
-43

, -43) - 2/3 (1/0,111)
2/3

= (1,0/0,1) - 112 ( 2/3,0 , -43 , -
' 13 ) - (213/0,2/3,2/3)

= (1,0/0,1) - ( 43,0 , -116 g- 1/6 ) - ( 213 , 0,2/3,2/3)

- -
- -

=
I - 1/3-2/3 =

0

O - O - O O

o - (-1/6)-2/3 -42

-

l - (-1/6) - 2/3
- -

'12
,



0 :{ ( 11011111,121310 , -113 ,

-
'13 ),( 0,0 , -112,42 ) }

Check :

= (1) (2/3110) + ( O ) ( O ) (O ) -1 (1) (-11311-42) + (1) (-1/3) (1/2)

= 0+0+1/6 - 1/6 = 0

Qb : find a nonzero point Q= (abc ) such that Q is orthogonal

to ( 1,2 , 2) and IQ / = 2022

Formula : Ict m = c

IMI

M (1/2,2)
Orthogonal if

dot product is 0

( Aib ,
c) • ( 1,2 , 2) = 0

la + 2b -12C = 0

now choose any a
,
b
,
c that satisfies the eq above

a = -4 D= I c= I

(1) 1-4) + 211 ) + 2111=0

0 = 0

so
,

one orthogonal base is m= (-4,1 , 1)

but 1mL = ☒É = Fg

but we want orthogonal basis Q that has 1011=2022

SO

Q = IQI
m =

2022 ( -4,1 , 1) = -8088
,

2022

Ng
'

2022 )1Mt V18 Ñ8 18T


