
linear
ALGEBRA



* Rn
, subspaces , span , linear transformations

→ IRZ = { Cxiyl I ✗ ly e 112 }
= set of all points in ✗ - y plane

→ IR } = { ( x , , ✗ z , × , ) 1×11×21×3 ER }

→ 112
"
= { ( Xi , ✗

z ,
- . Xn ) I ✗ , , ✗ z . . . ,

✗ n E IR }

etamples :

( 112,3 ) → IR
}

R' = nothing but a set of

(1171-2,13) → IR
"

all real numbers

operations using points :

(112,01 + 1-11 314) = ( 015 , 4)
317 , -2 , 1) = ( 21 ,

-6 , 3)

Span 8

,
Rs

,

HRs

span { 1211,3 ) / ( 01115 ) }
↳ set of all linear combinations of (2/1,3) ,

( 011,5 )

→ linear combination means 4 ( 21113 ) + Cz ( 011<5 )

where 4 and Cz are some real numbers

* D= span { 12,113 ) , 10,1 , 5) }
does 31211,3 ) + 101115 ) E D ? Yes
does F. ( 2,113) + -41011 , -5 ) C- D ? yes
→ D is a subset of IRS

it is also a subspace



def 8 let D be a subset of IRN . D is called a subspace

of 112h if D= span { finite number of points IRN }

* D= span { ( 112,1 , 0 ) } is a subspace of IR "

- I (1,211/0) = ( -1 ,
-2

,
-1

, O ) C- D

is (010,0/0) ED ? yes , multiply by 0

is (1/412,0) E D ? no

→ D is a subspace of IR
"

* D= Span ) ( 41 , 3) , ( 1 ,
-1

,
2) , ( 1 ,

5 , 3) }

0C 1 , I , 3) t 0 ( 1 , -1 , 2) + 0 ( 1,5 , 3) = ( 0 , 010 ) € D

if D is a subspace , (0,0) C- D .

Y=" does not go through Coto) so D is not

a subspace of 1122 but it is a subset .

D= { ( ✗ 141 I ✗ so , y > 0 }

D is a subset of IR
Z

D is not a subspace of 1122 because if it was

multiplied by a negative number , ✗ and y £0 .

* subspace is always a subset but subset isnt always a subspace

Q . D= { ( Xi , Xi / X , + ✗ 2) I ✗ i , xz E R }
( 112 , 3) ED , ( 2- i 2- , 2) G- D

,
D is infinite

use the concept of span and show that D is a subspace of IRS

→ D= { ✗ i 11,0 , 1) + ✗ z 10,1 , 1) I ✗ , , ✗ z € IR }

= span { ( 110 , 1) , Lo , I , s ) }



Q . D= { ( ✗ I / Xi ,
- 2X , + 3×2 , ✗ 4) I ✗ i / Xz , ✗ 4 € IR }

☐ is an infinite set in IR
"

convince that D is a subspace of 112
"

→ D= { ✗ , ( 1,0 , -2,0 ) t Xz ( O , Is 3 ,
0 ) t ✗410 , 0,0 , 1) I ✗ i , ✗ z ,

✗ 4 C- IR }
= span I (1,01-210) , 101113<07 , ( Os 010,11 }

Q . D= { ( ✗ , , ✗z , ✗ ,
+ 2) I ✗

, , ✗ z C- 112 }

is D a subspace of 1123 ?

→ D is not a subspace because

D= { ✗ i (110/1) + Xz (0,1/0) + 210,011 ) }

= { Xi ( 1,0 , 1) + ✗ 2 1011,0 ) + ( 0,01 2) }
- this is a fixed point

=/ span { points } so it cant be

multiplied by 9

another method : number since there
isnt a variable before

→ check if (01010) belongs in D it

when × , and ✗ ☐
= 0

, 10,012 ) C- D so (0,010) ¢ D

Q . D= { ( Xi , X , X } ,
✗3) I ✗ i i ✗ 3 E IR

→ D = { Xi ( 1 . X } , 0 ) t ✗ 3 ( bi Xi , 1) / Xi , ✗ 3 C- IR }
↳ not specific N

D is not a subspace of IR }

Q, D= { ( Xi , ✗ } 1- 2 , ✗ 3 , ✗4) I ✗ 11×3 , ✗ y C- IR }

→ D is not a subspace because

(012,0/0) G- D so (010/0,0) € D



linear transformations 8

→
domain

→
co - domain

Q .
T = 1122 → IR ( R- homomorpnis )

1- ( ✗ I / ✗ 21 = 2×1 - 5×2

Show T is a linear transformation

→ illustrate TCI , 3) = 2 (1) - 5- (3) =
- 13

T ( 2 , 1) = 212) - 5cL ) = - I

add the points : T ( 3 , 4) = 213) - 514) : - 14

* property 8 T ( ( 113 ) 1- ( 2,1 ) ) = 1- ( 1,3 ) t TCL , 1)

T = IR → IR

TCX ) = ✗ + I

→ illustrate 1-(2) =3

1- (4) = 5

1- (G) = 7 =/ 1-(2) + 1-(4)

Def : T = ☒
n
- IRM is called linear transformation

-

iff ① T ( Q , + ☒ 2) = TCQI) + T (Q2)

② T ( CQ ) = CTCQ )

Q .
T : IR → IR

TCX) =3 ✗

is T a linear transformation ?

1- (2) = 6

1- (3) = 9

1- (5) = 15 = 6+9



Q . T = IR → IR

TCX ) = ze
2

is T a linear transformation ?

1- (1) = I

1- (2) = 4

1- (3) = 9 =/ It 4 so no

* T = IR → IR is linear transformation

iff * Tcx) = mx for some real number m

⇒ f- = IR → IR
, Tcu ) = 32+2 is not linear

transformation since it is not of the form MN .

* T : R
"
→ Rm is a linear transformation then

1- (0,0 ,
- . -

,
0 ) = (0,0 , . . . ,

0 )
n - zeros m - times

⇒ 1- = R→ IR
,
Tcu ) = 3kt 2 is not a linear transformation

since TCO) = 2 =/ 0

Q. T = R
3
→ ☒

3

T ( Xi , Xz , Xz ) = ( 511 , , 2×3 ,
✗ it ✗ 3)

prove that it is a linear transformation

* linear combination of X , X , X, Xu ✗ s means UX , + Cixi + . - - + ↳ ✗ g-



Q .
T : R2 → R

"

is T( × , , ✗ 2) = ( 0 , I , ✗ it ✗ a , -3×1 ) a linear transformation ?

0 is a linear combination because 0 = Ox , + 0×2

1 is not a linear combination because I ?= Cix ,
+ Cz ✗ ,

f¥rs
X, + Xz is a linear combination because hit Nz = 1 ni t 722

- 3h , is a linear combination because - 3h = -3kt + Onz

* if T=Rn→ item is linear transformation ,

1- ( origin of Rn ) = origin of item

Q. T : Rs → R

is TCX , i ✗ 2 , ✗ 3) =
- 10N } + Nz a linear transformation

- 10×3 t ka = 0 ✗ , + 1×2 -10kg SO yes

Q . T : IR
"
→ IRS

1- ( Xilz , X } , 1/41=1-24+3×2 ,
X}

- 1/4/14 +2×2-113,01×4 t × , ) LT?

→ yes because each coordinate is a linear

transformation

Q - T : 1123 → R4
T( Xi , Xi , ✗ 3) = ( ✗ 1×2 , Oi X ] , ✗ c) LT ?

→ no because ✗ ,
✗ 2 Cannot be formed

Q . T : 1122 → R is a

L.TT
( 1 , 1) = 5 , T C- 1

,
I 1 = 7

Find TCO , 2) = ?

1- ( 0,2 ) = Tcl , 1) + T C- I , 1) = 5+7 = 12

T C -4 , 4) = 4 [1-(-1/1)] = 4 (7) = 28

1- ( 0,01 = 0 [ TCI , 1) ] = 0

1- ( 0161 = 3 [ TIU , 2) ] = 3112) = 36



Week 3

* linear transformations 1 Range + kernel

* range is a subset of co - domain

* zeros of T = 2- (T) = Ker ( T ) = null space

Q . T : R - R

TCX) = ✗
2

+ 1

we know T is not LT .

range : t.ly to

✗ - intercept : zeros of T

↳ lives in the domain

Q T : R
'
→ IR

3

1- ( X , , ✗ 2) = ( 3Rd , N ,
- Nz ,

N , + 5×2 )

→ each coordinate is a linear combination so L -T .

① find range of T

range = { ( 3×2 , ✗ i - ✗ z , ✗ it 5×2 ) / re , , nz E R }

range = { × , 1011 , 1) t Xz ( 3 ,
-1

,
5) I ✗ , , ✗ z E R }

= span { (0,1 ,
1) , I 3 , -1 , 5) }

↳ subspace of 1723

* is ( 5,2 ,
- 1) C- range ( T ) ?

( 5, 2 , - 1) = 4 ( 0,1 , 1) t Cz 13 , -1 , 5)

(5,2 ,
- 1) = ( O , G ,

G ) t ( 3cL I
- 1cL , 56 )

(5,2 ,
- 1) = ( 3 Cz , G - Cz ,

4 + 5cL )

34 = 5
, ↳ = 3-

G- Cs = 2 , G - 5-3--2 ,
4 = Ig

?

4+54 = - l
, ¥+5 (f) =

?
- l , ¥ ? - l ,

12 =/ -1

so the point is not in the range .

i. the range lives in 1123 but is not equal to 1123



② find the Zeros of T

ZCT) = { ( X , , ✗2) I T ( ✗ it ✗ 2) = ( 3×2 , Xi - Xi , ✗ , +5×2 ) = ( 010101 }

3×2 = 0
,

✗2--0

✗ , - ✗ ,
= 0 I ✗ , = 0

zct ) = { 10,0 ) }

* ZCT ) is always a subspace of the domain .

Q . T : IR
}
→ R2

TCX, ,
✗
2 ,

✗3) = ( ✗
,
t 2X , , ✗ z

- 5×3 )

it is a linear transformation

① find Ker (T ) = ZCT )

ZCT) = { (Xi , ✗21×3 ) I TCX, , Xz , Xz ) = (0,0) }

( ✗ it 2×3 , ✗<
- 511} ) = ( 0,0 )

✗ I 1-2×3
= 0 → ✗ i = - 2×3

g
✗
s
€ IR

Xz - 5×3 = 0 → ✗ 2
= 5×3

2- (T ) = { C- 2×3 , 5×3 ,
✗3) I ✗ z E IR }

= { Xz ( -2 , 5 , 1) I ✗ z
E IR }

= span { ( -2,5 , 1) }
↳
subspace of 1123

② find the range

Range CT) = { ( × , +2×3 ,
✗ 2 - 5×3 ) I ✗ I 1×2 , ✗ 3 E R }

= { × , ( 1
,
O ) , Xz ( 0 , 1)

,
Xs ( 2 , - 5) }

= span { tho ) i 10,11 , 12 ,

- 5) }



* if Q , , Qi .
. . . QK in IR

"

,
we say Q1

, Q2 ,
. . - , QK are

independent if and only if U Qi , ↳Qi , . . . CKQR = (010 i. . -0)
n- times

then 4 = Cz = . . .
= Cx = 0 .

* Qi
, . . . ,

QK are dependent if those exists at least one Ci =/ 0

if GQ, t . . . + Li Qi t . . . + ↳ QK = 1010 , - . . 0 )

↳ equivalent definition (practical )

* Q , . . . . , QK in IR " are independent if none of the Qi is a

linear combination of the remaining Qi 's .

* Q , , - . . , QK are dependent if atleast one of the Qi's is

a linear combination of the remaining Qis -

Q. (2/1,0) , 10,0 , 3) , ( 4,2 , 3) C- 1123

are these points dependent or independent ?
dependent because

(412/3) = 2 ( 2,1 ,
0 ) t ( 0,0 , 3)

Q . ( 011,4 , 5) , (1,0/2,1) , (0,0/1,0) are indep. in R
"

what do we infer ?

* the points are not linear transformations of

one another .

* UQ , t Cz Q2 t Cs Qs = (010,0/0)

→ 4 = ( z = Cg = 0

* row - operations allowed :

→ ✗ Ri
,
✗ 1=0

, multiply a row with nonzero number

→ ✗ Ri + Rk → RK

→ Ri - RK , interchange 2 rows



Q . Are 12, 4 ,
-2) , C-1,2 , 3) , 10,6141 C- IR

}
independent ?

→ think of each point as a row

- →

2 4 -2 → go row by row

① - I 2 3 → first row, first nonzero has to be 1

0 6 4
- -

so , multiply by 1-2
- →

②
1 2 - l

→ kill all numbers below the 1
- I 2 3

112s t R2 → R2
O 6 4

- -

- →

③
1 2 - l

→ repeat everything in row 2

0 4 2
→ divide by 4 to get first nonzero to be 1

0 6 4
- -

- →

1 2 - l
→ kill all number below the 1

④ 0 I 42
→ -6 Rz t 123 → 123

0 6 4
- -

- →

⑤
1 2 - l

→ none of the rows = ( 01010 )

0 I 42
so the points are independent

-

O O l
-

Q . are [ 1,2 , -1 , 4) , C-2 ,
-3

, 4 , 6) ,
C-2 , -2 , 6 , 20 ) ER " independent ?

- -

I 2 -1 4 → 212, t R2 → R2

-2 -3 4 6
→ 2 R, + Rs → 123

- L -2 6 20
,

-

- -
- -

l 2 -1 4 → -2R, + R} → Rs
' 2 -1 4 * since last row

0 1 2 14 0 1 2 14
= (0,0 , 0,0 ) its

-

0 2 4 28
, -

0 0 ° °
- dependent



* let D be a subspace of R
"

, we know D= span { Q , . . QK }

for some points in IRN .

→ dim (D) = Max # of independent points in D

(find the independent points out of Qi . . QK )

say P, , . . . Pm are the Max number of independent points in D

then , D= span { P, , - , Pm }

dim (D) = m

/

① . D= span { 11,1 , Oi 1) ,
( -2

,
-2

,
I
, 3) ,

( 0,0 , I , 5) ,
( -2

,
-2

, 3 ,
13 ) }

is a subspace of IR
"
.

a) Find dim (D)
-

I 1 O l
- -

l l O l
-

-

l l O l
-

|
first 2

-2 -2 1 3
→

O O l 5 →
O O l 5 are independent

0 0 I 5 0 0 I 5 O O O O

-

-2 - 2 3 13
• -

O O 3 15
•

-

O O O O
•

2 Ri t R2 = R2 - R2 t 123 → 123

212 , + Ry = Ry - 3122 t 124 → Ry

dim (D) = 2

b) basis for D

B / basis for D) = { all independent points }

= { (1,1 , 0 , 1) ,
1010, I , 5) }

c) D= span { ( 111,0111 , 1010,115 ) }

d) is ( 10,10 ,
2
,
15 ) E D ?

→ check if its a linear combination of the independent points .

( 1011012 , 15 ) =

?
G ( 1 , 1,011 ) t Cz ( 0,0 , I , 5)

= ( G ,
G
, Cz ,

4 + 5C, )

C , = 10 , 12=2 , 10+512) =

?
15

no such 4.cz exists hence ( 10,10, 2,15) does not belong to D.



important note :

* assume D is a subspace of Rn and dim (D) -- m then

Aim (D) = m f n

→ D= IR
"

if and only it n=m

→ if K > me , every K points in D are dependent

* basis for D= { any m independents points in D }

span { basis } = D

Q . Is 912,6 ) , I -3 , 121 } a basis for 1122 ?

* if they are independent, it is a basis

i.
-

1.11: :| -141 : :)O H

42 Ri 3Ri t Ri → Rz ¥ Rz independent

* since they are independent, it is a basis of 1122 .

IR
'
= span { 1113 ) i 10111 }

} bowttfk
IR
'
= span { (Lib ) , C- 3 , 12 ) }



Week 4

eigenvalues
→ T: IRN → R

"

is a linear transformation . A number ✗ is called an eigenvalue of T

it and only if exists a nonzero number point Q in the domain ( R" in this case) .

* T ( × , , . . . ,
✗n ) = ✗ ( × , , - . .

,
✗ n )

example :

T : 1123 → 1123
,
TCX, , Xz , Xz ) = ( 5×1 , 3×2 ,

-10×3 )

find all eigenvalues of T

1- (1,0/0) = (5,0/0) = 5 ( 11010 ) : 5 is an eigenvalue

1- ( 0,1 , O) = ( 0,3 ,
O ) =3 (011,0 ) : 3 is an eigenvalue

1- ( 0,0 , 1) = ( 0 , 0 , -10) = -10 ( 010,1 ) : -10 is an eigen value

>
any point in the span { 4010 } satisfy TCQ ) = 5 CQ )

* span { 1,010 } → eigen space correspond to the eigenvalue 5 .

>
any point in the span { 011,0 } satisfy TCQ ) = 5 CQ )

* span { 011,0 } → eigen space correspond to the eigenvalue 3 .

Matrix Multiplication

(
I 2 3

(0×1)+(1×6) t (1×3) = 9:::H :/ %::::÷:÷.li:1
.

(
I 2 6

8) µ ? ?
- -

r ' ' ' ' r " " " - ↳
-

=

zz y ta

o l l
=

0 I 2 3 r2.co r2.cz r2 ' c3

,

8 1 6 }
2 O l

e - -

2 ✗ 4- 4- ✗ 3 2×3
1 I

should be = to multiply

in multiplying matrices . AB does not have to equal to BA

- - -
-- - c- q

- - =

I 0 2 4 I ' O 4

2
2 I 1 0 = 1 2 t 2 I + 0 /

£

+ I 0
o :/

-

3 1 30
→ -

I

]
=3
- -

'
- -

- -

0

3×4 4×1
←

,

- -

o
→

-

y
-

-

g

-

=
+ t =

2 2 0 4

=3
- -

2-
-

°
,

-5
-



Q . use the concept of LC to find
- - - - -

l 2 3 4 I - I 19 9

0 I

0 I 1 2
2 o =

8 5

-

O I I -2 3 2 -4 -3
-
-

- - -

3×4 4×2

- - - - - - - - - - - - - - -- -

first column =
I 2 3 4

=
I 0 6 12

=

19

I 0
+ O

'

+2
'

+3
1 0

+
0

+
2

+

6 8

O l l -2 O O 2 -6 -4
- - - - - - - - - - - - - - - - - -

- - - - - - - - - - - - - - - -

second column =
I 2 3 4

=

-1 2 0 8
=

9

-1 0
+ I

'
+ O

'

+2
1 0

+

1
+

0
+

4 5

I -4
-

0
- -

l
- -

'

. .

"
-

-0
- - - -

O
- - -

-

-3
-

* AB = 6
✓ a a

nxm mxr nxr

each column of C is a linear combination of the columns of A .

each row of B is a linear combination of the rows of B.

→ Result

* give me any matrix -

✗,

-

T : IRM → Rn given by 1- ( x, . . . . ✗ m ) = M : is a linear transformation
:

←

✗m
-

> any matrix can be a linear transformation and any linear transformation can be a matrix .

example : T : IR
-
→ IR

,
TCH ,

✗a) = [ I 4 ]
-

× ,

-

T( 113 ) = [ I 4 ] /
I
-

= 1 [ 1 ] + 3 [ 47 = [13] =D
-

✗ 2
,

3
,

Range ? [ ✗it 4×2 ] = ✗ it 4×2 = { a) × , + (41×2) = span { 1,4 } = span { 1 }

Zeros ? ✗it 4×2 = 0
,

X , = -4×2
,

✗2 = all real numbers 2 (T) = { (× , , ✗2) E 11221×1=-4×21×2 ER}
:{ (-4×2,4) / HER }

= span { -4,1 }



Q . example from the quiz

Tf ay , Az , Az ) = ( As -2A, + Az , You - 892 + Ha, ) = all , 4) + Az (-2 , - 8) + a } ( 1 , 4)

① find the standard matrix presentation of T

An Az a}
-

l -2 ,

-

M-4.gg Standard basis of the domain (Rs )

- -

standard matrix presentation { (110,0) , Lo , 1,0) , 10,011 ) }

1- ( 1. 0,0 ) = ( 1
, 4)

1- (0 , 1,0 ) = (-2 , - 8) Range = span { 1114 ) , I -4 , - 8) , ( 1,41 }
1- ( 0,0 , 1) = ( 1 , 4)

An Az Az Ar Az a}
-

l -2 I 0

- -

l -2 I 0

-

•
TIA, , Az , Az ) = M /%;]

↳ . g g o

-4h + R2 - R2
O O O O

-

-
-

augmented matrix completely reduced
-

→
Oy - 292 + Az = 0 ZLT) = { (Laz -93 , as , as ) / Az , Az ER }

A , = 2az-Az_m 211-1={921211,01+931-110,11}
free variables

[ (T) -- span { (211101,1-110,1) }

' these 2 points must be independent
there is no way that they aren't .

* dim (UT)) = # of free variables when we solve M

'

?
"

=

'

?
-

-

ten
,
-

°
-

② dim (Range (T)) = 1

-

I 4
-

-

I 4
-

→ independent
- z -g

2h + R2 → R2 o o

-1 4
,

-1M + Rz → 123 -0 0
,

* dim (24-1) + dim ( Range 4-1) = dim / domain )



Week 5

Q . T : IR
"

→ 1123

T( ✗ , , ✗ 2 , ✗ s , ✗4) = (X , -2×2 + ✗4 ,
0
, 2×1-4×2 t X } + 2×4 )

find the standard matrix presentation of T

-

✗ I ✗ 2 ✗ 3 ✗ 4

I -2 O l

-

✗
I

-

I - 2 O l

-

2
←

-5

✗
a 4M =

O O O O •
T ( ✗ 11×2 ✗ 3 , ✗ 4) =

✗ ,

T( 214101 1) =
O O O O

o

=
0

-

2 -4 I 2
-

✗ y
-

2 -4 I 2
,

-10

Rank ( any matrix ) = # of independent rows of A = # of independent columns of A

Row space of M = Row (M ) = Span { independent rows }

Column Space M = lol (M ) ; independent columns are the ones with the first ones and points chosen should be from original
matrix .

-

I -2 O l

-

l - 2 0 1

Rank (M) :
o o o o

- 2121+123 → Rs o o o o
Rank ( M ) = 2 = dim ( Row (M))

-

2 -4 I 2

-

O O l 0

row (M ) = span { ( 1 , -2 , 0,1 ) , (o , o , 1,0 ) } OR span { 11 , -210111,12 , -4,1 , 2) }

Wl (M ) = span { 1110,2 ) , 10,0 , 1) } 0011M ) = Range ( T)

dim (Range (D) = Rank (m) = dim (Wilms) = dim lrowcm))

* T is
"

onto
"

if and only if Range (T) = co - domain

T is l - l it and only if when every 1- (Q1 ) = TCQZ) then Q , = Q2
one to one

T is l - l it and only if the ZITI = { origin }

dim { span { origin } } = 0



Q . T = IR
"
→ 1125

T ( ✗ i , Xz , ✗ z ,
✗ 4) = ( Xz - Xz + ✗4 , ✗ , + ✗z - ✗4 , X, +2 Xz - Xz , ✗ , + Xz + ✗ 4 , 0 )

Find all points in the domain ( IR" )
,
1- ( each point ) = ( 1. 4,5 , 6,0)

-

Nl R2 N} ✗ 4

O l - l l

pg =
I 1 0 -1

I 2 - l 0

I 0 I 1

-

O O O O

-

N' R2 % ✗4
-

O l - l l l

-

O l - l l l

-

O l - l l l

-

O l - l l l O l - l 0 O

l l 0 -1 4 I 0 I -2 3 I 0 I -2 3 I 0 I -2 3 I 0 I 0 5

I 2 - l 0 5 →
I 0 I -2 3

→ O O O O O → O O O O O → O O O O O

1 O l l 6 1 O l l 6 O O O 3 3 O O O I I 0 O O I I

-

O O O O O
-

O O O O O
-

O O O O O
-

O O O O O
-

O O O O O

- R, + R , → R2
- R2 + Rs → 123 § R

- Ry t Ri → Rr completely reduced

-LR, + Rz → Rz
- R2 t Ry → Ry

L Ry t Rz → Rz

" " " " °

|
" " " " " " " " = " """ " " " " " " " " € " }

Ri t R}
= 5 are leading variables Ri = 5 - k }

nu = I X] is a free variable

0 = 0

* when you have a system of linear equations , the completely reduced matrix can have :

① one unique solution ② No solution ③ infinite solutions

-• if ① or ③ is correct , we say the system is consistent

→ if ② is correct
, the system is inconsistent

* if there is atleast one free variable , there are infinite solutions .

* if there is no free variable , it can either be unique or no solution

* No solution → if and only if in one of the steps it is observed that 0 = nonzero



Week 6

Q
. X , + 2 Nz - 323 = 4

- M + a nz + 5h3 = 10

2m t 4h2 - bkz = C

① for what values of a . b. c does the system have unique solution ?

-

I 2 - 3 4

- -

I 2 - 3 4

"

- 1 a 5 10 0 at 2 2 14

-

2 4 b C

-

O O bt 6 C- 8

Ry t Rz → R2 R , + 2Nz
- 3h3 = 4

-2kt t 123 → Rz (Attn) Nz t 2kg = 14

|
a -1-2

( b 1- 6) Nz = C- 8 b¥ - 6
, CER

② for what values of a . b. c will the system be inconsistent ?

a system is inconsistent if and only if o= nonzero so

b = -6 and c -1-8

if a = -2 , x } = 7 so Rz =
= 7 when b =/ - 6 SO

b. + 6

a = -2 and 1b¥ -1-7

③ for what values of a . b. c will the system have infinitely many solutions ?

a system has infinitely many solutions when there's atleast one free variable

a = - 2 and §÷ = 7 and b = -6 , ( = 8 , a 1=-2

Q . T : 1123 → yz
}

1- ( Nl , Az , Nz ) :(Hit 2h2 - 3kg ,

- hi + akz 1- 5N } , 224 t 422 t bkz )

① for what values of a , b there will be a point ( ki , kz , Ks ) in the domain of T sit . 1- ( × , , ✗ a , ✗3) = ( 4,10 , C)
CER ?

-

I 2 -3 4

'

-1 a 5 to same answer as previous question

-2 4 b C

,



① . T : IR
"

D 112
"

1- ( Nl , Nz , Ns ) = ( 4K, , -222 , 323 ,

- Nu )

✗ = 4
,
1-(1,0/010)=(4/01010) = 411,01010) EL

,
=

span { (1,0 , 0,0 ) }

✗ = -2 i 1-(0/1,010)=10 , -2,0101 = -21011,010) E -2 = Span { 10,110 , O ) }

✗ =3 , T(010 , 1,0 ) = (0101 3,0 ) = 3(010 , 1,0) Ez = span {(0,0/1,0) }

✗ = -1
, 1- (0,0 , 0,1 ) :(01010 ,

- 1) = -11010,0 , 1) E.
,

= span {1010,0, 1) }

Q . A =

"

l 2 3

'

① find all eigenvalues
0 -2 4

② find Ex
-

O 0 6
-

* tools needed to find eigenvalues

① determinant

"

I 3 -1

-

A =

2 4 ,
I (4×6 - 1×2) - 3 (2×6-1×1) - I (2×2-4×1)

-

I 2 6

.

= (24-2)-3112 - 1) - I (4-4) = 22 - 33 = -11

cross product

• the system has a unique solution if the determinant =/ 0 .

• if determinant = 0 , no solution or infinitely many

Cramer 's Rule

1 2 - I
10 2 - i

←
determinant

"

Yo 191 4 10 =/ U
R ,

=
30

- 3 10 9
d



Week 7 supper triangular
- → → - →

Q .

I 2 3 I 2 3 I 2 3

A = -2 2 5 0 6 11 0 I ÷

.

- I -2 10
.

.

0 0 13
, -

0 0 13
-

2 Ri t 122 → R2 f- R2 → R2

Ri t Rz → Ras

del- (A) = del- (B) = 6 del- (c)

* addition of rows doesn't change the determinant but multiplication of a nonzero does .

* let A be nxn triangular matrix
,
IAI = multiplication of all numbers , on the main diagonal

→ D- is triangular if it has one of the following forms :

a ,, |
""
zeros] a,,

""

zeros]
-

zeros
- - -

zeros

upper triangular lower triangular diagonal

-
-

Q .

0 4 12

A : I 0 10 find IAI

-

4 -2 6
,

f- Ri → M

- -
- - - -

-

O l 3 0 I 3 0 I 3 I 0 10

B = I 0 10
( = I 0 10 D= I 0 10 E =

0 I 3

-

4 -2 6- -4 0 12
.

-0 0 -28
-

O O -28
,

1131 = E
,
/ A / Ill = 1131 = 4- IAI 1131--14=1131 = f- LAI IE / = -1131=-14 = -1131=-14-1 At

2R, + Rs → 123 -4122 1- R } → Rs Ri → Rz Upper triangle

1A / = -4 / El = -41-281=112



① .
2 4 6 10 1-214 → Ri

-2 5 10 13

A = -4 -8 10 10

16 32 48 100

- - -

l 2 3 5 I 2 3 5

"

B = -2 5 10 13 [ = 0 9 16 23 / At = 2111=2191122) ( 20 )

-4 - 8 10 10 0 0 22 30 = 7920

-

16 32 48 100
-

-0 0 0 20
,

1131 = f- LAI KI = 1131 = d- IAI

2M t R2 → R2

4th t Rg → R}

-1614 t 124 → Rly

Big Result ( A , B are nxn matrices ) minor result :

① IAB / = 11711131 In = identity matrix

② Id Al = ✗
"

/ At
-

I 0 O O
-

③ 117+1 =/ At * AT means switching the rows and columns I4= 0 I 0 0

0 0 I 0

④ AB doesnt have to equal to BA but 117131=113171 0 0 0 I

⑤ / A IB / need not equal to 1171 ± 1131 Whenever multiplication is legal ( Bin -- B)

A Is = It Is A = A

✓ d b d d d
3×5 5×5 3×5 3×3 3×5 3×5

SB lets take Alnxnl , imagine ✗ is an eigenvalue → there exists a nonzero point la . . . . .
an )ER^

- -
-

ou
-

A / F. 1--4 ?
-

µ. /
- ✗ Inf? / =/ If ⇒ [✗ In - AY ! / =/%)

µ.
/ ⇒ Afa:?) : ✗ In / j

.
/ ⇒ Af?

-

.

-

an
,

an
,

-8
→ the solution of a homogeneous is a subspace so there should be origin solution . / ✗ In - A 1=0



- -

Q . A =

' 1
find an eigenvalues of A

0 4
-

2×2
-

set / ✗ Ia - A / :O solve for ✗

-

✗ o

-
-

, 2-
'

✗ - I -2
-

o 4) / =
°

.

o a. y

= 0 (2-111×-4)=0

-

0 ✗

-

-
- - ✗ =L 2=4

- -

① .

2 1 3 find an eigenvalues of A

A- = -2 4 5 for each eigenvalue . ✗ find Ex

-

2 -4 -5

-

3×3

- - - - -

/ ✗ Iz - A / = 0 ✗ I, - A =
a ° °

-

2 I 3
=

a- 2
- I -3

-

0 ✗ 0 -2 4 5 2 d- 4 -5

-

0 0 ✗

,
-2 -4 -5

- -

-2 4 ✗+5
,

- -
1221-123 → 123

✗-2 -1 -3 ✗-2 -1 -3

2 a- 4 -5 2 ✗-4 -5 =O
, solve for ✗ ( use the column or row with most zeros)9

-0 ✗ ✗
,

o ✗ ✗

determinant = 015+31×-41 ) - ✗ (-51×-2)+6 ) t ✗ (1×-211×-41+2)=0
= 0 - ✗ (-5×+101-6) + ✗ ( ✗2-4×-2×+8 + 2) = 0

= 5×2-16 ✗ + ✗ 3-6×2+10 ✗ = 0

= ✗ 3- ✗
'
- 6 ✗ = ✗ ( ✗ Z - d - 6) = ✗ ( ✗ - 3) ( ✗ + 2) = o ✗ = 0

,
✗ =3 ,

✗ = -2

how to get the eigen space :

① take ✗ as 0 in the last matrix

and make it homogeneous

- - -

-2 -1 -3 0
- -

l t ÷ 0

- -

l t ÷ 0 , ± ÷ o

-

2 -4 -5 0 2 -4 -5 0 0 -5 -8 0 0 I ÷ 0

-0

-

O O O O
, -

O O O O

,
-

O O O O

, -

O O O O

,

- JR ,
→ Rr -254+122 → R2 -¥122 → R2 - £ Rat Rs → Re



-

, o

-

o ÷
as + ¥ as =0

0 I ÷ 0

az + Iga , = O

-

O O O O

,

o = O

Fo = { ( - Foa} ,

- ¥93
, 93 ) / as ER } E-

✗ is the set of all points in R
"

, say Q -
- la, , . . - ian) ,

:{ a > (
- Foi

-§ , 1) / as ER } wnere Af ?anJ=✗|!an )
= span { C- ¥ ,

- 3- , 1) }

to find E3 %

① take ✗ as 3 in the last matrix

and make it homogeneous

- -

-

✗-2 -1 -3
→

I - I -3 0

"
"

l - l -3 0

" "

I 0 -2 O

'

q - zag = 0

2 a- 4 -5 2 - I -5 O O l l 0 O l l 0
Az + Az = 0

-0 ✗ ✗
,

-0 3 3 0

,
-0 3 3 0

- -

O O O O
-

0=0

-2141-122 → R2 R2 + Ri → 54

- 3R2 +123 → R3

Ez = { ( - da} , -93 , as )la3GR }
= { Asl-2 , -1,11 / a } ER }
= Span { (-21-1,1) }

Homework :

find E- 2



week 8

* definition :( for nxn matrices )
A , nxn , we say A is non singular ( invertible ) if there exists a matrix

,
denoted by A

"

,
sit . AA

"

= In

→ A
, nxn , is invertible Iff / A / =/ 0

Find A
"

-

[ A / In ] now operations / In / A- OR
not In / A-

-

y d

invertible non- invertible

non singular singular

Q . A :
2 "

find A
"

1 2

24 I 0 I 2 0 I 1 2 0 1 A is non - invertible ( singular)
I 2 0 I 2 4 I 0 0 0 I -2

14 → Rz -214+122 → R2 0T
No way to
get In

① .

I 2 -2

A =

- l - l 2 find A
"

2 4 5

I 2 -2 I 0 0 I 2 -2 I 0 0 I 0 -2 - I -2 0 I 0 0 -5 -2 2

- I - I 2 0 I 0 0 I 0 1 I 0 0 I 0 I 1 0 0 I 0 I 1 0

2 4 -3 0 0 I 0 0 I -2 0 I 0 0 I -2 0 I 0 0 I -2 0 I

14+122 → R2 -2122+14 → R , 2123 + Re → Ri
d

A-
'

-2Mt 123 → 123

A
"

= 1-
IAI



To find A from a given A
-1
:

-

_

"
" 1.1¥

.
/ =/¥11 →

""¥:/ = " / I:/ → Ii:/ = .-1 :|
-

① .

2 3

A-
'
= [

"

2 10 14 find A knowing / =[- 2 6 10
,

✗ s

I :-/ = .li/+il:it-iH
.

-

✗ 3 10

Definition :

Knows A , B are invertible nxn . then ( AB )
"

= B-
'

A
"

* / At / = / At

know : C
, nxm ,

and D , mxn , ( ( D)
+

= DTCT

special case for 2×2 :

a :/ a b) A-
'
= ¥, -1.9 ?]

-

c d

know : Anxm Bnxm ,
( A ± B)

T
= AT ± B T

- T - -

T

- l - ,
+

I 2

Q .¢A ' 2

, , ) =L!, ) find A

^
" "

+
" "

=

" "

/
""°
"

= ¥ ]& ?]- I
- I 4 5 I 1

A
1 2

=
I - I

-

I 2
=

0 -3

- I - I 1 I 4 5 -3 -4

my
B
"

= :-| " -2

. , ,

=
0 -3 /

✗ B
"

.

, , ] µ " ʰ

-3 -4



week 9

Recall : know : A
, nxn , assume A has atleast

/ At ≠ 0 ⇒ A
"

exists 2 identical rows on columns then IAI = 0

/ A
_ ' / = 1- →

assume ith row and K
"
row are identical

/ At
A = ; / . / - Ri +12k → Rk B -_ 1131 = 1A / = 0

know : ( AT)
_ '

= ( A- 1)
T -

_

→ if ith column and Kth column of 17 are identical , then ith

* [A / constants ] has unique solution and Ktn row of AT are identical . Since IAI = 1A'T and

ln-tl-0.it/-lAl--0iff
A
"

exists IAI = 0
.

* 1171=0 , either consistent with infinitely many. Solution OR inconsistent with no solution .

example :

Qi = 1112,3 , 41 we want a

°" " °" °" - - →

Q, = C- 1,4 ,
6 , 8) unique solution I HittQg : ( 2 , I , I , 6) 4=4--4 = U, = 0

014 = ( 0,0 , I , 2)

A

* A has unique solution (0,010,0) iff has ≠ 0

Result : assume Qi . . . Qn are points in Rs , then Qi , Qi , . . . . ,
Qn are

independent iff / [ ¥;] / ≠ 0 .

A. 4×4 , * / At -_ multiplication of eigenvalues with repetition

Cn. / ✗ I = / ✗ In - A /

Ca ( x ) = ( x - 3)
<

( ✗ + 5)
≥

/ A / = (3)(3) ( - 5) ( - 5)

eigenvalues : ✗ =3 ✗ = -5

- Both repeated twice

* if its given that 0 is not an eigenvalue , IAI 1=0 , meaning A is invertible



✗ is an eigenvalue of A , nxn . IAI -1-0

→ there exists a nonzero point car , . . . . , an ) such that :

at:] -1:/ → m-YI.fm:1:-/ → in f- nail:/ → :|:-/ = .-1:|
* 2- is an eigenvalue of A-

'

Q . A , 3×3 ,

G- ( ✗ I = ( ✗ - 2)
2

( a - 4)

① Find IAI ② Find eigenvalues ③ Find 1A
- ' I ④ Given Ez = span { 1110,21 }

.
Er, = Span { 10,2131 }

Of A
" Find Ey, and E Yy

① IAI = (2)(2)141 = 16 ② f- and f-

③ 1A
- ' I = ¥ = ÷ ④ Ey

,

-

- Ea and Eia : E4

* a-
' I :/ = :| :| -1¥

.

-1 * • 1:14:11 :/

Trace (A) = sum of the numbers on the main diagonal

= sum of the eigenvalues with repetition

know :

Ñ* ✗
- '

= ÷ assuming ✗ =/ 0

~
* ✗

"
is an eigenvalue of A

"

~

* ( ✗ is an eigenvalue of CA C-- constant



2 t 3 + I = 6 ← 6×6 matrix deg ( CA ( ✗1) = N

CA ( X ) = ( ✗ + 1)
±
( ✗ - 3)

?
(✗ + 4)

'
-

① What are the eigen values ? AQT = ✗ Qt * multiply A on both sides

✗ =
- I ✗ =3 ✗ = -4 AZQT = ✗A

② Trace (A) = - l t - l t 3 + 3 t 3 +4 = 3 A
'

Qt = ✗ ( ✗QT)

③ 1A I = C- 1) l - 1) (3)(3) (3)(4) = -108 A
'

Qt = ✗
' QT

④ eigenvalues of A-
' : if ✗ is an eigenvalue of A

, then ✗
"
is an

✗ = - I ✗ = t ✗ =
- 4- eigen value of A

"
.

⑤ eigenvalues of A
'

✗ = I ✗ = 9 a = 16

① . A , 3×3 ,

G- (d) =/ ✗ I } - A I = (2-4)<(2+4)

B. = 2A
'
t 5A

"
- 4 I } Find 1131 and trace (B)

eigenvalues = a--4 ✗ = -4

for ✗ = 4 for ✗ = -4

BQT = 2A
'

Qt + 5A
- '

QT -4 I} QT 13=21-412+5 ( ¥ ) - 4

= 2×2QT + 5( 5) QT - 401T = 32 - ¥ - 4

= 214)
- QT + 5 (E) QT - 4 QT = 26 . 75

= 32 QT + f- QT - 401T ↳ eigenvalue of B

=(32 + ¥ - 4) QT

= 29.25 QT ( repeated twice ) / Bl = (29.25/(29.251126-75)

↳ eigenvalue of B trace (B) = 29.25 t 29.25 + 26.75

Definition : Ainxn ,

we say AB diagnolizable if there exists an invertible matrix Q , and a diagonal
matrix D so that ①

"

AQ =D →
,

172 = QD
- Q

- '
= ☐

2

solve for A
A = QDQ

- '

QQ
"

-

- In = 1



Week to

* adjoint method : entry ( i. K )
"

°" °
" " " "

" " ^

"

° " " "" " "
< ""

6 A after deleting

A =/ | i
Lik = (y )

it K ktnrow { ith column

-

a'm an , . . . ann
,

adjoint of A =C=n
, µ, . . . . am

,

IAI

a } ,y
= third row , fourth column ( i , K ) - entry of l = Cik

know : A. adjoint (A) = IAI In

assume IAI ≠ 0 =D A-
'
exists

A. adjoint (A) = In

¥-

① .

-

2 3 4-

A = / -2 6 I / * find the ( 2,31 entry of A
"

-2 -3 5
- -

↳ third row . second column

66 t 24 + 72

A
ik

= ( , , ,
2+3

2 4

-2 I /A / = 2/30+3 ) - 31-10+2 ) +4 (6+12) = 162

/ { 36 ↑
-2 -3 5 ↳

you can use the triangle method as well

= C- 1) ( lo ) = -÷162

* Assume Cala) = (✗ - a)
^'
( a- az )

"

( a - a ,< Ink

→ o < dim ( Eai ) ≤ ni

Result : A , nxn , is diagnolizable if and only if for every eigenvalue (ai ) , dim ( Eai ) = hi



Q . A ,
3×3

,
CAIN = ( d- 2) 2 ( ✗ + 4) , Ez = span { 11,3 , 2) } ,

E- 4 = span { 10 , 1,5 ) }
is A diagnolizable ?

dim ( Ea ) = 1 dim (E- 4) = 1

no because the dimension of -52=12 f- the power

① . A
, 5×5 , ↳ (✗1=(2-3)

-
(✗ + 5)

<

( ✗ -61 , Ez -- span { 1111,1 , 1,1111-111,1 , 1,1 )} → independent

E- s = Span { (-11-1,111,1) , l - l , -1 , -111,1 ) } → independent

dim (E} ) = 2 = nz EG = span { 10,010,0in ) }

dim (E-g) = 2 = n - s
↳ you can select 0,0101013 ( multiply by 3) because dim =/

Aim (EG ) = I = no •
: A is diagonalizeable

→ Find a diagonal matrix D and an invertible matrix Q such that Q
- '

AQ =D

-3 O O O O
- -

l - l - l - l O
-

D = { ° 3 ° ° °
°""P°^d " l - l - l °

O O - s o o | < > Q =
I 1 i - i 0 |O O O - 5 o l l l l 0

-0 O O O 6- -

cant repeat points

-

Q . 2 O O

-

A =/ 0 2 0
* if D- is diagonilizable , find a diagonal matrix D and invertible matrix Q St . Q

- '

AQ =D

- 1 I 3 /
-

✗ -2 0 0

G- (d) =/ ✗ Is - At =/ o ✗ - z o | = ( a- 2)
2 (2-3) = 0 ✗ = 2 ( twice ) ✗ =3

I - I ✗-3

-

Ea =/
° ° °

O O O

g

, , , , ,
§ ] ill = K2 + k3 Solution set = {(Rath} , Ka ,

N } ) / Ns , Nz ER}

-

- span { ( 111101,1110111 }

dim (Ea ) = 2

Es =/ f ? I o

" ° ° °

] - ? ? ? ] solution set __ { 10,0 , ksll MER }
°

/ =/ O l 0 0 - 0 I 0 O

l - l o
O

o - I 0 °
= Span { ( 0,0111 }

-14 + Rz → Rz Rz + Rz → 123 R ,
= 0 dim (Es ) = 1

Rz
= 0

diagonalizable ✓

D= !
° °

] ① =/
' ° '

-

3 0 I 0

-0 0 2
-

O l I



* let T : Rn → IRM be a linear transformation

T is invertible iff n = M and T is an isomorphism

↳ l - l and onto

→ for it to be 1- 1
, dim (domain ) = diml Range ) t dim (UT) )

where dim (24-1)=0 ,
dim (domain / = dim (Range)

n = m



Week 11

f
, ( x ) = r

-

f , ( f, ( ✗ 1) = f, of, = f, ( ✗ + 3) = (at 3)
2

f- < ( ✗ I = At 3 f- of
- '

= identity = 1 → function is invertible

Q . T : R2 → R2

T / ai , ai ) = ( an + Zaz ,
- ai t a)

1) is T invertible ?

* find the standard matrix presentation * T is invertible iff M
"
exists

M =/ I 2
1Mt = (1) (1) - (211-1)=5 IM - ' I = g- → M

"
exists so T is invertible

- . . ]
2) it yes , find T

- '

⇒1-
"

(ai , ait = M
- ' [%) M

"

= f- [ I ? ] =

1-b- 3J

" 'man -1¥
'

:/ =/
Ia - ÷a.

-

/ ( / = ( jar - 3- az , f- as + jar )

f- an Jaa

Fact : lets say T : Rn → Rm ( n # m so isnt invertible)

I : R
"
→ Rn

M ,
→ standard Matrix for T, ( m ✗ n )

Mz → standard Matrix for Tz ( n ✗ K )

Find standard matrix presentation of T, 01-2

→ M = Mi Mz ( m ✗ K )
d ↳

nxk
Mxn



Q , T,
: 1122 → IR

≥

Tz : 1122 → 1122 Find Toto : 1122 → R2

T, ( Ai , Az ) = ( out a} , -04 ) T2 ( Ari A2 ) = ( 3cm - a, , Ch + Az ) T
, 0T, : ☒

2
→ R2

lt.otzllm.a.1-M.m.la?J =L; ; /[ ! %) = !/[a:/

example :

A = /
I 2-

, , ) 11×1 = 3h2 - but 7 A-
"

= (A- ' )
"

A
"
= undefined

find 1- (A)
2×2 2×2

f-(A) = 3A
≥
- 6A + 7 I ,→

2×2

=

a. a -1 : :]
CA (a) = / ✗ Iz - Al =

✗ - 2

◦ a. ,

= ✗ ( ✗ - ' I G- (A) = A ( A - Iz )

=L: :D: :] :|: :]

Caley 's Theorem :

A
, n x m , CA (A) =/

° " " °

) (A (a) = ✗
"
t an-, ✗

" "

+ . . . + as a + ao

☐ .
- - O

nxn

Q .

T o 2

-

A :

O 2 3

-0 0 4 /
-

(a (a) = / ✗ Is - At CA (A) = (A - I } )( A - 2Is)(A - ↳ Is ) = § §]0 0

2- I 0 -2

=

0 ✗ - 2 -3

0 0 2-4

= (x - 1) ( a-2) ( x - 4)



D (2×5)-(4×2) = 8
Q .

2 4

A =/
' 2 "

J-1 2 5 = ( - 1)
'+3

2 5
= ÷ -

- ÷
- l - L 6

I 2 4

- I 2 5

- I -2 6

find 11,3 ) - entry of A
-1

°
I [(2×6)-(5×-2)] - 21-1-1×6) - (5×-1)] +4 [(-2×-1)-(2×-1)] = 40



week 12

122×2 = span { [ 'o :]
.
Fo

'

o ]
,

[ ? :]
,
[ °o°, ] } → dimer

"

't = 4

1,22×3 = { (
M " " as

dim (1123×5) = 15
ay as 96 ] | All A2 / Us ,

Are
, As ,

Ab E R }
dim ( IR

"'m ) = nm

all :] + a[% ] + ↳ I ? :] + cuts ? ] :[88 ]

Q . D= { (
• + b "

J | a. b ER )0 a

convince me that D is not a subspace of 1122
"

① for it to be a subspace , there should be an origin matrix

→ - I =/ 0 so it is not a subspace ,
[88 ] ¢ D

=/ ali :/ + • Ii :] +1: -4T it is fixed so cannot be written as a span of finite numbers

of matrices .

Pn = set of all polynomials of degree < n

Pz = { Azn ' taek t ao I aoiou.az ER}

5 C- Pz ? yes 2kt V5 EPs ? yes 6N
'
- Tie + VT EPs ? yes 2k③+ I E Pz ? No

Pz is a subspace because it is a span of finite number of polynomials

= span { 1 , ✗ , ✗
2 }

→ the origin of polynomials is just 0 .

Co (1) t C, ( X ) + Cz ( NZ ) = 0 Co = 0 4--0 (2=0 → linearly independent

Q . Convince me that D= { ao + azx + Azad / ao , a , ER } is a subspace

= { holt ) + Az ( ✗ + ✗ 2) } = span { Ii ✗ + ✗
2 }

Same as subspaces

Result :

iRn×m÷-IRM → they share the same properties
isomorphic

- if one is independent , so is the other .

1,22×2 y IR
"

(; I, ] → ( 1,213,4 )



Q . D= span / Ii :] .fi :] .fi :-||
Find dim (D) and write D as a span of basis

R
"

① Do the calculation in the w space of 1122×2

(f ? ] → ( 112,011 ) [? ? ] → (-11-1,111) [ ! } ] → ( 1,3 , 1,37

1: :/ -1
" "

O l I 2 O l l 2) Dim (D) =L" " ' '

o . . .
/ - I ; ; ;

Rit 122 → R2 - R2 + Rz → Rs

-Ry t R } → 123

basis = / If I / , /?
"

, ) ) D= span { basis }

Q. find a basis for IR
" '

, say B , such that

f
' '

i
' 1) ' [

" "

] c- B .

I 1

→ consider the wspace IR
"

1122×1 1124

1 : :| - "" " " I :?) - "" " "
l l l l

l
"

't { ° 0 2 2) |
' ' ' l

- l - l l I 0 I 0 O

O O 2 2

o o o i
]

RitRz→ Rz add 2 points to

• =/ III. 18:11 : -11: :] }make the matrix ind .



Fact : PIIII-sa.es
Ph e- IR

"

ask
>
+ ain't air + ao - (Az , Az , Ar , do )

223 - 10k + 15 - (2,0 , -10 , 15 )

13h2 -10N + Rs +2 - (1,13 , -10 , 2)

Q . D= { (aztai ) a > + azn ' - our + as I ai , az C- IR } lives in Pu

① convince me that D is a subspace of Pu and write its basis

D= { Az ( R } + nd ) + ou ( ks - n t 1) }

= span { as + n
'

, ✗3- a + I }

→ to check for independence , use the wspace

✗
3

+ R2 → ( 1,1 , 010 )

" - att → ( no ,
- , , , ,

[ ' ' ° ° ) (
1 1 00

10
- I 1 0 - l - l l ]

- R, + R<→ Rz ↳ independent

B. = { Rst n ' ,
us - a + I }

Q . T : 1122×2 → Pz

T [ Ai aia, ay ] = (9+94) k
'

tain t ay

① convince me that T is a L - T .

② find all matrices in 1122×2 such that T /%, = R2 - N +3

③ find 2- (t) such that T [ %, %, ] = or
'
+ 0kt 0=0

→ find the co - linear transformation

IR
"
→ ☒

3

LCM , Az lag , Au ) = ( Ait Au 1 At 1 Ay )

(
each coordinate is a linear combination



week 13

Q . T : P,
→ IR

}

Tlazn ' tain + ao ) = ( Az + out ao , Ai , Ao )

① is T LT ? yes because linear combination

② Find the co - matrix presentation of T ③ is T invertible ?

IRS → 1123 T is invertible it M is invertible it L is invertible

L / Az , Ar , ao ) = (Altai Tao , Ai e ao ) Find M
- '

U2 04 do
I 0 0

0 I 0 O l 0 0 I 0 0 I 0 ]' ' Ii : :O . .tl: : : : : :II. ol
0 0 I -12<1-121 → Ri - Rst Ri → Ri

o o , o

"

? §] ← 1 is invertible1: : : 0 I

④ Find T
"

i. = .-1%1=1 : : :/ I :/0 I 0

= ( az - ar - ao , ai , ao )

T
- '

Caz , ai , ao ) = (al - ai - ao / Rh t Ain t ao

T
- '

( 1 , 1,0 ) = ON
-
t R = ✗

Recall :

A linear transformation , T , is l - l iff 21T ) = { 0 - elements } so dim (UT)) = 0

Result :

Assume D is a subspace and Dim (D) L W
, then the following must hold :

* for every A , b E D
, a + b E D . Caused under addition )

* for every C C- IR and a ED , CA E D. ( closed under scalar multiplication )



a

Q ' convince me that ☐ = { [
◦ + b

a a+ , ] / aib E R } is not a subspace

[ : :] ¢ ☐
because it a=b=o ,

[8 ? ]

Q . convince me that D= { A C- 1123×3 11A 1=0 } is not a subspace of 1123×3

↳ all 3×3 matrices where IAI --0 , infinitely many .

[! ! !] ED . so we can't use this to convince
0 0 0

it a , b C- D ,
at b ED

lets take a :( to
°

, 8) b=(§§] ,
atb c- ☐ ? a+b=[§] atb -4 D

O O O

det = 0 at D det --0 BED det = I

Q . D= { f- (r ) C- Pz / Hot = 0 011-(11--0)
, show that D is not a subspace

fi ( K) = N E D → f- ( o) = 0

fz ( n ) = I - N G D → fly = 0

fz = ti + f-2 = I ¢ ☐ → f-( o ) -1-0 1- ( it ≠ 0

Q . Show D= { A EIR
"" / At =

- A } is a subspace

① at = - a .
bt = - b → AT = - A

(at b)
T

= at + bt = - a - b = - ( at b)

② let a E D and C E IR , show Ca C- D

( ca )
"

= cat = - Ca E D

or : ☐ =/ 1: "a. 111: :/ =L" "1- a }
-

" = -9=0

Az = -013

A}
= - Az

94 = - dy = 0

☐ =/ %. %) a. c- "if → / art! ! / a. c- R } → ☐ = span / [°, ;] }

Q . D= { f- (r ) C- Pz / Hot = O and H ')=0 }
, Show that D is a subspace and find dim (D)

D= { 92h2 + air t ao f f- lot = ao = 0 and f- (1) = a , + a , +0=0 }
a , =

- Az

D= { azn
'
- azr I are C- IR } = { alk ' - kl lar EIR }

= span { R2 - n } Dim (D) = 1



Q .
[i. 'o ] I } ! ] "[: ;] " [; ;]

↓ ↓ ↓
A

E } E , E ,
B

Find 3 elementary matrices E
, ,
Er

, Es s -t . EEE}A=B

apply the row operations on identity matrix

1: :X: :X: : ]n. :B

I 1 I 0 ] ( I 1 I 0
an:-| : : : :/ ⇒ 1 : : : :0 I 2 0 : : : :|↓ ↓

E E B

Find elementary matrices EEA =B

↳ 3×4

so I }

-

1 : : :/ 1: : :/ • = .

O O - 2 O O I

Dot Product over IR
"

( Ai , Az , . . _ , an ) • ( bi
,
bz

,
- - .

. bn) = Aib , + Az b. 2 +
. . _ .

t Anbn

Def . let Q , ,
Qz

, . . .
Qn C- Rn

→ we say Qi . _ . Qm are orthogonal iff ① i • QK = 0

i ≠ K

Q. Convince me { (1121,10141 } is a basis for 1122

[ I 2

0 4 ] → independent i 1122 = span { (1,2 ) , ( 0,4 ) }



Week 14

① - D= span { ( 112,1 ) ,
C- lil , 1) } ,

dim (D) = 2
,
Find an orthogonal basis of D

Qi Qi

gram - Shmidtt algorithm 0 = { Wi , Wa } where Wi = Qi = ( 1,211 )

Wz = ① 2 - ① 2
' ① ↑

.① ,

IQ /
2

to check → W ,
• W , = 0

= C- 111 , 1) -÷ ( 1
,
2
, 1)

= C-1,1 , 1) - ( § , } i ¥ )
= C-÷ , § ' })

Gram. shmidtt algorithm

☐ = { Wi , . . . . . Wk } where wm = Qm
_ mw,%- Wi - mwY,÷W2 - . - - - - - -

Wz = ① 3 - 013¥ W ,

1Wh .
- °ˢwY¥Wi

Result : if Qi , Qi , . . -

,
QK are non - Zero points in IR

"

and orthogonal then Qi
, . . . ,Qk are independent

* independent does not imply orthogonal .



Week 15

D= Span { 1 , a- + I } ≤ P
,

b

↳ inner product on polynomials → < fi , fz > = / fifa da

a
1

* finding orthogonal basis 0 = < w , , wz > , < w , , we > = 0 where / Wiwa = 0

* if f is a polynomial , Ifl = Ftd , where a and b are given

Q . D= Span { I / ✗ ' + I } ≤ Pi
,
find the orthogonal basis

W , = fr = I
1 I

Wz = f, .
{ fifi dx

/w, /
<

= (✗ ' + 1) _ { ' ( ✗ ' + 1) d×

[ tax
= ✗

'
+ ' - = sea _ ÷

0 = { 1 , 22 - § } → D= span { 1
, ✗

'
- t }

I

Q . D= span { ✗ i ✗
2

, ×
" } "

lives
"

in Ps , inner product on D is defined < f, , fz ) = / fi -1-2 DX
0

find the orthogonal basis ,
0

0 = { Wi , Wn ,
W
} } → the inner product will be zero for any two

W ,
= h = ×

\
,

Wz = f, -
{ Wi f,

gw, ,
,

W , = 22 _

{ ✗ " d ×
in = X2

-

É
• ✗ = ✗

2
_ 3.4-a

§ n ' DX I
3

I
1

jw
, fz

w,
= f } _

! " t }
w , = ✗

4

,

fr
"

dx

twin
w ' -

°

§ , , d,
• "

2
_ In = n

"
- g r

'
- { a = a

"
- g- x2 _ { a

/ w , /
2

0 = { × , ✗ 2- ¥ a , a
"
_ ¥n2 - tr }

addition
set M q /

scalar multiplication

( V , +
,

◦ ) is called a vector space if

I there exists × , y C- V
,

a + y EV

2) there exists C E IR and ✗ E V
,

CX EV

3) zero element in V
, call it 0

,
0 + ✗ = ✗ +0 = ✗

,
there exists ✗ E V

4) there exists ✗ c- V
, then - ✗ C- V.

5) for every 4 , Cz C- IR and ✗ C- V
, ( a + CL) ✗ = Ci ✗ + Czx

6) for every 4 , Cz C- IR and ✗ C- V
, Ccicz) ✗ = 4 ( Csx )

7) for every C E IR ,
× , y C- V

,
CC ✗ + y ) = Cx + Cy



( 3.10 )
Q .

• * find the area

Vi Vi and V2 Should have the same initial point

9
V1 = ( DX , by ) = (3-1,10-2) = ( 2 , 8)

• j V2 = (Dri Dy ) = (7-1,1-2) = ( 6 ,
- 1)

( 1,2 ) • 17,1 ) absolute value
I

2 8

Area = 6 -1 =

'2-48
= 25

2
2


