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AUS|

gl sl i, 5 Miesl 3
American University of Sharjah

COURSE SYLLABUS

Warning: During this difficult time, “trust” relationship between students and instructor will definitely facilitate our work,
to ensure that this “trust” is not violated, suspicious Respondus reports ( after exams) will be sent to the Associate Dean

A Course Title
& Number

B Pre/Co-
requisite(s)

C Number of
credits

D Faculty Name

E Term/ Year
G Instructor
Information

H Course
Description from
Catalog

I Course Learning
Outcomes

J Textbook and
other

Instructional
Material and
Resources

MTH 320: Abstract Algebra

Prerequisite: MTH 221
3

Ayman Badawi
Fall 2020

Email

abadawi@aus.edu

Instructor Office Telephone

Ayman Badawi Nab 262 / Home

Office Hours: UTR 15:00-16:00. Others by appointment, just email me .

Covers semi-groups, monoids, groups, permutation groups, cyclic groups, Lagrange’s
Theorem, subgroups, normal subgroups, quotient groups, (external) direct product of
groups, homomorphism and isomorphism theorems, Cayley’s Theorem, and
introduction to rings and fields (if times allowed).

Upon completion of the course, students will be able to:
1. Demonstrate knowledge and understanding of groups, subgroups, order of an
element in finite groups Lagrange Theorem » and to construct proofs to groups. Exam I, final
2. Demonstrate knowledge and understanding of the concept of cosets of a subgroup of a group,
normal subgroups, quotient groups, symmetric groups, cyclic groups and their properties.
Exam I, Exam II, Final
Demonstrate knowledge and understanding of direct product of groups. Exam II, Final
4. Demonstrate knowledge and understanding of the concept of group homomorphism and
isomorphism. Exam II, Final
5. Demonstrate knowledge and understanding of the method on classification of finite abelian
groups. Final

(98]

Class Notes (Very Crucial and it should be the main source for this course).
Materials on I-Learn. Personal Webpage (for old HW’s, Exam, Finals):
http://www.ayman-badawi.com/MTH %20320. htm

(Optional not required) Contemporary Abstract Algebra, Seventh Edition by Joseph
A. Gallian
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American University of Sharjah

K Teaching and = All thoughts are popped out of the harmonic parts of my brain. To me I just enjoy
Learning | listening to the musical abstract algebra tones. Students are expected to learn a new
Methodologies = line of thinking.

i Grading Scale
L Grading Scale, Grading Scale

Grading 85— 100 4.0 A
Distribution, and 82 -84 3.7 A-
Due Dates 77 - 81 33 B+
72-76 3.0 B

68 —71 2.7 B-
64 —67 2.3 C+

58-63 2.0 C

50-57 1.7 C-

40— 49 1.0 D

Less than
40 0 F

Note: Tests and other graded assignments due dates are set. No addendum, make-up
exams, or extra assignments to improve grades will be given.

Grading Distribution
Assessment Weig Due Date
ht
Homework 15% TBA
Two exams 50% TBA
Final 35% TBA
Total 100%

M Explanation of

Assessments | | he methods Iused for assessments are very much standard methods that are used by

most universities world-wide.

N Student  Aj] students are expected to abide by the Student Academic Integrity Code as

Academic  ,ticylated in the AUS undergraduate catalog.
Integrity Code

Statement
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American University of Sharjah

SCHEDULE

01: Introduction to groups, semi-groups and

monoids e Introduction to the Course
03: Finite groups, subgroups e LaGrange theorem and its
application
06: Order of an element in a group e Definition and its connection

with LaGrange theorem

09: Cyclic groups e More properties of cyclic
groups

e Write an element as disjoint
13: Permutation group cycles and determine the
order of an element, and

discuss even permutations

16: Group homomorphism and isomorphism Definition and examples

18: External and internal direct product of groups e  Definition, examples, and
properties

e Just explain the method
without proofs

Final Exam COMPREHENSIVE

e (lassification of finite abelian groups
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Academic Integrity Measures in Online Exams

List the measures taken to ensure the academic integrity of the exam.

Homework’s 1-6, each HW was posted on I-Learn. Students were given one
week to ten days to solve the questions. All questions are essay.

Students used lockdown browser for exams one, two and final exam. All
guestions are essay. Students submitted their solution in a folder that | created
on I-learn. The outcome (scores) was not significantly different from a normal
in-class exams (see the scores of the students in the excel-sheet)

I am completely satisfied with the outcome of MTH320.
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HW THREE: Abstract Algebra, MTH 320,Fall 2017

Ayman Badawi

QUEST[ON 1. (i) (Very useful result) Let (D, ¥) be a group with n < oo elements and leta € D. Prove that a™ = ¢
for every a € D [Max 3 lines proof]

(i) (Izljcc pn;(:bl(:gn) Le]t (D. ) be a group such that |D| = q,¢, where gy, g, are primes. Assume a,b € D such that
a* =ab, b = 2, and a + b = b* a. Find | D|. I claim that D = {c, &, ...,c"® = e} for some ¢ € D. Prove my
claim.[ Max 6 lines]

QUESTION 2. (i) ( How to check for subgroups) Let (D, #) be an abelian group. Fix a positive integer m and let
F ={a € D | a™ = e}. Prove that (F, *) is a subgroup of D. (Two lines proof. Note that F need not be a finite
set. An example of an infinite F will be given during the course)

(ii) (How to check for subgroups) Fix a positive integer n. We know that the equation z" — 1 = 0 has exactly n distinct
solutions over the complex C'. Now let F = {a € C* | @™ — 1 = 0}. Prove that (F, .) is a subgroup of (C*,.) (Two
lines proof. (Note that (C*,.) is an abelian group)

QUESTION 3. (Radicals). Let (D, *) be a group such that |[D| = n < co. Let m be a positive integer such that
ged(n,m) = 1. Leta € D. Prove that there exists an element b € D such that b™ = a (ie., Ya € D, where
%/a = b € D means b™ = a)(three lines proof. You may need the fact from number theory or discrete math that says if
ged(m.n) = k, then there are two integers w, z in Z such that k = wm + zn)

QUESTION 4. Given f|, f», and f3 are bijection functions on a set with 6 elements, where fi = (35), 2 = (3142),
and f; = (6453)

a)Find fi 0 f3

b) Find f> o fi

c) Find f3 0 f2

QUESTION 5. (i) Given H = {0.4, 8} is a subgroup of (Z12, +). Find all distinct left cosets of H in D.
(i) Let (D, +) be a group and assume that for some a,be D,wehaveaxb=bxa,|a] =9and [b| =8

. Find |a®|

. Find |b°|

. Find |a® % b°|

. Give me an element ¢ € D such that |¢[ = 36 (note that, as I explained in the class, if a group has an element
of order k, then the group must have a subgroup of order k, namely H = {a,a?, ...,a* = e}, where |a| = k.
So if my claim is right, then D must have a subgroup with 36 elements)

a o o

Faculty information
Ayman Badawi, Department of Mathematics & Statistics, American University of Sharjah, P.O. Box 26666, Sharjah, United Arab Emirates.
E-mail: abadawiQaus.edu, www. ayman-badawi .com
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QUESTION 1. (i) (Very useful result) Let (D, *) be a group with n < oo elements and let @ € D. Prove thata™ =€
for every a € D [Max 3 lines proof]

(if) (Nice problem) Let (D, x) be a group such that | D| = q;42 where g1, g are primes. Assume that for some a,b € D,
where @ # e and b # e, we have @® = a5, 5" = b2, and a * b = b*a. Find |D|. I claim that D = {c, &, ...,c"% =
e} for some ¢ € D. Prove my claim.[ Max 6 lines]

QUESTION 2. (i) ( How to check for subgroups) Let (D, *) be an abelian group. Fix a positive integer m and !et
F = {a € D|a™ = ¢}. Prove that (F, *) is a subgroup of D. (Two lines proof. Note that F need not be a finite
set. An example of an infinite F will be given during the course)

(ii) (How to check for subgroups) Fix a positive integer n. We know that the equation z™ — 1 = 0 has exactly n distinct
solutions over the complex C. Now let ' = {a € C* | a — | = 0}. Prove that (F,.) is a subgroup of (C*,.) (Two
lines proof. (Note that (C, .) is an abelian group)

QUESTION 3. (Radicals). Let (D, =) be a group such that || = n < co. Let m be a positive integer such that
ged(n,m) = 1. Let a € D. Prove that there exists an element b € D such that ™ = a (i.e., T/a € D, where
Va = b € D means b™ = a)(three lines proof. You may need the fact from number theory or discrete math that says if
ged(m,n) = k, then there are two integers w, z in Z such that k = wm + zn)

QUESTION 4. Given f,, f2, and f; are bijection functions on a set with 6 elements, where H=035,A=03142),
and f; = (6453)
a)Find fi 0 fi
b) Find f> 0 fi
c)Find f30 fa
QUESTION 5. (i) Given H = {0,4, 8} is a subgroup of (Z)2,+). Find all distinct left cosets of H in D.
(ii) Let (D, ) be a group and assume that for some a,b € D, we haveaxb=b+a, |a| =9 and |b| = 8
. Find |a®|
. Find |0?|
. Find |a% * b*|

. Give me an element ¢ € D such that |¢| = 36 (note that, as I explained in the class, if a group has an element
of order k, then the group must have a subgroup of order k, namely H = {a,d?, ...,a* = e}, where |a| = k.
So if my claim is right, then D must have a subgroup with 36 elements)

a o o o
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QUESTION 1. Consider the group D = (%, A), asusual forevery a,be Q wehave (a + Z)) A+ 2) ={(a+8)+ 2Z
(i) Weknow z = & + Z € D. Find |z|.

{ii) Let F = {y € D | |y| = 12}. Find |F|.

(iii) Fix anintegerm € N* and let F = {y € D | |y| = m}. Can you guess what is | F|?

(iv) Foreachn € N*, construct a subgroup of D with n elemens.

QUESTION 2. Let {D, ) be a group with 12 elements and suppose that D = {a,d?, ...,e'? = e} (note that D must be
abelian). Let H = {a, a%,a%}.

(i) Construct the Caley’s table of H to convince me that it is a subgroup of D,
(ii) So now we know that H < D. Find all elements of D/H. Construct the Caley's table of (D/H, A).
(iii) Foreach z € D/H, find |z|.
QUESTION 3. Let D = (U(15), .). It is trivial to notice that # = {1, 14} « D. Construct the Caley’s table of (%, A)

QUESTION 4. Let (D, *) be a group, H 4D, and @ € D. Suppose that [a| =n < co. Weknow thatz = e+ H € D/H,
Let m = |z|. Prove that m } n. (Max 2 lines proof. Note that z* meana+ HAaxH A - Aa+x H =cF+ H)
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QUESTION 1. a) Let (D, *) be a group with a normal subgroup H. Assume thata * h = h % a forevery ¢ € I and for
every h € H (note that we can conclude that ky * hy = hy * ky for every hy, ha € H). Assume that D/ H is cyclic. Prove
that D is an abelian group. (max 6 lines}
\U { , b)Let (D,f}.haa-gmqp. Given ¥ aD and H < D. Prove that NH = {nh |n € N and h € H} is a subgroup of D
and if H a D,/then NH « .?\

QUESTION 2. Let (D, #) be a group with 25 elements. Assume that D has a unique subgroup of order 5. Prove that D
6 is cyclic, (Max 3 lines)

QUESTION 3. a) Convince me that {C*, .) is not cyclic. (Max 2 lines)
b) Convince me that (Q",.) is not cyclic. (Max 2 lines)
¢) Convince me that {@, +} is not cyclic. (Max 5 lines)
d} Is U(18) cyclic? explain

5 e) Is U(16) cyclic? explain

QUESTION 4. a) Prove that S)7 has an abelian subgroup, say H, with 70 elements. Can you say more about H?

I 2 3 4 5 6 7 8
. ) )
3541876 2)F Sg. Find | f|. Is f € Ag? explain

c) Let n = maz{| f|, where f € Ao}, Find the value of n.
5 d) Let f € S, (n = 3) be an odd function. Prove that | f| is an even number. (Max one line (maybe 2 lines)

b)Let f =
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QUESTION 1. Assume (D, #) is a group with p° elements for some prime number p. Assume D has s normal cyclic

subgroup H with p* clements and D has a narmal subgroup F' with p elements such that F ¢ H. Prove that D is abelian

but not cyclic,

QUESTION 2. (VERY IMPORTANT)
Let (D, #) be a group

() Letm € D be fixed and define f ; (D, +) — (D, *) such that f(a) = m +a + m~! for cvery a € D. Prove that f is

a group-isomorphism.

(i) Leta € [ and assume that ja| = & < co. Prove that |af = [d+ a«d | foreveryd € D.

(iii) Define f : (D, *) — (D, +) such that f(a) = a® for every a € D. Prove that f is a group-homomorphism if and
only if D is abelian.

(iv) Assume that D has 10 elements and D =< ¢ > for some a € D. Define f : (D, +) — (D, ) such that f(a) = a’.
Find f(b) for every b € D. Convince me that f is a group-isomorphism. Find Range(f} and Ker(f)

(v) Assume that H is a subgroup of D with m ( finile) clements. Prove that d + H + - is a subgroup of D with
m elements. Now, convince me that if F' is the only subgroup of D with k element (k i3 finite), then F must be
normal in D.

(vi) Assume |D|= 5°-72. Assume that D has a normal cyclic subgroup, say H, of arder 7 and D has a normal abelian
subgroup, say £, of order 5°. Up to isemorphism find oll possibilities of the group structire of D.

(vii) Assume |D| = p- ¢ for some prime numbers p, g. Assume that D has a normal subgroup, say H, of order p and D
has a normal subgroup, say F, of order g. Prove that D is cyclic.

QUESTION 3. (Important) Let § = {0,1,3,...,17}. Then we view S5 as the set of all bijective functions from §
ONTO S, and recall that (814, 0) is a group, Let D = (f : (Zi5,4) — (Zig,+) | f is a group —isomorphism}. Hence
D c 8.
() Let K : (Zyg,+) = (Z1a,+) such that K(1) = 1* = 5. Is K € D? EXPLAIN. Find K (a) for every a € Zyg. If
K € D, then find |K|.

(ii) Prove that (D, 0) is a cyclic subgroups of Sis with exactly 6 clements. Hence D =< f > for some [ € D. Give
me such f.
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Two solutions back to Exam I: Abstract Algebra, MTH 320,Fall 2017
back dawi
1. By Yousuf Ayman B?{a—_‘g' T UZ/\\@*
2. By Taha Score = 2= 1. Yousuf Abo Rahma
QUESTION 1. Let D, «) be a group.
(i) (5 points). Assume thataxb = b+ aforsomea,be D. Provethata + b = b= w .
Ffu\.. e gl Lon W Mave axVy = \9 ¥ ~1
= \_,, qub*\o = \D *w#aut\f)
{ 5> wiwe= axl
(i) (5 points). Let C = {x € D |w»y = y+ 2V y € D}. (i.e, each element in C commutates with every element in
D). Prove that C is a normal subgroup of D (Hint: you may need to use part (i) ) i
T , . , & C
Q1 (ii) Show  tlaak (F A b EC Thew oaxb
continues on s
back, see ek a,% 6C = VU ED kv axt) = Y¥A, byymyib
page 5/13 - A/ -1 -
¥ Axh *‘j axYyrly /= yteeb 5 Lxb €C
Bt g B
i T ;:;\.grhn\\\-tg N tmow 3‘*%"'@‘ & C Xep, té’

(iii) (5 points). Let C as in (ii). Assume that D/C is eyclic.
Cl‘]p\-\lt

> 0/ =

(v ) = Kw*)-am
— = k ,‘u)*vg )
= e Y x Xries K

UWheeh Lo e oy R

o L
Prove that D is an abelian group. Tt )

A AU sy 2R Sor s VR

1
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the o Se by 9ive Yo < 9(9:1(7 W "—-""‘“E'U‘a\-l}
- “1

/ = HyeD 3 yryz alrgqra #G
Y/ Y de

: = q reo *®Cx C2

™ / \l = G\ *C—’L Lc( *-C\

) 3 =Y *x
!’_,.« ‘;\ T2 1:11-1:;
Nebte {wal Gy, 0 Comubt  wibn wve) elmant ool oA XA _o:,,_

a xa"



2 Ayman Badawi

QUESTION 2. Let D = (Zy, +) x (Z3,.)
(i) (3 points). Fine |(5,2)].

i z:: \ei = =6 > 6,0 = lem (Luy =\
wmozes ol =4

I

L

{ii) {6 points). Construct two subgroups of D, say H, and H-, such that each has 4 elements and H; = F} x B,
Ify = Ly % Lz for some subgroups Fi. Ly of (Zs, +] and some subgroups £, L of (Z3,.).

<t f= 10BN R g

Li= 0% La= V3l
o) aveer A

=t
o*“rfﬂtfb\

W XFe 1§ o oW gred
Ly XLz 6« suegre«f

o~
-

{iii) {3 points) Convince me that 2 does not have an element of order 24,

the \ 4 !
TF D My g eliment o} ovher T4 ":/Lq;_\' 'S Gvo\ci:mb
Suee D Wvasy LU oAy kinek 9“\1371"'“& ok ef “ Chen

Com (& V’{‘J,x"'@cU( gy 1t e b et o Elnep oF dea.(_

-

| -
I\,_,_/

{iv) (4 points). Construct a subgroup of {2, say H, such that / has 4 elements, but there is no subgroup A of (Zs, +)
and there is no subgroup N of (Z5,.) such that H = N} x Na.

W= L3> =9 Lua), Loy, 13)3),1ey)3 ©> <3 ov e

o su'\ﬂ"i‘m‘s‘

)\:‘ 54 ﬂ

For £ H=N KWz, Hhen | l =|2] ‘oot
[Nf‘EZJ H YN ({T/\ >C}/ T lj)péwk{f

Syine ( H{ g & ol

. ¥ " ( [
I/\ ton A C/\u’l" bhe C)"\ﬁ"""(\""“ﬂ \?Io) \Mn.\\»;q =7
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Exam I. Abstract Algebra, MTH 320.Fall 2017

QUESTION 3. (i) (4 points). Is (Z7,.) group-isomorphic to (/(9),.)? If yes. then prove it. If no, then tell me why

not?
UL‘)) = (.-LL :“')
\

* ~
LZ-,).):: <{;3> :(24 *) el \
R Y oddoU) B e
~ v odh D
9 =3 ﬂ‘-q.A, wl\{ﬂ'\ ¢)L,): 6 eh'\-.,_(.

Swee \nY =4
Mutte WwAn  art Caclic wAt € elnat W ey o (Tomor Phic

5 .
/ .e * ~ =
e (e oy E ()
(i} (4 points). Is (Z;,..) group-isomorphic to (U(75),.)7 If yes, then prove it, If no, then tell me why not?

G #*
Ve W V9 wek 874 ﬁ;Uf"{\) = Cycle
75 = axg =3 U(76) 15 Wbk Cyewe

L\l \e
* 5
= t"\-f«, ave Mo b= \PU‘MUY{"‘\C
.'—T\\
i _fr 23456789\ _ _ e
(iii) (6 points). Let f = (3 74038265 l)-_.5',.ch.l [f]- 1Is f € Ay? explain

7) 180 = lem g 4,2, 3)= 12
\

fe (V3 ayY(p s)le9
\ W
"f(_'LC'qu)

N
5 (Z—C‘)“\""\ 1 {2-Cactes)
16 (z_-c_*od-n,') — %— éAj

= Con N wrthe  as
L+
(iv) (6 points). Let (D,+) be a group. Assume that @ * b = b « a for some a,b & D, jal = n,and |bl = m. Let
u = lem|n, 7). Prove that D has a cyclic subgroup with « elements. (Hint: You may need the fact: if d = ged(n, m}),

then ged(§,m) = 1 OR ged(n, B) = 1),

Ry 4 7 P
o g £ e st (312)

C‘{' J'—?{J(’q‘”)m‘ll.g \,— %CJ (_“i‘c’"'\\:-l
i w
A\—_- " T = amdsivee \hlz cmh avbElra wmd
1N
> | Y A R

we  \eve \a‘k#\o\;' %xm: V—%'\-:J/om(_wrh\

< \L"“-w.-\i'

D Lo kh> o u et sy D ity wsCen o)
A
I Cage O)Q”{("":rj"‘):i we talke {arxh 2 -
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4
QUESTION 4. () (6 points). Is there a group-homomorphismf 1 (Zg, ) (Z9,+) such that f is nontrivial and f
h f and find Range(f) and Ker(f). If such f does not exist. EXPLAIN.

is noi ONTO? Il yes, then construct suc X

. 1 ‘i( t_L 9y 1"_ Fi, 3l _‘,1-‘ 1;1_
R N R i e A <
=2 gr (5 o Mews M.:Y"e\n.'g,«»\ = gr(i\)"‘g‘ifu )
Ronue (1) = (37 =93,4,0% ker (1) = 931 6, 9,12,15,03

Vs ) Amere 1S,

L

Assume that H is a normal subgroup of D with 5 elements.
[fae D\ H and o) # 31, prove that D is cyclic.
. S .
Wl tw 9 e M k- _>
R et

(i) (6 points). Let (D, %) be a group with 155 elements.
Prove that  is the only subgroup of D with 5 elements.

#* Dewv) Kok W W the 00y e geng ¢ ¥

Ty awe bk \el= Ly =5 andkabee O

Advjeink Euell D | Y | = \_g:\zf\)\;\: v St shed RAD :‘;\-:;frpg-

% Qr(w TP VT

{5 the onlysuy 9rX

\9*"‘5' CL‘)X\‘)(D (C_u‘ﬂ:fndh'ch'uv\)ﬁ \"\ :#6 \
= \a\F5\#
e My, e 0wl =ty b o otdet 5 = Qéo\\"‘ %\ , )\ lc:, “
ek Stuce \a| #B\ A o pemesn Jinidberok 169 (5 &2
# \CL\ = \C)C’ ‘% D:La» (5 C“Jc’.\\'Q~
\ ’
R
(iii) (Bonus7 points). Let H be a subgroup of a group (D, +). Assume that foreachu & D'\ H, we have 1y #Tz+x3*za €
a % H for every 71,x2,73.24 €ax H (note lhalm,m,{?\id not be distinet). Prove that £ is a normal subgroup
of D.
| -l
Then Lot e anwd BéPéShﬂu) o ha - h, el ‘
Y P{?ﬁ"ﬂ‘ﬁ . _axn Cgp\w |16,L[l/
bSe A & D(x{—} -\ (ﬁéﬂ*‘l"’g Q =

;i/’iH’ -0

— g7n el P ne /%t
: 3\ 2 _

Ncw (?\% ]\) X CC\ }(—\’\7(0\ {)’ioj ——- ?_\\\){‘ \ﬁz CS/md hz & H>

4’ é\émfn’h | n AA =y

= hx(é\xh)ﬂ’[\'\-—‘_% hl =
e Ll x @ = pxho =i S H
P ax'n=wxa. Dene -

Fuculty information
Ayman Badawi, Department of Mathematics & Statistics, American University of Sharjah, PO. Box 26666, Sharjah, United Arab Emirates.
E-mail: abadawiQaus.edu, wvv. ayman-badawi.com



Q1 (ii) continues

To guygu <& A D ) SR A VW Wb VY or & Dlhere

Al =€xan, At DG RADY R g

= lev o gD, ¢ e C ghow tuan ancralt & C.

CA £ (_.xa._'l= axe T e = Géc. = cd40,

-~
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Exam I: Abstract Algebra, MTH 320,Fall 2017 Q/
Ayman Badam 9 l/e/\\\‘bd\

Score = 63

2. Taha Ameen

QUESTION 1. Let D, =) be a group.
(i) (5 points). Assume thata *b=bxa forsome ¢, b€ D. Prove thata « b~ = -
~/

a¥b=bxa = axbxlt”- A*a*é
axe = éaea%é-/# a=bxaxt
ixa (4w g ¥ b

@/h 7w a = a -}fé-~}-

(ii) (S points). Let C = {r € D|zxy=y+xV¥yec D} (ie., each element in C commutates with every element in
D). Prove that C is a normal subgroup of D (Hint: you may need to use part (i) )
axg =K , bxa=2xb ¥Fxep

Lt a,bec ,
fe (b7xa)t 2 = % = Ct'wa) Vaer
C'-'b'-*'x =+ a)

I wWe glbw C < p.
Yo Prave’ L% a € c,
Eﬁ: (‘A"*a)*x % x » a
= xx(b" ¥ a) C8y Pt esd)
caAD . Ytnmexxc=Cngtzen
zx C 7 fxa!’c/c eCE EuP 961%01 Cpx X

ff ng :
7
«0/(,] [ So, xz[Cect = C*nt . C<9D-
(iii) (5 pumls) Let C as in (i), Assume that D/ is cyclic. Prove that I is an abelian group.
- Lonee *Dé: {a-*C/a&D_Z W

éMJ : 75.SAM ' adde b=b¥a

W@CWC&» mwz@*’/y " et en.
a/z Cmoaune)miuu) :

Clxepc Al,@xm

-

a¥C = )
*$ C = q:{-)'éa CSD/C"‘”—’/%’J‘:C)
'a/:a:—;#c/ feoe “ec %7
_ \y WLQ,CGC'
az - a,é * %2. / = P |see Page 10/13 |
q,yea%c/%c

* Ca ¥* C
Ca *C’) ‘Z) ¢ CP‘%:O



QUESTION 2. Let D = (Zg,+) x (Z:,.)

@ @ponis). Fne 5,3 |(5,0)] = Lem(Isl,|2)- -
M'S‘e?-'g #IS'J“G'/C -/5_'/— J/'é“5=‘617/
 2eZ] =s"~/ 2)= 4 (7272, 2"""2 3,27=4)

Vo ooLem(bry) =12, = [(5,2)]=

(i) (6 points). Construct two subgroups of D, say Hy and Ifz, such that each has 4 elements and H) = £ x F,
Hy = Ly x Ly for some subgroups Fy. Ly of (Zs, +) and 5ome subgroups Fy, L, of (Z5,.).

fi=Tfix% 5 h=hxk - @
- ,7 :
z)\'
{-Pwk Ff{o,s_} F = {/,4}] <“Z( ) < 4
by Theerem
\0 Fx 1 f"’)X( ") = H 5X€_<D(ﬁ%<x,df<v
) A
LL: ,42 ZS_/ /ZL <D v 4<Z,, sz_; *
(iii) (3 poinls) Convmce me that D does'r/ml (Zgre an eleme?r(l ol)"de& Pz_ /

7 _ chaer D NOT
CLILE= S s swby ool Sy

WMDM MW“"“D

.La:clg,z =<a7,(2,»)= a//L M&”’”’CM’ %ZL; P

!(ﬂ/b)/ Lem(fal,] 1”)_ QE) < [cank)|= 12 b max SNEVER:

(iv) (4 points). Construct a subgroup of D, say #'such that f has 4 elements, but there is no subgroup Ny of (Zg, +) [ 3
and there is no subgroup Nz of (Z5. .} such that H = V| = Na.

/35(3/}97(1}9 L) el

Conkiolery : &%%%M) 5
(Z,+): 50,28, 0,248 $0/1234,5& 1308

Cl;’"@’{"‘f}/ 112345 -, 5158
wemusﬁ/—o‘m aﬁ/’f—@«f Muﬂ f”f55><§’;‘}_?-




QUESTION 3. (i) (4 points). Is (Z7,.) group-isomorphic to (/(9),.)? If yes, then prove it. If no, then tell me why

not? i/_g__g
sz':l:é and 2;:%0(7—). Cfc7)—_-7_/:;6:
(D] = ¢(1)= £ -\ Both ane CYCLIC and

VL E BOT/{ ORDERC =4

l Baths ae &xzmm]&b.o /—,‘)“—'911“(7 g,:ms.igg,c

(ii) {4 points). Is (Z3,..} group-isomorphic 1o (U(73),.)? If yes, then prove it. If no, then tell Mg why nor? 1y not’

L0 (2 0) = (), =) and 41 2 prime
IH CZ) ) *) b .

N / v(1s) = U(_%-xs') TR %m.ﬁtﬁ/ﬁ/%b/_gl

) \ ’\\ U(7s—7 Aa NOTT W@

123 456789

(iii) (6 points). Let f = (3 7498265 I)I:S-; Find | f|. Is f € Ay? explain

1"-—(/54 7)[27 g)(S' Q) “g“"@
e LM’C‘H?’/Z—)%
Wi{ Cl el (1 3) (2 )e(27)2(5¢)

_F A I U Cnerv Becouise & u ‘:‘7’75""’
6 2'& ﬁ s = q of & 2 9@&4
(iv) {0 points). Let (D,+) be a group. Assume that a = b = b « g for some ¢, b € D, |ﬁnd [b] = m. Let

= lem[n{m). Prov eth.uDhas acychcsubgroupw:ih eleme nts (Hint: You may need the fact: if d = ged(n, m

then_] cd(§,m) =10R ged(n, 2) = 1),

a,bep. asb=bwxa- fa]=n, [$-m , U= Lcw(ﬂ/m)

e prove: 3 x e p &F (z]=u . - <uru m%
&ULI Mc-m,/rn,)__/
Yhow axb] =[af[b] = & u for come X
SQ/ Yhew  [<axb7|=ocd =53 af««éjmwfcww
(Q %Ozwwb U insiole, Bhea,

o fou)
Condl - god(m7) =

Noto: m 7 =d u
" Ctontd. o prvise Toge)

see page 13/13
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4
QUEST[ON-I (i) (6 points). Is there agMgmglﬁanf (Zig, +) —+ (2o, +) such that f is nontrivial and f
is nm ONTQ? If_yes, then construct such f and find Range(f) and Ker(f). 1 such f does not exist, EXPLAIN.

Wev—)// /’“’(7‘(*)///2/3 o] dirids 9 o 18

(:/L, . /ﬁa»g&[%)( =3, " Nwo |
) . % - 5= lkekt) =€
29y | = Rt = Lz
Sinee Ly, Ly ar ) B, S Ww‘%ﬁ&b
fﬁ / OUZMUV 3,6 5<\I~°’ ‘“”4(—"— :
< e bt e

(i) (6 points). Lel (D, ) be a group W ith 155 eleme i )
31, prove that [ is cychc.

Prove that H is the only subgroup of D with 5 elements. ITa € DY\ H and |i! £ 3

Ipl=Iss = § 3 h=D, [H]=5"

Dong—. <IN <b & [N]= 5 (N FEH) y
S NH< P (%WM) arsf //\’h’/'//:://:’:,

Bob NN H = %ejéﬂwf—'&mv )//U/f/

ZE2N) / M s
s »f 5‘5_ C%’ mﬂl}e . see page 12/13

&Af‘mf \psialer 2.5
Bﬁ 2) —>(P70)

(iii) (Bonus 7 points). Let H bea subgroup of a group (D «). Assume that for eacha € D\ H, we have zwraxe3*zs €
a + [ forevery ry, 3,73, Ty € a % H (note that zy, ..., @4 need not be distinct). Prove that H is a normal subgroup

of D.

see page 4/13

Fuculty information
Ayman Badawi, Department of Mathematics & Statistics, American University of Sharjah, P.O. Bo:
E-mail: abadavi®aus .edu, www.ayman- ~badawi.com

x 26666, Sharjah, United Arab Emirates



QA4(iii) Continues

= ¥ C C
d//c /-ﬁez
= J+=x
@ ¥ C ¥
¢ 27y
_ 4 X
T a *4 ¢
) )3 %‘?a,
= _f x
a“ % ¢
£ 2. *i%c/
= A wa
/
(24
a x4 =
TRTLYS g, b
I /._,f’; Dv(;{ .
ol ’MW~ S

_f_f_z‘_:/\_/\_)”vz- — /\/2 - 5/ emé ]}‘\/1 >Z 6‘_—_.{ '-.\
:—‘>1 } >(z} i-n’\?95§7 }9)1 SWM{'IJ——)E‘:?” '::
Led - é% Z) \_> x Y:_ZE,__M_

v)_
A




QA4(i) continues

%W@Wﬁfj«‘&ww

Rarge C4) = 50,8/
Koo C+) = 50,269, 12,158

be et 5 mnsitains Bt [Hln]fe]
ad —FCa") Eﬁca)j

sk for e A

7¢Ca->vf:) 4:(_1*.4_) =f(1”j)

a-f'j

= 3 medf §

:3[-:#3/1—90"7" +)

- ) x (1) 1)
e 1)



QA4(ii) continues

SN Y Y W |
ks I
b tuve: ) g =y b Gpotie

[D] =155 ot qe D .
/Q/:L\’Ifi{__r ‘”)(,f:a ) i{f&a) S~
Mu)if
C/f“ NO/UE
@wW#
%-@WS—\

' T IS0 Sleants <w D ot VRSN
e w55
Pk an,ca/uz.a; e
[al=Iss = b
2 D\& -



Q3(iv) Continues

o7/
o V4%
Sunef aw W@ﬁ. orcd ese 7_
and ar CUimet %a)wwv v (:13)
d’““"j’w/(-g—/m):/ =3 We Cen tibe Came
W a4 Cose T .
ﬂWMoéo"

Clamn D b g e
W(M/ﬂ) 6{

X MWM a, -XA

r ¥ b= bxa = ") - pbxa

'W(-;_"_-,m):i_

- /a*"*ﬁ/z /a""’//lo/ :({ZV—)(%) :/LL

f = §6b %A?

o < oM s b e [0 =1
&
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Exam II, Abstract Algebra, MTH 320,Fall 2017 jf*“\\\\;
Ayman Badawi
Score= —(7— 63
QUESTION 1. Let (D, %) be a finite group with 245 clements. Assume that D has a normal subgroup with S elemen
:::‘cl‘:[tul; \; gt!xg a subuoup with 49 elements, tPrmc: thz?t D :ss an s.lsbclmr: grtofph U?) to lsorlnursﬁlsmpﬁnzihdsll ;omblla,
PI=245 . 34, 9D o [4=5 aad @Ghap]st ] =41
. \
o Prume’ D u phelian - 5“%‘\
bt b [hen) = WM | A [ O]=] /L\[
ak) | ko k=2eE e 4,
h+4)= [ | %)

OIB) - 245 op) 1 ). 6t ;n./)m

D:’:\/'ZXZY'L? COK) D-/YL\/:Z/-xﬂ

QUESTION 2. Let (D, ) be a finite group with 125 elements. Prove that D is not simple.

[D]= 125 “MM |
3 {D.[:sz, c(o)[ 5 ]b Ci-e. Zﬁ/

3 h=c(®<aPD ,,
b tw Lo o a,(w?' a WM;W
D
ja(rf zp e SIS
I jan)] = & o) 25, 3 4 b =5 on) 28
" s <D .
iﬁ, {C’CD)) :/25_; MW“JM CPTS)
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Ayman Badawi
QUESTION 3. Does Ag have a subgroup, say I, of order 727

if yes, then what is the maximal order of a cyclic subgroup
" of H.If No, then explain clearly.

ﬁ,uw \%Awgé,%m?ﬁa W[/} Hj 5—

':T’]C A — S whieh 4 men- WW

7) ane /CMG’
Ken () s#/’r ke () et Y )T W) 1 )
:‘Eﬁ} Ibero /-Ee,}‘—"L W&WL <§/

bt 4 o p bl ]cﬂ L
fae;/; B e =t tolos etomact &Zw%)

TRl F TR, wd oD AR L fy w Sopl
QUESTION 4. (i) Is Z> x Z; x Z), isomorphic to Zg x Z;5? EXPLAIN 2
No . ‘-0_0_7421— WZXZXZ :Zgle_

. | :
Bl 'j'an/_gsﬁ[[-fQ but netm L jyﬂ-%,
ACondroolcliasn
(i) Letn =275 7°. Write U(n) in terms of products of its invariant factors.
n= 271 5% 77
, 14 x 2. x 2
' UL, %
o Iy, Y_L_‘iy L35 47
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Exam II, Abstract Algebra, MTH 320,Fall 2017
(ii1) Let F be an abelia 4 }
n group with 3* - 112 clements. Up to isomerphism, find all possible structures of F. Pqn.ti&o'm 2_

F= Lygx Ly (s8) Ty X Zyx I, il 2

%) 'Zl.ij,XZ,_@j)le XZ'XZL/} 242 [+
CoR’) Zélezx Z,2 (0K) Z ,f/[_,_xe Y ;11,::‘,2_,,

C_i’p 'Z_letleKZ (20) 7/_;_7(1 71_* ZZ]/ il
3
o) Z, xYL XL Ly Lz Cor) 2Ly ﬁ:fz_,,ng,xl YLy > Ly \(\

() Let F bC an ﬂbdmn group \nth 53 7 clcmcms Assume F has 7 unique subgroup with 25 clements. Up to ‘

isomorphism. find all possible structures of F.
pthpat Comstoniths 2y % U (o) 2y D w T GO LET AT,

, wctho n A
—25‘5X17 %WW .%%lﬂ
WWWWWLWW% )
COFY Bax 2 e

2012 5'/[cmcm¢. Assume that D has a unique subgroup, say

QUESTION 5. (Bonus) Assume that D is a group with 37
I with 3 clements and also assume that D/H is a cyclic group. Prove that D is a cyclic group. Asgsume-that I is a

agrmal subgroup of D such that [ has.
Y
/

Faculty information
Ayman Badawi, Department of Mathematics & Statistics, American University of Sharjah. P.0. Box 26666, Sharjah, United Arab Emirates.
E-mail: abadaviCaus.edu, www.ayman-badawi.com

@ 3201?; 2. ' -//-/'U/D 3755

5 :
R D:_Fw(‘/ MW (/D,L) W(ﬁ/f) =

b s nigme Sbpreaf + 1 2 117
/h W Waé’D'

pf = S&HEHT f F
H _
/ %;D——ab w.{@o{?—’cé

for (f) = H _Eii:f’@—n”'

D/KM/ W ~—7 D/Hl
Wm}/ H= ot 76//b 6 CPTo)

__——
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HW one, MTH 320, Fall 2016

Ayman Badawi

QUESTION 1. (i) Let {S.#) be a group, Fix a.b € §. Show that if ¢ = 6 — a = cforsome ¢ € S, then b = . Also
showthatif bxa =c+a,then b = c.

(ii) Let (S, +) be a group. Fix «,b € S. Show that the equation ¢ » r = b has unique solution and find r. Note the
T a = b has also unique solution, but only show it for g = = = §.

(i) Let (S, *) be a group and assume f¢! = 12 for some « € S. For what values of 1 (I < mi £ 12) do we have
la™]| = 12? For what values of m (1 < m < 12) do we have [o™] = 37

(iv) Let (5, =) be a group and assume Ju| = 6 for some ¢« € S. Lot £ = {e.a,a”,...,a%}. Construct the Caley's table of
(£, *). By staring at the table you should observe that Fis a group and hence a subgroup of .

(v) Convince me that if 7 is not prime, then (Z, X,) is never a group.
(vi) Convince me that if » is prime, then (z;:, X,.) is a group.[hint: recall Fermat little Theorem. if pis prime and p 4 i
(meaning p is not a factor of m), then "=V (modp) = 1. |

(viiy Let F = {3,6,9,12}, and + = wultiplicotion module 15. Convince me that (F.+) is a group by censtructing the
Caley’s table. What is ¢ in I"? Find the inverse of each element of F. INTERESTING!!!!

(viii) Consider (Ds, v), We know that Ds has 10 elements. Let 51 be one of the reflections (we know that Ds has 5
reflections). Let @ = Ry2. Convince me that {a 0 5y, % o s1-0% 0 5.0t o sp,0% 051} = the set of all reflections in
Ds[Hint: may be you need to use (i))

Submit your solution on Tuesday September 20, 2016 at 2pm. Faculty information

Ayman Badawi, Department of Mathematics & Statistics. American University of Sharjah, PO. Box 26666, Sharjah. United Arab Emirates,
E-mail: abadavi®aus.edu, wwv.ayman-badavi.com B



uessiond i) Lek (S,4) be o group. Fix a,b €S. Show +hot

For seme ¢ €&, %hen b=C. Alss Show That Jf

then b=cg
Proof = 1f Gub = axc ., Then,
bz=tab =(0 % a)b

'C/ = d'l((le) s O-I(Q‘A(.)
:m(dl*ﬂ)c-: ExC = C ’
Hence b=c

, Proof: 1f b - cx 0. Then
</] b: bwe - b(axa')

c/ : (bra}d' - Cena)ar
C
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HW TWO, MTH 320, Fall 2016

Ayman Badawi

STION 1. ‘gif/Given (5,+) =< a > forsome z € S and S has exactly 24 elements. Let F = {b& § | § =< b >}.
Write the elements of F in terms of . How many elements does F have?.

b&l{Lel 8§ = {{a,b) | @ € Z; b € Z3}. Define = on § such that if(zy, za), (y1,2) € S, then (zy,72) * (y1,10) =
(z131(mod3), 3 + zay1(mod3)). Then (5, +} satisfies the associative property (do not prove this). Construct the
Caley’s table of (S, »). By staring at the table: Is S a group? if yes, what is ¢? what is the inverse of each element?
Is S cyclic? If yes, find a € § such that § =< a >.

gaf)/ Let D be a group with 47 elements. Prove that D is abelian? Can you say more?

M Let D be a group, H, H2 be two subgroups of D such that #, € Has and > ¢ Hy. Prove that Hy U H, is never a
subgroup of D.

‘,Y)/Let D be a group, and H, F be two subgroups of D. Prove that ; 1 ff2 is a subgroup of D.

Let (S, *) be a an abelian group with identity e. Fix an integern > 2, and let F = {a € S | a" = e}. Prove that
(F, =} is a subgroup of S. Assume n = 11. Prove that either F = {e} or F has at least 11 elements.

iy'?/Construct the Caley’s table for (U{9), .o). Is U(9)} is cyclic? If yes, then find a € U(9) such that (U(9),.9) =< a >.
Submit your solution on Tuesday October 4, 2016 at 2pm. Faculty information

Ayman Badawi, Department of Mathematics & Statistics, American University of Sharjah, P.O. Box 26666, Sharjah, United Arab Emirates.
E-mail: abadawifaus.edu, www.ayman-badawi.com
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HW III, MTH 320, Fall 2016

Ayman Badawi

QUESTION 1. (i) We know that 67, 87 are infinite cyclic subgroups of (Z,+). Hence 6Z N 87 is also an infinite
cyclic subgroup and thus 6Z N 8Z = aZ for some a € Z. Find all possible values of a. Explain?

Sketch. Let a be the least positive integer that "lives' in 6Z and "lives" in 8Z. Hence 6|a and 8|a. Since a
is the least positive integer where 6|a and 8|a, we conclude that « = LCM[6,8] = 24. Thus a = 24. Thus
6ZN8Z =247

(ii) In general fix a,b € (Z,+). Then aZ NbZ = cZ for some ¢ € Z. Find all possible values ¢ (of course write ¢ in
terms of a, b.

Sketch: Letd € (aZNbZ). Thena | dand b | d. Let h = lcm|a, b]. Then h is the least positive integer that lives
in aZNbZ. Since aZNbZ must be an infinite cyclic subgroup of Z, we conclude that «ZNbZ = lem|a, b]Z = hZ.
We know that if H =< v > is an infinite cyclic group, then / has exactly two generators, namely: v and v—!.
Thus «Z NbZ = lcm|a,blZ = —lcm]a, b Z. Thus all possible values of ¢ are : lem[a,b] and -lem[a, b]. .

(iii) Let (S, ¥) be a group. Assume that a * b = b * a for some a,b € S. Prove that a x b~ = b~ ! x a.

Proof Since a xb = bxa, wehave b !« axbxa ! =blxbxaxa ! =exe=c.Sinceb ! xaxbxa"l =ewe

conclude that b s a =exax b~ =axb~L.

(iv) Let (D, *) be a group with 8 elements. Assume that D has a unique subgroup of order 2 and it has a unique abelian
subgroup of order 4. Prove that D is an abelian group. In fact, you can prove that (D, ) is cyclic.

Proof: Let F' be the unique abelian subgroup of D with 2 elements and let M/ be the unique abelian subgroup
of D with 4 elements. Since A/ is abelian with 4 elements, we know that A/ has an abelian subgroup K
with 2 elements. Since K is also an abelian subgroup of D with 2 elements, we conclude that K = F.
Now let « € D\ M and let ¢ = |a|. Hence by Lagrange Theorem, ¢ = 1 or 2 or 4 or 8. We know that
{a,d?,...,a° = e} =< a > is an abelian (cyclic) subgroup of D with c elements. Sincec € D\ M and F C M
are unique abelian subgroups of order 2 and 4 respectively, we conclude that ¢ # 2 and c # 4. Clearly, ¢ # 1.
Hence c = 8. Thus D =< a >. ,

(v) Let (D, *) be a group. Assume a * b = b * a for some a,b € D. Given |a| = n, |b| = m, and ged(n, m) = 1. Prove

that |a * b| = nm. [Hint: Since ged(n, m) = 1, from class notes we know that if n | mc for some ¢ € Z, thenn | c.
Also you need to use a trivial fact from number theory that if ged(n,m) = 1 and n | ¢ and m | ¢ for some ¢ € Z,
then nm | c]

Proof: Let k = |a x b|. Since a xb = bx*a, (a *b)"™ = (a")™(b™)" = e*x e = e. Hence klnm. Now
e = (a*b)"™ = a*™ x (b™)k = ¢*™ x ¢ = a*™. Thus n | km. Since ged(n,m) = 1, we conclude that n | k.
Similarly, e = (a * b)*™ = (a™)* * b*" = e * b*" = b¥". Thus m | kn. Since gcd(n, m) = 1, we conclude that
m | K. Since n | k and m | k and ged(n,m) = 1, we conclude that nm | k. Since &k | nm and nm | k, we

conclude that &k = nm.

(vi) Let (D, *) be a group. Assume a * b = b x a for some a,b € D. Given |a| = 6 and |b| = 14. Prove that (D, %) has a
cyclic subgroup of order 42. [hint: Some how show that D has an element of order 7, then you need to use (V)]
Proof. We know |b?| = 14/gcd(2, 14) = 7. Since a * b = b * a, it is clear that a * b> = b * a. Since ged(6,7) = 1,
by part V |a * b*| = 42. Hence H =< a * b*> > is a cyclic subgroup of D with 42 elements.

(vii) Let D be an abelian group with pg elements where p, ¢ are distinct prime numbers. Prove that D is cyclic.
Proof. Since D is abelian, we have a subgroup H of order p and a subgroup K of order ¢q. Let « € H such

that a # e. By Lagrange Theorem we conclude |a| = p. Similarly, if b € K and b # ¢, then |b| = ¢. Thus
|a * b| = pg by part V. Hence D =< a xb >

(viii) Let D be a finite abelian group and H be a proper subgroup of D with 10 elements. Assume a € D \ H such that
|a| = 3. Then

a. Show that a + H, a® * H,a> * H are distinct left cosets of H[ Hint: First note that a3 « H = e x H = H. We
knowax HNH =(. Soshowa?>* HNax H =0 and o>« HN H = (].
Proof: We show o> ¢ H and o> ¢ a + H. Assume that o> € H. Since > = ¢,a*a®> =e. Thuse € a x H,
impossible since ¢ x H N H = (. Assume o> € a * H, Thus o> = a * h for some h € H. Hence ¢ = h,
impossible. Thus H, a « H, a*> « H are all distinct left cosets of H.

b. Show that F = a x H Ua? x H U a® x H is a subgroup of D with 30 elements.
Proof: Note that H = a°« H = ex Hand hence F = o« HUax HUa?x H. Let 2,y € F. Since F is finite,
we only need show z x y € F. Hence x = a’ * h,y = a* x g for some i, k,0 < i,k < 2 and some h,g € H.
Since lal = 3 and D is abelian, © + y = (a’ % h) * (a* * g) = a")moB & (b x g). Since 0 < (i + k)mod3 < 2
and h x g € H, we are done.



2 Ayman Badawi

a. Find all distinct left cosets of H. Note there must be exactly 4 such left cosets
: This is my present to you... just straight forward calculations
b. Is H U5H asubgroup of U(16)? Is H U 9H a subgroup of U(16)? explain

Note K = HUS5H = {1,7,3,5}. (53=15¢ K,sono)and L = HU9H = {1,7,9, 15} (by Caley’s Table
L is a subgroup)

Submit your solution on Tuesday October 18, 2016 at 2pm. Faculty information

Ayman Badawi, Department of Mathematics & Statistics, American University of Sharjah, P.O. Box 26666, Sharjah, United Arab Emirates.
E-mail: abadawi@aus.edu, www.ayman-badawi.com
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HW 1V, MTH 320, Fall 2016

Ayman Badawi

QUESTION 1. (i) Leta = (1452)0(265) € Se. Find |a

(ii)

(iii)

(iv)

)

(vi)

(vii)

(viii)

(ix)

69)

(xi)

(xii)

(xiii)

Typical question

Let 3 € Syand z = Bo(2 63 1)op~". Find |z].

Typical question

Let D = (Zs,+) X (Zg,+). Give me a subgroup H of D such that there is no subgroup L, of Z4 and there is no
subgroup L, of Zg where H = L; x L.

Solution: The element (2,3) in D is of order 2. Hence H = {(0,0), (2,3)} is a subgroup of D but there is no
subgroup L; of Z, and there is no subgroup L, of Zs where H = L x L.

Let D = (S, x1) x (F,*2) be a cyclic group (you may assume |S| > 1,|F| > 1). Let H be a subgroup of D. Prove
that there exists a subgroup K of S and there exists a subgroup L of F' such that H = K x L. [Hint: You may use
the fact that if ged(n,m) = 1 and i | nm, theni | nori | mori=ab (a > 1 and b > 1) such thata | n and b | m.)
[OBSERVE that the group in part III is not cyclic, interesting!]

Solution: We know that F, S are cyclic and finite groups. Let n = |S| and m = |F|. Hence |D| = nm. Since
D is cyclic, we know gcd(n, m) = 1. Let H be a subgroup of D and k = |H|. Since D is cyclic, we know that
H is the only subgroup of D that has k element. Since & | nm and gcd(n, m) = 1, we conclude that &k = ab
such that a | n, b | m, and ged(a,b) = 1 (note it is possible that « = 1 or b = 1). Since a | n, S has a unique
subgroup L; of order a. Since b | m, F' has a unique subgroup L, of order b. Thus L, x L, is the unique
subgroup of D that has k elements. Hence H = L; x L.

Let a € S, be a permutation (i.e a = (a; - - - ag). Note that not every function in S, is a permutation). Prove that
a € A, if and only if |a| is an odd number.

Solution: Since ¢ = (a; az---ag—1 ar) = (a1 ag)o(a; ag—1)o---o(ar az) , (k-1)-2-cycles, we conclude that
a € A, iff (k-1) is even. Hence k& must be an odd positive integer. Thus |a| = k is odd.

We know that D, is a subgroup of Sy and hence L = D4 N Ay is a subgroup of Ss. Find L. Is L < A4? EXPLAIN

Solution: Let L = Dy N Ay = {(1),(13)(24),(13)(24),(23)(1 4)}. Now if we view L as a subgroup of A,.
Then [A4 : L] = 3. Thus L has exactly 3 left cosets, say: L, aoL, and boL. Now do the calculation, show:
aol = Loa and boL = Lob. Thus we conclude that L < A,.

Let D be a group with 15 elements. Assume H < D such that |[H| = 3. Assume there exists a € S\ H such that
la] # 5. Prove that D is cyclic. [Hint: you may want to consider D/H !!]

Solution: We know D/ H is a group with 5 element. Consider the natural group homomorphism from D onto
D/H (given by © — x «x H). Let k = |a|, and m = |a x H| (note that m is the order of the element a * H in
D/H). We know that m | k and m | 5 (since |D/H| = 5). Since a ¢ H, m # 1. Hence m = 5. Thus 5 | k. Since
5| kand k| 15 and a® # 1, we conclude that k = 15. Thud D is cyclic.

Let F' be a nontrivial group-homomorphism from (Zg, +) into (Zg,+). Find Ker(F) and find Image(F) (i.e.
Range(F)).

Solution: We know Zs/ Ker(F) =~ Image(F) and Image(F) is a subgroup of Zg. Thus |Image(F)| is a factor
of 8. Let a = |[Image(F)|, b = |Zs/Ker(F)|. Hence a = b. Since b | 6 and @ = b and «a | 8, we conclude that
a = b = 2. Now Zg has exactly one subgroup of order 2. Thus I'mage(F) = {0,4}. Since b = 2, we conclude
|Ker(F)| = 3. Since Z has exactly one subgroup of order 3, we conclude Ker(F) = {0,2,4}.

Is the group (Z4, +) isomorphic to U (8)? EXPLAIN.

Solution: No, Z, is cyclic but U(8) is not cyclic

Give me an example of a non-abelian group say D such that D has a normal subgroup H where D/H is abelian.
Solution: Let D = S5 and H = As;.

Give me an example of an abelian group say D that is not cyclic but D has a normal subgroup H where D/H is
cyclic .

Solution: Let D = U(8) and H = {1,7}.

Give me an example of a group say D that has a normal subgroup H such that there is an a € D where |a| = oo but
the order of the element a « H in G/H is finite.

Solution: Let D = (Z,+), H =5Z,and a = 1. Then |1| = cc. Since Z/5Z ~ Zs, |1 + 5Z| = 5.

Give me an example of a group say D such that for each integer n > 2, there is an element a € D with |a| = n.
(note that such D must be infinite)

Solution: Let D = (Q,+) and H = Z. Then 1 + Z| = nin Q/Z.



2 Ayman Badawi

(xiv) Letn > 3 and let z € S,,. Prove that 22 is always an even function.

Solution: Since A4 <1 Sy, we know that S, /A, is a group with exactly 2 elements. Let « € S;. Then (on4)2 =
220A = Ain S4/As. Thus 22 € Ayl

DUE DATE : Nov 18, 2016, Thursday at 2pm
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MTH 320 Abstract Algebra Fall 2016, 1-1 © copyright Ayman Badawi 2016

EXAM I, MTH 320, Fall 2016

Ayman Badawi

QUESTION 1. (i) We know that (Z, +) is cyclic. Prove that F' = (Z,+) x (Z,+) is not a cyclic (Some of you have
the right idea but ...)

Proof. Deny. Then F' =< (a,b) > for some a,b € Z. It is clear that a # 0, and b # 0. Since (1,0) € F, there
must exist & € Z such that (1,0) = (a,b)* = (ak, bk). Hence bk = 0 and ak = 1. Since bk = 0 and b # 0, we
conclude k& = 0. But (a,)° = (0,0) # (1,0). A contradiction. Thus F is not cyclic.

(ii) Give me an example of an abelian group with 16 elements, say D, such that D has a subgroup H with exactly 8
elements, but D has no elements of order 8.

Solution: Let D = (Z4,+) x (Z4,+). We know that |(a,b)| = LCM][|al,|b|]. Hence each element in D is of
order 1, 2, or 4. Now H = {0,2} is a subgroup of Z,. Thus Z4 x H is a subgroup of D with 8 elements.

(iii) Let D be an abelian group such that D has a subgroup H with 10 elements. Given that D has an element a of order
2 where a ¢ H. Prove that D has a subgroup of order 20.

Proof. Let FF = HUax H. Weknow H Nax H = () and |F| = 20. Hence we show that F is closed. Let
z,y € F. Then z = a’ % hi,y = a* « h, where 0 < i,k < 2, hy, hy € H. Thus z xy = a'tk(med)p, p, ¢ F,

(iv) We know that if a, b are elements of a group (D, %) such that a x b = b a and ged(|al, |b]) = 1, then |a x b| = |a]|b|.
Give me an example of a group D that has two elements, say a, b, such that gcd(|al, |b|) = 1 but |a x b| # |a|b].
Solution: Let a = (12 3),b = (23) € S5. Then |a| = 3 and |b| = 2. aob = (1 2). Thus |aob| = 2, where
|al[b] =6

(v) Let (D, x) be a group and a,b € D such that a * b = b * a. Prove thata ™' +b~! = b~ x o™\

Proof. Since axb = bxa, we have (axb) ™! = (b+a)~!. We know that (axb)~! = b~ 'xa~! and (b+a)~! = a~xb~\.
Thusa='+b~ ' =b"txa L.

(vi) Let (D, *) be a group such that a> = e for every a € D. Prove that D is an abelian group.

2 = ¢ for every a € D, we conclude that « = a~! for every a € D. Now let 2,y € D. Since

"so7l=yxzx(sincey ' =yandz~' ==z

Proof. Since a
zxy € D,wehave (zxy)? = (zxy)x(z+y) =c. Thuszxy =y~

(vii) ((All of you - 2) got it right just straightforward class notes, see your notes)
Is U(10) x (Z7,+) cyclic? Explain briefly.
b. Is U(15) x (Zy, +) cyclic? Explain briefly.
c. Let F = (Z12,+) and H = {0, 3,6,9}. Find all left cosets of H
d. Let V = (134)o(256) Find |v]
e. Let V.= (135)0o(2345). Find |v].
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Name y ID
MTH 320 Abstract Algebra Fall 2016, 1-1 © copyright Ayman Badawi 2016

EXAM II, MTH 320, Fall 2016

Ayman Badawi

QUESTION 1. Let D be a group with 55 elements.

(i) (6 points). Convince me that D is not simple.
Solution: We know that D has an element of order 11, and hence D has a subgroup, say H, with 11 elements.
Since [D : H] = 5 and 5 is the smallest prime factor of 55, we know that / must be normal. Thus D is not
simple.

(ii) (8 points). Assume that D has a normal subgroup, say H, such that |H| = 5. Prove that D is cyclic.

Solution: Let K be a normal subgroup of D with 5 elements and let H as in (i). We know H K is a subgroup
of D. Thus |[HK| =5 or 11 or 55. Since K and H are subgroups of H K, we conclude that | H K'| = 55. Thus
HK = D. 1tis clear that HNK = {e}. Hence by one of the results in class, we have D/(HNK) ~ D/HxD/K
and thus D ~ D/H x D/K. Since |D/H| =5 and |D/K| = 11, we conclude that D/H ~ Zs and D/K ~ Z,.
Thus D ~ Zs5 x Zy| ~ Zss is cyclic.
QUESTION 2. (8 points). Given that H is a normal subgroup of a group (D, ) such that |[H| = 11. Assume that
D/H =< ax* H > (i.e., D/H is cyclic and generated by a * H) for some a € D \ H such that a x h = h x a for every
h € H. Prove that D is abelian

Solution: I wrote this question to see how many of you read the proof I give in CLASS. Similar proof to if
D/C(D) is cyclic, then D is abelian. Here we go: Let 2,y € D. Show z +y = y + z. Hence 2 = o'+ H,y = a* x H
in D/H. Thus z = a* * b,y = a* * c for some b,c € H. Now since |H| = 11, H is cyclic and hence abelian. Thus
bxc = cxb. Also by hypothesis, we have axb = bxa and axc = cxa. Hence x xy = a**F xbxc = a™ F xcxb = y*z.
QUESTION 3. (6 points). Let F' : Z;5 — Zj» be a nontrivial group homomorphism. Find Ker(F) and Image(F).

Solution: We know Z5/Ker(F) ~ Image(F). Hence by staring (and keep in mind that Image(F) is a sub-
group of Z;, and |image(F)| must be a factor of the two numbers 12 and 15), we conclude that |Z;5/Ker(F)| =
[Image(F)| = 3. Thus Image(F) = {0,4,8}, and in order that |Z,s/Ker(F)| = 3 we must have |Ker(F)| = 3.
Thus Ker(F) ={0,3,6,9,12}.

QUESTION 4. (6 points). Let F' : Z — Z,, be a nontrivial group homomorphism. Given that F' is not ONTO (not
surjective) and 5 € Image(F). Find Ker(F) and Image(F).

Solution: Since F is not onto and 5 € Image(F), < 5 >= {0,5, 10,15} is the only subgroup of Z,, that is not
equal to Z) and contains 5. Thus Image(F) = {0,5,10,15}. We know every subgroup of Z is of the form ..
Hence Z/Ker(F) = Z/kZ ~ Image(F) = {0,5,10,15} ~ Z,. Thus K = 4. Hence Ker(F) = 4Z.

QUESTION 5. (6 points). Let D be an abelian group with p* elements for some prime integer p. Assume that D has a
unique subgroup of order p. Prove that D is cyclic.

Solution: We Know that (1) D ~ Z,; or (2) D ~ Z, X Z» or (3) D ~ Z, x Z, x Z. If D is isomorphic to the
groups in (2) or (3), then clearly D has more than one subgroup with p elements. Thus D ~ 7 is cyclic.
QUESTION 6. (6 points). Let D be a a noncyclic abelian group with 32 elements. Assume that |a| = 16 for some
a € D. Up to isomorphism, find all such groups.

Solution: We know (1) D ~ Z3, or 2) D ~ Z, X Zjgor (3) D ~ Zj, X --- Zy, where ki, ..., k,, € {2,4,8}. Now
D is not isomorphic to Z3, since D is not cyclic. D is not isomorphic to a group as in (3) since all such groups have
elements of order 8 or less. Thus D ~ 7, x Z.

QUESTION 7. (6 points). Assume that a group D has unique subgroup H where |H| = 2016. Prove that H is a normal
subgroup of D.

Solution: Let a € D. Show a * H = H * a. Since C,(H) = a * H x ™! is a subgroup od D with cardinality
equals to the cardinality of H, we conclude o * H xa~! = H. Thus a + H = H * a.

QUESTION 8. (i) (5 points). Is U(27) ~ Z;3? explain

(ii) (5 points). Is (124)o(1 3) € A4? explain

(iii) (5 points). Is every abelian group with 45 elements isomorphic to Z;5 x Z3 ? explain
(iv) (5 points). Leta = (134 5)0(24 1). Find |a|

(v) (5 points). Let a € S7 and m = |a|. What is the maximum value of m. Explain briefly.

Solution: (i-iv): all of you got it right. For (v): just observe that ¢« must be written as disjoint cycles say
a=a;o0ayo---oa;and |a| = LCM[length of a;, length of ay, ..., length a;] = m = maximum. Now it should be
clear that for m to be maximum & = 2, |a;| = 4 and |az| = 3. Hence m = 12.
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MTH 320 Abstract Algebra Fall 2016, 1-1 © copyright Ayman Badawi 2016

Final EXAM , MTH 320, Fall 2016

Ayman Badawi

QUESTION 1. (i) (5 points). Is (Q*,.) isomorphic to (Z, +)? Explain
No. (Q*,.) has a finite group, namely {1, —1}. So (Q+, .) is not cyclic (since every subgroup of a cyclic infinite
group is cyclic). However, (Z, +) is cyclic. Thus (Q*, .) is not isomorphic to (Z, +).

(ii) (5 points). Is Z3 x Zg isomorphic to Zg x Z4? Explain
Z3 x Zg is isomorphic to Z»4 and hence cyclic. Since gcd(6,4) # 1, Zg x Z4 is not cyclic.

(iii) (5 points) . Let n = 52.73.11, and let D = {a € (Z,, +) | |a| = 77}. Find the cardinality of D.

Since Z,, is cyclic, we know Z,, has a unique subgroup of order 77, say H =< a >. Hence if b € D, then
<a>=<b> Thus D = {c € H | |c| = 77}. We know that H has exactly ¢(77) = ¢(7 x 11) = 6 x 10 = 60
elements of order 77. Thus |D| = 60.

(iv) (5 points). It is easy to see that Ag has an elements of order 15. With at most two lines, convince me that Ag must
have at least two distinct subgroups each is of order 15.

Let H be a subgroup of order 15. Since As is simple, there exists « € As such that a x H # H % a. Thus
ax Hxa ! # H. Weknow a x H xa~' is a subgroup of Ag with 15 elements .

(v) (5 points). Is it possible to have infinitely many non-isomorphic groups such that each has 100 elements? Explain

It is clear that S} has finitely many subgroups, each is of order 100. By Caley’s Theorem a group with 100
elements is isomorphic to a subgroup of Siy. Thus there are finitely many non-isomorphic groups such that
each has 100 elements.

(vi) (5 points). Give me an example of a group D that has an element w of order 2 and an element f of order 3, but D
has no elements of order 6.

53 has no elements of order 6. However o = (1 2) is of order 2 and b = (1 2 3) is of order 3.

(vii) (8 points). Let F : (Z,+) — (Q*,.) be a nontrivial group homomorphism such that F’ is not one-to-one. Find
F(1), then find Image(F) and Ker(F).
Since F is not 1-1, Ker(f) # {0}. Hence Ker(F) = mZ for some m € Z*. Thus Z/mZ = Z,,, ~ Image(F) <
Q*. Thus I'mage(F) must be finite. However (Q*,.) has a unique finite subgroup # = {1,—1}. Thus
Image(F) = H ~ Z,. Hence m = 2 and Ker(F) =2Z. If F(1) = 1, then F(a) = 1 for every a € Z and thus
F is the trivial group homomorphism, a contradiction. Hence F'(1) = —1.

(viii) (8 points). Let I’ be a group with 21 elements such that £ has a unique subgroup with 3 elements. Prove that F' is
isomorphic to Z5;.

We know F' has a subgroup with 7 elements, say H, and it has a subgroup with 3 elements, say K. Since
[H : F] = 3, and 3 is the minimum prime divisor of |F| = 21, we conclude that H <1 F.. Since K is unique,
we conclude K < F. It is clear that |[HK| =21 and H N K = {e}. Hence HK = Fand F=F/(HNK) ~
F/H x F/K ~ Z3 x Z7 ~ Zy is cyclic.

(ix) (8 points). Let D be a group with 77 elements. Prove that either |C(D)| = 1 or D is abelian.

|C(D) =1or7o0r11or77. If C(D) = 77, we are done. If C(D) = 7or11, then D/C(D) is cyclic and hence
D is abelian.

(x) (8 points). Let D be a finite group. Assume H is a normal subgroup. Given |a * H| = n (the order of the element
a* H isnin G/H) for some a € D. Prove that D has an element of order n.

Letm:|a\.Wekn0Wn\m.Thusm:nk.Letf:akED.Weknow\f\:|ak\:gcd(m7km):m:n.
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s1 HW1-Solution



MTH320 - Abstract Algebra I

HW #1

September 14th, 2020

Question 1:
Let H be the set of all symmetries on an equilateral triangle. Construct the Caley’s Table of (H o)

and conclude that (H, o) is a group.

From class notes, we have the following 6 functions:

abc a b c abc abc ab c abc
{fl(b c a)’f2:(c a b)’fg:e(a b c)"f4:<a c b)’ff’:(c b a>7f6:<b a c)}

We further know that the binary operator is the composition of the functions. We define the binary
operator as per the following example:

fio fo= f1(f2)

By this, we say for each a, b, c € f,, we approach it by doing the following. Let us take a for this
case and see what happens to a.

1. We first see what a corresponds to in fo. In this case, it is ¢
2. Now, we return to f; and see what ¢ corresponds to after the rotation, and in this case, it is a

Therefore, if we proceed with the same logic, we go by each of the columns:

a—c—a
b—a—b
c—>b—c

So:
f10.f21<z Z z):fgze

Now, let us see the case for all 6 functions and their compositions with each other.

f10f13<(cl Z Z)Zfz

flonI(Z Z z):e

foa( 50 S )=h
nofa(y bt )=h
foss( 000 )=
nofu( 000 )=s



We can do the same for all the rows of the Caley table, but they are trivial. So we will no longer
work out each individual composition and instead put all the results as per the same standards of
the aforementioned technique.

Therefore, we can come up with the following Caley’s Table:

o fi fae fufs fe
filfae fi fo fa fs
fale fi1 fa fs fo fa
e|fi ae folfs fo
falfs fo fa e f1 fa
fs|fe fa fs foe fi
fo|fa fs fo f1 fa e

Table 1.

We have thus constructed the Caley’s table for the set of symmetries for an equilateral triangle.
Now, what are some things we can conclude from this? We conclude that (H, o) is a group because
it has closure (all compositions result in elements of the set, H), it has an identity, e, and we will

now look for the inverse of each element.
By definition, the inverse of an element is defined as follows: a-a~' =e. In this set, all we need to

do is look at the Caley table to see what elements composed with each other give us the identity, e.
(i)

f1_1:f2 since fio fo=e
fr'=f since foo fi=e
fi'=1fs since fs=candeoe=c
Tl=f4 since fro fi=e
fs'=f5 since fso fs=e
fo'=/fs since feo fo=e

Hence, we have found all the inverses, and these inverses are clearly also in the set H. Furhtermore, by observation from the
Caley’s table, we can see that it is also associative. So, since this is the case, we conclude that (H,o) is a group (closure,
inverse, identity, associative).

(ii) For all f € H, find |f |. Note that |f |, or the order of f, is the minimum pumber of times the binary operation has to be
repeated on the f before we obtain the identity, e. We will do one example to

show the process and put the final answers for the rest.

To find | f1], first we do:

. a b c .
flof15(c a b>:f2
Nowwedo fao fi

f20f12<z Z z>:f3

Since fao fi=(fio fi)o fi= fs=¢;
we conclude that | f1] =3
(Since it took 3 binary operations to get e)

[fil=3 Since fio fio fi=e
|f2l=3 Since f20 f20 fa=e
|fs|=1 Since fs=e



[fs|=2 Since fyo fa=e
fs|=2 Since fs0 fs=e
|fs|=2 Since fso fo=e

We have thus found the order of each of the six elements in the group.
(iii) Show that (H,o) is a non-Abelian group.

The definition of an Abelian group is that for all Takeelements in a group, the binary operator
acting on the elements results in the same outcome, which is another element in the group, regard-
less of the order the operator is acted.

Mathematically, Let (D, ) be a group. Then: Va,b€ D, a-b=b-a € D.
To prove that this group is non-Abelian, we need to find just one example where this commutivity
does not hold. We can simply refer to the Caley’s table to see this.

fiofa=fe

fao fi=f5

Clearly we have shown that fio f1# fi0 f4, and thus the commutative property does not hold for
all elements in this group. Therefore, the group is safely concluded to be non-Abelian.

Question 2:

Let C be the set of complex numbers. We know that (C*, x) is a group under multiplication. Let
n be some fixed positive integer, n > 2, and let H be the set of all the roots of the polynomial
" —1. ie.

H={zecC*az"—-1=0}

Prove that (H, x) is a subgroup of (C*, x).

Firstly, we take advantage of the fact that H is a finite subset of C. If we take this into considera-
tion, then we can use a result introduced in the lectures that tells us that if we have a finite subset
of a “larger” set, if the larger set is a group, then the subset, under the same binary operator, will
also be a group iff it is closed.

In our case, we know that (C*, x) is a group, and H C C*. Then we need to show that (H, x) is
closed for it to be a subgroup. We proceed as follows:

Leta,be H aandbarechosenrandomly
asatisfies:a” —1=0
bsatisfies: b —1=0
a*=bt"=1
We want to show thata-be H
(a-b)"—1=(a™) x (") —1
=(1x1)—1
=0

Therefore: (axb)*—1=0
Andthusa-be H
H is closed.



‘We have shown that H is closed under the binary operation x. Since it is a finite subset, it is then
concluded that (H, x) is a subgroup of (C*, x).

Question 3:
Consider the group (Zso, +). Find [1],]6], |14, |15], |17|,]12].

We first find |1| and observe the fact that k= 1*. Then we can proceed and find the rest.

141414 . +1(20times)=20
20mod20=0
Therefore, |1] =20

Note that by a result introduced in the lectures, if we have some a in a group where the order of a
is finite, then |a*|= m. We also know that for some k € Zsg, 1¥ =k (As per the instructions
of the question, but we can also observe this fact very easily).

Using these results, we can go on to find the orders of the remaining five elements.

11
ged ([11,6)
20
" ged (20, 6)
20

=10

Therefore, 6| =10

6] =[1°] =

20
14—
4= |7gcd(20,14)
20
—?—10
20
15| = 115 - =
[15] =17 ged (20, 15)
20
Yy
5
20
171 = 117 -«
7=1= a0 17
20
_T_QO
20
— 72—
2= |7gcd(20,12)
20
=3 -5

Question 4:

Let H=1{2,4,6,8,10,12}. Let - be the binary operation: multiplication modulo 14. Construct the
Caley’s table for (H,-)



[14]2 4 6 8 10 12
2 /4 8 122 6 10
418 2 104 126
6 (12108 6 4 2
8 12 4 6 8 10 12
10|16 124 10 2 8
12|10 6 2 12 8 4
Table 2.

Obviously, this is an Abelian group because Ya,b€ H, a-b="b-a.

(i) What is e?

forsomed, e € H, we have that d-e=e-d=d. What element do we have in H such that
(d-e)(modl4) =d?

This element is 8. Notice that, as an example, (2-8)mod14=16mod14 =2. Another example would
be (12-8)mod14 =96mod14 =12.

Obviously,e=8

(i) For each a € H, find a~ L.

271=4 Since (2 )mod14=38

(
47'=2  Since (4-2)mod14=28
6-1=6 Since (6-6)modl4=8
8 1=8 Since(8-8)modl4=8
1071=12 Since (10-12)mod14 =8
1271=10 Since(12-10)mod14 =38

(iii) Find |6]and |10|
(6-6)mod14 =8, therefore |6| =2
Using a calculator, we can see that
1,000,000mod14 =8
10-10-10-10-10-10= 1000000

Therefore, |10| =6

Question 5:
Part 1:

Let a,b be elements in a group, (D,-) such that a-b=">b-a. Given that |a| =n, |b| =m, where n,
m# oo and ged (n,m) =1, let x =a-b. Prove that |x|=nm.

Hints:
ifa-b=b-a,then(a-b)"=a™ b"

ifa-b#b-a,we CANNOT conclude (a-b)"*=a™-b"™



Let k,n, m be positive integers
1. If n|kmandged (n,m)=1, then n|k.

2. If nlkand m|k and ged (n, m) =1, then we conclude that nm|k

In the question, we are given the following facts: ged (n,m) =1, |a|=n, |b|=m.

r=a-b

Letustakek=|z| (i.e.x
Assume k to be the smallest positive integer
such that 2% =e

k=e), ket

(a-0)F=(a)*- (b)*=e
Weknowa™”=ecandb™=e

By some result introduced in the lectures, we know that if |a| =n, and a* =e, then n|k. So we can
conclude the following:

n|k, k is divisible by n
E:oz a€Z”"
n

In other words, k =an

Furthermore, m|k

k_ cut
m

In other words, k = Sm

By the hint given to us in the question, we know that if n|k and m|k, then nm|k (Given that
ged (n,m)=1). In other words, k =~nm, for some v € Z™.

(a . b)mn —gmn.pmn
:(an)m, (bn)m
a"=b"=e

Therefore: e™-eM=ec-e=¢
Hence k|mn

Since k |mnand mn|k, we can logically conclude that £k =mn. In this case, we can easily see the
following:

x| =k=nm



Part 2:
Find two elements in Question 1, fand kin(H,o) s.t. |f|=2and |k|=3, but |fok|#6.
Let us take f= fu,|fs| =2, and k= f1,|f1|=3.

Jiofi=fs

|fs|=2+#6

Hence we can clearly see that despite the fact that ged (2,3) =1, we cannot claim that | fyo f1| =6,
in fact we have proven for it to be 2. This is because the group in Question 1 is NON-Abelian
and we cannot say that a-b=b-a Va,be H.
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MTH320 - Abstract Algebra I

HW #2 (Solutions)

September 29th, 2020

Question 1:

Let A=1{1,2,3}and Dbethepowersetof A, i.e., D is the set of all subsets A (notethat|D|=23=8).
Define “” on D to mean a-b=(a ) U (b &) Va,be D. Then (D, ) is an Abelian group.
Since D is the set of all subsets of A, then:

D={2,{1},{2}, {3}, {1,2},{1,3},{2,3},{1,2,3}}

The Caley’s Table:

a-b 2 {1 {22 {3} {12} {1,3} {23} {123}
@ g {1 (2 | {38y [{L2y [ {13} [ {23} [{L23}
{1 {1 o {12y [ {13} | {2} | {3} [{1,2,3}] {2,3}
(20 | {2y [ {2y | o {23} | {1} [{1.23})] {3} | {1,3}
B3y | 3y [ {13y | {238 | o {123} {1} | {2} | {1.2}
(12p | {2y | {2 | {1} [{1,23}] o | {23} | {1,3} | {3}
(13p | {13} | {3y [{1,23}] {1} [ {23} | & | {12} | {2}
23y | {2,3) [{1,2,3)) {3} | {2} | {l3} | {1,2} | & {1}
{1,2,3}[{1,2.31] {2.3) | {13y | {L2} | {3 | {2¥ | {1 o

Table 1.

(i) What is e € D?

Obviously e is the element where for some a € D, a-e=a. In other words, (a —e)U (e —a)=a.
The only element with this property is @. For any a, a- @ =a. As an example:

{1,2,3} - @=[{1,2,3} — 2] U[@ — {1,2,3}] = {1,2,3}

(ii) Foreacha € D, finda™?

Again, we will simply use the Caley’s table to find the inverse of each of the 8 elements in D. We
proceed as follows:

{1}7'={1} Since{1}-{1} = @, same argument for all

{2 '={2}
{317'=1{3}
{1,2}7'={1,2}
{1,3}7'={1,3}

{27 3}71 = {2’ 3}
{1,2,3}71={1,2,3}
o l=g



As a matter of fact, each element is its own inverse (Again visible from the Caley’s table).

(iii) For each a € D, find |a|

A sample calculation is provided below as to how we get the order of each element. The rest is self
explanatory.

{1}

{1}-{1}=2
{1}?=2
Therefore [{1}| =2

{2} =2
{3} =2

{12} =2
{1,3} =2
{23} =2
{1,2,3}|=2

|@|=1 Since & is theidentity

(iv) The converse of the Lagrange theorem is correct when a group is finite and Abelian, i.e. if
D isan Abelian group, | D| =n, and m|n, Then D has at least one subgroup with m elements. Now
the above group is Abelian and |D|=8. Give a subgroup, say H, of D with4 elements. Verify that
H is a subgroup by doing the Caley’s table. Does D have an element of order 47

(If m|n, then we must have a subgroup with m elements, but not necessarily an element of order m)

Let us take H = {@, {1,2},{1,3},{2,3}}. This subset of D is clearly a subgroup of (D,-). The
Caley’s table is shown below:

ab o {1,2} {13} {2,3)
o [ 2 [{L2)][{L3 {23}
(1,2} [TL2Y[ @ [{2.37[{L3}
(1,3 ({13 (123 @ [{L2}
(2,3 [{2.3)[{L,3) |[{L,2] | @

Table 2.

From the table we can see that H isindeed a group. In fact, H < D. It satisfies all the properties
of a group (Identity e = &, each element has an inverse, it is closed and associative). Furthermore,
H is an Abelian group since Va,b€ H,b-a=a-b.

Now we can see that |H|=4, and 4|8. However, it is evident that Ya € H, |a| =2, except for the
case of a =@, in which case |&|=1. Therefore, we can conclude that if we have m|n,that does not
necessarily imply that we can find a subgroup with m elements that also has elements of order m.



Question 2:

Let D=1{2,4,6,8,10,12}. From HWI1, we know that D under multiplication modulo 14 is an
Abelian group. Now H = {6,8} is a subgroup of D. Find all the left cosets of H. Since D is Abelian,
H is a normal subgroup of D. Construct the Caley’s table for the group (D/H, *).

From HW1, we know that e=8. We will take the binary operator to be -14. All the left cosets of
of H are as follows:

a-H={a-h|laeD,heH}

2.-H=1{2-6,2-8} ={12,2}
4-H={4-6,4-8} ={10,4}
6-H={6-6,6-8}={8,6}=H
8-H={8-6,8-8}={6,8}=H
10- H={10-6,10-8} ={4,10}
12. H={12-6,12-8} = {2,12}

Note that the identity here is:
e=6-H=8-H=H
We have 3 distinct left cosets of H. These are 2- H={2,12},4- H={4,10} and 6 - H = {6, 8}.
These are the elements of the set D/ H.
D/H={2H,4H,6H}
We define *, the binary operator on the set D /H as the following:
Ve,ye D/H,xxy=(a-b)-H

a,b are two left cosets of H.

Therefore, the Caley’s table for (D /H,*) would be:

zxy 2H 4H 6H
2H |4H 6H 2H
4H |6H 2H 4H
6H |2H 4H 6H

Table 3.

What is the identity of (D/H,*)? 6H, since Ve € D/H,x+6H =z. We can see from the Caley’s
Table that (D/H,x) is closed, associative, each element has an inverse and it is closed. Further-
more, we can see that this group is Abelian because Vz,y € D/H,xxy=1yx*x.



Question 3:
Let (D,-) be a group, and H, K are distinct subgroups of D (i.e. H+#K).

(i) Prove that F'= HN K is a subgroup of D [Hint: Let a,b € F. By class result, you only need to
show that a=1-b € F for every a,be F).

F=HnNK

Firstly, since H < D, we know that {e} € H
Similarly, since K < D,{e} € K

Therefore H N K contains AT LEAST the identity
Or, inother words, HN K #+ &

Leta,be F
Thismeansthata,b € Handa,be K

Since H and K are both subgroups,
thena='-b€ Handa ' -bc K
andsincea™! - bisinboth H and K,
by definition of the intersection,
al-beF

Therefore F'= H N K is asubgroup of D

Since F'is a subgroup of D, and F'C H,F C K, then we can also directly say that F'< Hand F'< K.
Therefore F' is also a subgroup of both H and K.

(ii) Assume that neither K C H nor H C K. Prove that H UK is never a subgroup of D.

‘We proceed by contradiction, i.e. we assume F'=H U K is a subgroup of D.

H¢Kand K¢ H
we choosea € Handbe K,buta ¢ Kandb¢ H

but since F'is a subgroup,
a-beF
Meaningthata-be Hora-be K By definition of the union

a'a-be H>beH Contradiction
OR
a-b-b'e K—aceK Alsoacontradiction

In other words, if we assume the union to be a subgroup, then we would have that an element that
cannot be in one of the subgroups H and K would be in them, which is a contradiction of the fact
that H¢ Kand K ¢ H.

Therefore, HU K is never a subgroup of D.



(iil) Assume |H|=|K|=m, where m is a prime positive integer. Prove that H N K = {e}

The intersection between H and K must be a subgroup, by the result proven in 3(i). This means
that HNK < D. We can also say that HN K < Hand H N K < K. Now,

Since |H|=|K|=m

andHNK < H

Therefore, by Langrange’s theorem:

|HNK||m

The cardinality of H N K dividesm,
which is the cardinality of H

But we know that m is prime, meaning that:

the only numbers that divide it are 1 and m

So:

|[HNK|=mor|HNK|=1

However:

Since H isnot the same as K and m is prime,

|[HNK|#m
So:
|[HNK|=1

Since H N K is a group with one element,

then the only element it can containise

Therefore H N K = {e}

We have proven that the intersection of two subgroups (which is itself a subgroup) of D contains

only the identity of D.

Question 4:

(a) [CORRECTED]| Let (D,-) be a group, H is a normal subgroup of D, and K is a subgroup
of D. Prove that H- K ={h-klh€ H,k € K} is a subgroup of D. Note that H is a subgroup of
H-K and K is a subgroup of H- K since H-e=Hande- K = K [Hint: Let a,b€ H - K, by a class
result, you only need to show that a=!-b€ H - K for every a,b€ H- K].

Leta,be H- K
a:h1~k1,b=h2-k2
ail'bZ(hl'kl)il'(hz'kQ)
krtohitohg ko

hil hoe H
Leths=hi' -hoe H
Hencea*1~b:k1_1~h3-k2

hi,ho € H, ki,ko € K

Since H is a subgroup



Since H is normal, we have:
kTt hs-ko=hy -kt ke
For some hy € H

Letks=Fky ' ko
meaning that k3 € K

Therefore:
ail'bZ}L4'k}3€H~K

Therefore, we have proven that for every a,b€ H-K, a~'-b€ H - K. This condition is enough to
satisfy the condition for subgroups, and therefore H - K is a subgroup of D.

(b) [CORRECTED)] Consider Ss, the symmetric group of an equilateral triangle (As in HW1).
Give a subgroup, say H of Ss, that is not a normal subgroup of Ss.

a b c a b c a b c abc ab c a b c
{fl:(b ¢ (I)’fz:<0 a b)’f:;:e:(a b C>7f4:((1 ¢ b>7f5:<c b a)’fG:(b a C)}

This is the symmetric group of an equilateral triangle. Out of these 6 elements, we can form a
subgroup, H that is NOT a normal subgroup of Ss. This means that for some a € S3,a- H # H - a.

We need to note here that we mustn’t fall into this trap: The condition for a normal subgroup is
that we can find some h,k € H st Va € S5, a-h=Fk-a. k and h do not necessarily need to equal
each other for the subgroup to be normal. With that in mind, let us take H = {e, f4}:

a b c . a b c
Hﬁ{e'( a b c)’f4'(a ¢ b )}
The Caley’s table for this subset is:

o € f4

e e fa
f4 f46

Table 4.

Clearly, from this Caley’s table, we can see that the subset is a subgroup of S3. Now, let us see if
the subgroup is normal. Since being a normal subgroup means: Va € Ss,a- H = H - a, the negation
of the statement means that Ja € D (atleast one) wherea- H # H - a.

Let us take some random element in S3, which will serve as our a. Take a = f;. Then:

Wechecktoseeifa-h=k-a h,keH
fio fa= f¢ From Caley’s Tablein HW1
fiofi=1f5
fao fi# fio fa

Note that H only has two elements, making it easy to see the other possibilities. Hence:
fo-H+H- fy

And this shows that H is NOT a normal subgroup of Ss.



TABLE OF CONTENTS 117

+3 HW3-Solution
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October 14th, 2020

Question 1: Let (D,-) be a group with 130 elements. Given a,b€ Dsuchthata-b=b-a,la] =
10and |b| = 13, prove that D is an Abelian group. What more can we say about this group?

We are given some a,b € D such that |a| =10and |b| =13. By previous result shown in HW1, we
know that since (D, -) is a group and we have two elements in D, say a and b, then |a-b| = |a| - [b|
if ged (Jal, |b))=1 and a-b="b-a.

In our case, we know that ged (10,13) =1, meaning that for some c=a-be D, |c|=|a|-|b|=10-13=
130. This means that the order of the element c is 130, or in other words, there exists an element
inside D such that the order of the element is equal to the cardinality of D itself. Mathematically:

Jee Dst|c|=130=|D|

With this knowledge, we know that ¢ forms up the entirety of the group, D. In other words,
D =<c¢>. Every other element in the group, (D,-) can be made by taking ¢ to some power, where
the power represents the repitition of the binary operation, (-).

This means that D is indeed not only a group, but a cyclic group. Automatically, through the
discussion introduced in class, we know that if a group is cyclic, then it is also Abelian. Therefore
we have proven that (D,-) is Abelian, and went an extra step to show that it is alo cyclic.

Question 2:

i. Assume (D, ) is an infinite cyclic group and a € D st a #e. Prove that |a| = cc.

Since (D, -)is an infinite cyclic group, D= <a > for some a € D. Let b€ D and assume that
|b| =m. Since we know that b€ D =<a >, then we conclude that b= a* for some k € Z.

Since |b| = m, we have that b™ = e, which means that (a*)™=e. However, this is a contra-
diction because we are saying that a*™, where km is a finite number gives us the identity,
e. Since (D,-) is an infinite cyclic group, we conclude that |a|= oco.

ii. We know that (Zs,+) is cyclic and (Z,+) is cyclic. Prove that Zs® Z is not a cyclic group.
Use the above proof from (i).

Let = (1,0) € Zs® Z. Then we know that |z|=lem (|1, |0]) =lcm (8,1) =8. Since x is not
the identity of Zs @ Z by our choice, and it is of finite order, we can conclude using (i) that
D is NOT cyclic.



ili. Let (H,-)and (K, *)becyclicgroupsst |H|=mand |K|=n. Let D=H @® K. Prove that D
is cyclic iff ged (m,n) =1.

—
Assume D is cyclic, show ged (m,n) =1
lethe H ke K

We know that since D=H @ K, then|D|=|H| X |K|

ie|D|=mn

Since H is cyclic, it has exactly p(m) elements of order m
Similarly, K has exactly ¢(n) elements of order n

(From class result)

We are assuming that Discyclic,ieJa € Dst|a|=|D| a=(h,k)
la|=[(h, k)[=mxn
‘We know that the concept of order suggests the LEAST
positive number st a™*" = e, leading us to the fact that:
lem (m,n)=m xn
mXxn mn
d —_mxh _Mmn_4
god (m, n) lem (m,n) mn
—
Assume ged (m, n) =1, show that D is cyclic
mn

ged (m,n) = Ted(m. 1) =led(m,n)=mn

Lethe Handke K
Since H and K are both cyclic groups, then3h € H st |h|=m = |H |
and similarly, 3k € K st |k| =n=|K]|

|D|=mn (By previous proof)

Leta=(h,k)eD
|a| =1lcm (m,n) By definition of D

la|=nm

Therefore,Ja € Dst|a|=|D|=|H|x |[K|=mn
And hence Dis cyclic, D = <a >

iv. Let D =(Zs,+) & (Z15,+). Then, by (iii), D is cyclic. How many generators does D have?
Find all subgroups of D with 20 elements. How many elements of order 40 does D have?

Since ged (8,15) =1, Discyclicand | D | =|Zg| x | Z15|. We know that Zghas ¢(8) =4 generators
and similarly, Z15has ¢(15) =8 generators. This means that the number of generators for D
is exactly 4 x 8 =32, since each pair of two generators from Zgand Z5 can form a generator
for D.



We know that |D|=15 x 8 =120. This means that the total number of elements in D is
120. By a class result, we know that since 20[120, then there exists a unique subgroup of
D where the cardinality is 20. In other words, this subgroup contains exactly 20 elements,
and it is the only one that does.

There is exactly one subgroup, H, of D with 20 elements. Choose one element in D with
order 20. For example, choose z = (2,3). |z|=20. Thus H =<(2,3) > =F ® K, where
F={0,2,4,6} < Zs (subgroup of Zg) and K ={0,3,6,9,12} < Z15 (subgroup of Zis).

To find the number of elements in D that have order 40, we consider the following:

Letd=(h,k) €D
hEZ&kGZ15
stlem (|h, k) =40 Yde D

|h|=8,|k|=50r|h|=5,|k|=8

In either case,

the number of elements with order 5: ¢(5)
the number of elements with order 8: ¢(8)

Therefore:

the number of elements with order 40: ¢(5) x ¢(8)
=4 x4

=16

v. Let (D,-) be a group. Given that D has exactly 10 distinct subgroups, each with 13 elements,
how many elements of order 13 does D have?

We know that we have 10 distinct subgroups with 13 elements in each. Let us consider the
following;:

Consider H < D (H is arandom subgroup of D)
|H|=13

We want to find an element, h € H st |h| =13
Vh e H, |h| =13 because | H | is prime

and |h| divides | H |

Therefore, we conclude that H = <h > (Cyclic)
and thus H has ¢(13) elements with 13 elements
©(13) =12

We know from a previous HW that the intersection
of two subgroups that both have prime order is {e}.
Hence D has exactly 10 subgroups,

and soit has 10 x 12 elements of order 13

=120 elements

Question 3:

(1234567389 :
a) Let f_(4 2345678 5>€Sg.Fmd\f\.



We have an element in the symmetric group of size 9, such that f =( ‘11 i g g g 2 ; f g )
In order to find the order of f, we need to consider the following:

f=(148)o(27 3 6)o(59)
And so we know that | f| =lem (3,4,2) =12.
Therefore: | f| =12

b) Let f=(13 7)0(1 24 5)0(23 1 6)ES7 Find |f].

Similar to part (a), we can simply proceed as follows:

f= 1234567
"\6 725341

f=(164532T7)

Since we have now written f is the composition of disjoint cycles, we can use the result used
in part (a):

|fI=7

Question 4: Let (D, -) be a group st |D|=77. Given that H is a normal subgroup of D st |H|=7,
suppose that D has exactly one subgroup with 11 elements. Prove that D is a cyclic group. Think
about D/ H.

Let a € D,a+e. By Lagrange’s theorem, |a| =7,110r77. Let F' be the unique subgroup of D with
11 elements. Choose b¢ Fandb¢ H. Since F is a unique subgroup with 11 elements, then |b| # 11.
Therefore, |b| =7 or 77. We say that |b| =7 because there is no uniqueness for the subgroup H,
implying that even if b¢ H, it could still belong to another subgroup with 7 elements.

Let us assume that |b|=7. b- H is an element of the group D/H (H < D, and thus D/H is a
group), and b- H # H (Because b¢ H). Furthermore, because |b| =7, we have that b"=e € D.

We conclude that (b-H)"=e- H=H € D /H. Thus |b- H|=7. However, we have that |D/H|=11,
and by Lagrange’s theorem, that means that 7|11. This is not possible since 7 does not divide 11.
This leaves us with one option, and that is [b| =77.

Since we have found an element in D that has the same order as the number of elements in the
group, we can conclude the following:

D=<b>

Therefore, D is a cyclic group.
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QUESTION 1. Let D,, (n > 3) be the set of all symmetries on n. — gon (see class notes). We know from class notes that
(D, 0) is a group with exactly 2n elements (exactly n elements are rotations and exactly n elements are reflections, note
e = R3go and R;] = R, for every reflection R, € D,,. ). Itis clear that the composition of two rotations is a rotation in
D,.

(i) (give a short proof, but clear-cut). Prove that the composition of a rotation with a reflection is a reflection in D,,
(nice!) (i.e, assume that R is a rotation and R, is a reflection, prove that R o R, = R, for some reflection R} in
Dn- )

Proof. Let R be a rotation and E be a reflection. Assume that R o £ = R; for some rotation R;. Hence F =
R; oR™!, a contradiction since the composition of two rotations is a rotation. Thus R o E = F for some reflection
F. (note, similarly FoR = H for some reflection H. )

(i1) (give a short proof, but clear-cut).Prove that the composition of two reflections is a rotation in D,, (i.e, assume that
R,, Ry, are reflections in D,,, prove that R, o R, = R for some rotation R in D,,. ).

Proof Assume that Fy F5, = F3, where F, F», 5 are some reflections. Since number of rotations = number of
reflections, by (i) we conclude {Fj o Ry, F} o Ry, ..., F} o R, } = set of all reflections. Thus F} o R; = F5 for some
rotation R;. Since F) o F, = F; and F} o R; = F3, we conclude that R, = F>, impossible. Thus F} o F, is a
rotation.

QUESTION 2. (a) Assume (D, .) is a group such that a> = e for every a € D. Prove that D is an abelian group.
Proof. Let a € D. Since a> = e, we conclude that a~! = a. Let a,b € D. Since, a.b € D, we have (a.b)> = e. Thus

(1)(a.b)™" = a.b

Hence
2)(a.b) ' =b"la ' =ba

. Thus (1) and (2) implies a.b = b.a.
(b) Assume that (D, .) is a group such that (ab)? = ab? for every a,b € D. Prove that D is an abelian group.
Proof. (a.b)> = a.b.a.b = a.a.b.b. Hence a~'.(a.b.a.b).b~! = a~'.(a.a.b.b).b~". Thus b.a = a.b.

QUESTION 3. a) Let (D, .) be a group and a € D such that |a| = n < co. Prove that |b.a.b~!| = |a| = n for every

beD.
Proof. Let m = |b.a.b™!|. Note that (b.a.b")" = b.a.b~'b.a.b™!.--- b.a.b™! (n times) =b.a”.b~! = beb ! =e.
Hence m | n. Since |b.a.b~!| = m, we have (b.a.b~!)™ = b.a.b"'b.a.b~!. .- b.a.b~! = b.a™.b~! = e. (m times). Thus

a™ =b.b~! = e. Thus n | m. Since m | n and n | m, we conclude that n = m.

b) Let (D, .) be a group and H be a subgroup of D such that |H| = m < oo.

i) Prove that |a.H.a=!| = |H| = m for every a € D. [Hint : Let @ € D and construct a function f : H —
a.H.a~" such that f(b) = a.b.a~'. Show that fis 1-1 and onto , (easy)]

Proof. Let a € H. Define f : H — a.H.a~! such that f(h) = a.h.a='. We show f is ONTO. Let d € a.H.a™'.
Then d = a.hy.a~! for some h; € H. Thus f(hy) = a.h;.a~'. We show f is one-to-one. Assume f(h;) = f(hy). Thus
a.hl.a_l = a.hz.a_l. Hence h; = hs.

ii) Leta € (D,.). Prove thata.H.a~ ' is a subgroup of D [ Hint: Let 2,y € a.H.a~', show thatz.y € a.H.a™'].

Proof. Let 2,y € a.H.a~'. Since a.H.a~! is a finite set, by a class-notes result, we show 2.y € a.H.a~!. Thus
z = a.hi.a”! and y = a.h,.a~!. Hence Ty = a.hi.a Vahya ! = a.hyhyat € a.H.a !, Thus a.H.a ! is a
subgroup of D.

iii) Assume H is unique (i.e., H1is the only subgroup of D with m elements). Prove that H is a normal subgroup
of D (nice! and easy, make use of (i) and (ii))

Proof. Let a € D. Hence by (i) and (ii), a.H.a=' = H. Thus a.H = H.a. Since a.H = H.a for every a € D, we

conclude that H is a normal subgroup of D.

QUESTION4.Let f =(126)0(6325)0(16245) € Ss.
a) Find Ifl.
Solution We must write f as disjoint cycles. Hence f = (13 652 4). Thus |f| = 6.
b) Find f~!
f!1=(425631)
c)Is f € A,? explain.
Since f is a 6-cycle, clearly f is an odd permutation (function). Thus f & A,,.



2 Ayman Badawi

e) Let h € Ay such that |h| is maximum. What is |k|? (think, not difficult) (i.e., if |h| = m, then |b| <= m for every
be Ag)

IDEA: Imagine that we Write h as disjoint cycles, by try and error and staring , we conclude that h is a
composition of a 5-cycle with a 3-cycle. Hence |h| = 15.

QUESTION 5 (Nice, good exercise, see class notes). . Let f : (Z12,+) — (Z9,+) be a non-trivial group homomor-
phism.

a) Find Range(f) and Ker(f).

By class notes, IRange(f)l must be a factor of 9 and 12 (i.e., IRange(f)| must be a factor of Ico-domainl and
Idomainl). Thus |Range(f)| = 3.

Since (Zy, +) is cyclic, Zg has exactly one subgroup with 3 elements. Since |3] is 3, we have Range(f) =< 3 >=
{0,3,6}.

By class-notes (First-Isomorphism Theorem), we have Z1,/Ker(f) = Range(f). Hence | Z1,|/|Ker(f)| = |Range(f)
Thus |Ker(f)| = 4.

Since (Z2, +) is cyclic, it has a unique subgroup K of Z;, with 4 elements. To find k choose an element in Z;, of
order 4 (for example 1° = 3) Hence K = {0,3,6,9}.

b) What are all possibilities of f(1)? For each possibility of f(1), find f(a) for every a € Zj,. [Hint: Note if we
know f(1), then we know f(a) for every a € Zj5. Since Z1, =< 1 > and f is a group homomorphism, f(a) = f(1*) =
(f(1))*. By the first isomorphism theorem , we know Z,/Ker(f) is group-isomorphic to Range(f) (see class notes:
K(b+ Ker(f)) = f(b). Hence if i + Ker(f) is a left coset of Ker(f). Then K (i + Ker(f)) = f(i). Observe that
each element in a left coset can be chosen as a representative, Thus for every b € i + Ker(f) (we know b + Ker(f) =i +
Ker(f)), we have K(i + Ker(f)) = K(b+ Ker(f)) = f(i) = f(b) (ie., if W is a left coset of Ker(f), then all elements
of W must map to the same number in Zg ). Now since 1 is a generator of Zi,, f(1) must be a generator of Range(f)
(note that Range(f) is a cyclic subgroup of Zy).

Now since Z;; =< 1 >, we conclude that Range(f) =< f(1) >. Hence f(1) = 3 or f(1) = 6 since < 3 >=<
6 >= Range(f). So assume f(1) = 3 = 1°.(if you choose, then you can find f(a) for every a € Z;, Note f(a) =
F2) = (f(1))* = (13)* = 3.a(mod 9)

But, here is a different approach :

Now recall from class notes the map K : Zj5/Ker(f) — Range(f) = {0,3,6} , where K(a + Ker(f)) = f(a).
(Note that this map is well-defined, K is group-homomorphism, 1-1, and onto). For assume that h € a + Ker(f). We
know (class notes) that h + Ker(f) = a + Ker(f). Hence K(a + Ker(f)) = K(h+ Ker(f)) = f(h) = f(a)). Since
K is 1-1, each left coset of Z;,/Ker(f) maps to one and only one number in RANGE(F).

Now we find the left cosets of Ker(f) (note that Ker(f) has exactly 3 left cosets)

(1) Ker(f), and hence f(a) = 0 for every a in Ker(f).

2) 1+ Ker(f) = {1,4,7,10}. Thus f(a) = f(1) = 3 forevery a € 1 + Ker(f).

(3)2+ Ker(f) ={2,5,8,11}. Thus f(a) = f(2) = f(1?) = (f(1))* = (13)> = 6 for every a in 2 + Ker(f).

Similarly, assume f(1) = 6 = 1°....YOU DO IT.
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QUESTION 1. (6 points) Let (D,.) be a group with 39 elements. Assume that D has a normal subgroup with 3
elements. Prove that D is cyclic.

Proof.(very similar to a HW-problem) Since 39 = 3.13, we know by HW and by class-result that D has an
element a of order 13. Let H =< a >. Hence |H| = 13. Since [H : D] = 3 is the smallest prime factor of | D|, we
conclude that H is a normal subgroup of D. Let F' be the given normal subgroup of D with 3 elements. It is clear
that HNF = {e}. Thus D = H - F. Hence D = H & F by a class result. It is clear that F = 7,53 and F = Z;.
Hence D =~ Z;3 & Z3. Since Z;3, Z3 are cyclic groups and gcd(13,3) = 1, we conclude that D = 73 & Z3 = Z39 is
a cyclic group.

QUESTION 2. Let (D, .) be an abelian group with 245 = 5 - 7% elements. Assume that D is non-cyclic.
i) (6 points) Find my, .., my such that D = (Z,,,,+) & --- & (Z,,, +). SHOW THE WORK.

(similar to a HW-problem) Since D is abelian, D has a normal subgroup, H, with 7> = 49 elements and it has
a normal subgroup F' with 5 elements. Since gcd(5,49) = 1, we conclude that H N F = {e¢}. Thus D = H - F.
Hence, we know that D ~ H @ F. It s clear that F' ~ Zs. Since |H| = 7%, By a HW-problem we know that either
F~Z,90RH=Z;®Z;. Hence either D ~ H O F = Z40®Zs;ORD ~ HOF =~ Z; ® Z7 ® Zs. Assume that
D = Z49 ® Zs. Since gcd(49,5) = 1, we conclude that D = Z,9 @ Zs = Z,45 is cyclic, a contradiction (since it is
given that D is non-cyclic). Thus D =~ 77 @& Z7 & Zs = Z; @ Z3s. Thus you may choose either (m; = m; = 7 and
m3 = 5) OR (m; = 7 and m, = 35).

ii) (3 points) How many elements of order 35 does D have?

From (i), we know that D ~ Z; & Zss. Let (a,b) € Z; © Z35 such that |(a,b)] = LCM]|al|,|b|]] = 35. Since
gcd(35,7) = 7, we conclude that |(a,b)| = 35 if and only |[b)| = 35 OR |a| = 7 and |b| = 5. Hence a can be any
element in Z; and we know that Z3s has exactly ¢(35) = 24 elements of order 35 OR « can be any nonzero element
of Z; and b € Z35 such that |o| = 5. We know that 735 has exactly ¢(5) = 4 elements of order 5. Thus D has
exactly 7-24 + 6 -4 = 168 + 24 = 192 elements of order 35.

iii) (3 points) How many elements of order 7 does D have? For this part, maybe it is easier to use the other
version of D, i.e., D = Z; ® Z; ® Zs. Let (a,b,c) € Z7 ® Z7 ® Zs such that |(a, b, c)| = LCM||al, ||, |c|] = 7. Hence
either (a is a nonzero element of Z7; and b € Z; and ¢ = 0) OR (a = 0 and b is a nonzero element of Z; and ¢ = 0).
Thus D hasexactly 6-7-1+ 1-6-1 = 48 elements of order 7.

QUESTION 3. (5 points) Let (D,.) be a non-cyclic-group with 2020 elements. Prove that there are finitely many
groups, say Dy, ..., D,,, each with 2020 elements such that D % D, (i.e., D is not group-isomorphic to D;) for every i,
where 1 < i < m.

The idea is in Caley’s Theorem: We know that every group with 2020 elements is isomorphic to a subgroup of
S>2020 by Caley’s Theorem. Since Syy is a FINITE group, S0 has FINITELY many subgroups of order 2020.
In particular, S>p,0 has FINITELY many NON-ISOMORPHIC subgroups of order 2020, say M, ...., M}, where
k < oo. Thus each group of order 2020 is isomorphic to one and only one 1/; for some i, 1 < i < k. We may
assume that D =~ M;. Then D % M, for every i,2 < i < k. Thus if L a group with 2020 elements and L % D, then
L = M, for some i, 2 < i < k. Hence D is not isomorphic to exactly £ — 1 groups of order 2020.

QUESTION 4. Let f : (Zg,+) ® (Zs, +) — (Zs,+) such that f((a,b)) =2 (a+b~") (note that b~ ! means the inverse
of b under addition mod 6, and in 2 - (a + b~!), the "+" means addition mod 6 and "-" means multiplication mod 6 .

1) (3 points) Show that f is a group-homomorphism.

Trivial: Let (a,b), (¢,d) € (Zs, +) ® (Zo, +). We show f((a,b) ® (c,d)) = f(a,b) + f(c,d). (note that in general
(a-b)"'=b"1.a !, here"-" is + mod 6, and Z is abelian. Hence (¢ +b) "' =b"! +a" ! =a7 ! +b71)

Now f((a,b)®(c,d)) = f(a+c,b+d) =2(a+c+(b+d)~!) =2a+2c+2b"' +2d7 ' =2(a+b"")+2(c+d 1) =
f(a,b) + f(c,d).

ii) (3 points) Find the range of f.

We know |Range( f)| is a factor of 6. Since Z; is cyclic, we know that Zs has unique subgroup of order 2 and
it has unique subgroup of order 3. It is clear that 1 ¢ Range(f). Hence Range(f) # Zs. Since f(1,0) = 2 €
Range(f), we conclude that Range(f) = {0,2,4} is the unique subgroup of Z; with 3 elements.



2 Ayman Badawi

iii)(5 points) Find ker(f).

We know that (Z¢ © Zg)/Ker(f) = Range(f). Hence 36/IKer(f) = 3. Thus |Ker(f)] = 12. So we need
to find 12 elements in Zs © Zg, say (a,b), such that 2(a + b~') = 0 in Zs. So if we set a + b~' = 0, we get
that b = a. Thus (0,0),(1,1),(2,2),(3,3),(4,4),(5,5) € Ker(f), but we still need to find 6 more elements. By
staring at 2(a + b~!) = 0 in Zs, we see that if « + b=! = 3 in Zg, then 2(a + b~!) = 0 in Z;. By Setting
a+b~! = 3 and solving for b, we get b! = 3 +a~!. Hence b = 3+a!)"! =37 +a =3+ ain Z. Thus
(0,3), (1,4), (2,5), (3,0). (4 1), (5,2) € Ker(f).

Hence Ker(f) = {(Ov O)v (17 1)7 (272)a (37 3)7 (474>a (Sa 5)7 (07 3)7 (1a4‘)a (275)7 (370)’ (43 1)7 (572)}

QUESTION 5. Let D = (Aut(Zy),0). [ Recall: Aut(Zy) is the group of all group-isomorphism from (Z5, +) onto
(Z20, +) under composition.]

i) (3 points) Is D cyclic? explain?

One lecture (1 hours and 15 minutes) was only on Aut(Z,,). We know Aut(Zy) ~ U(20). Since 20 = 2% - 5, we
conclude that U/ (20) is not cyclic by class-result. Thus (Aut(Zy), 0) is not cyclic.

ii) (4 points) Construct a non-cyclic subgroup of D, say (H, o), of D such that |H| = 4.

See my lecture on Aut(Z,). We constructed a group-isomorphism K : ((U(20),.) (note "." is multiplication
module 20) — (Aut(Zy),0) such that k(a) = f, for every a € U(20), where f, € Aut(Zy) and f, : (Z2,+) —
(Za0, +) such that f,(b) = abin Zy, for every b € Z. Since U (n) is abelian, we conclude that Aut(Z,,) is abelian.
Hence one way to construct a noncyclic-subgroup of Aut(Z,)) with 4 elements: Construct two subgroups H, F
of Aut(Zy) such that |[H| = |F| = 2. Then L = H o K will be a noncyclic subgroup with 4 elements since
HNF ={e}.

Hence choose a = 9 € U(20). Then |a| = 2. Since K(9) = fo : Zog — Za9, Where fo(b) = 9b in 2, for every
b € Zyy, we conclude |fy| = 2. Note that the identity, e, in Aut(Zy) is the identity map I : Z»y — Zyo such that
I(b) = b for every b € Zyy. Thus H = {I, f9} is a subgroup of Aut(Z,y) with 2 elements.

Choose a = 11 € U(20). Then |11| = 2. Thus (similar to the case above), K = {I, fi;} is a subgroup of
Aut(Zy) with 2 elements. Thus H o K = {I, f9, f11, f19} is a non-cyclic subgroup of Aut(Z,;) with 4 elements
(note that (f9 o f11)(b) = fo(11b) = 99b = 19b for every b € Zy.

QUESTION 6. Let n. = 16 -9 and D = U(n).

(i)(4 points) Find m, .., my, such that D = (Z,,,+) & - - & (Zim,., +). SHOW THE WORK.

By the last lecture (before the exam), we know that U(2* - 32) ~ U(2*) @ U(3?%). Also we know that U(2™)
(m>3)~ 7, ® Zym— and U(p") (pis prime, p #2and n > 1) = Z, | & Z,-1) R Zyu_ -1

Hence U(2* - 32) = U2 @ UB) R 22D 24 ® Zr D Z3 = Zy ® Zr ® Zpae

So you may choose either (m; =2, my = 4,m3 =2 and mqy = 3) OR (m; = my =2 and m3 = 12)

(ii) (2 points) Let a € D such that |a| is maximum. Find |a|.
Let (b,c,d) € Zy & Z> & Zy, such that |(b,c,d)| = LCM]|b], |c|,|d|] = k such that k is maximum. By staring
k = 12. Since U(2* - 3%) = Z, & Z, & Z1,. we conclude that |a| = k = 12.
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Here is one way to do it (algorithm)
D =2Z_2 (oplus) Z_4 (oplus) Z_{80}

I(a b, c)l = LCM[lal, [b], [c[] = 4.

LCMI[1, 4, 1] = 4. There are exactly 1 X phi(4)X 1 =2 of these elements
LCM[1, 4, 2] =4 . There are exactly 1 X phi(4)X phi(2) =2 of these elements
LCMI1, 4, 4] = 4 . There are exactly 1 X phi(4)X phi(4) =4 of these elements
LCM[1, 1, 4] = 4. There are exactly 1 X 1X phi(4) = 2 of these elements
LCMI[1, 2, 4] = 4. There are exactly 1 X phi(2)X phi(4) = 2 of these elements
LCMI2, 1, 4] = 4. There are exactly phi(2)X1Xphi(4) = 2 of these elements
LCM[2, 2, 4] = 4. There are exactly phi(2)Xphi(2)Xphi(4) = 2 of these elements
LCM[2, 4, 1] = 4. There are exactly phi(2)Xphi(4)X1 = 2 of these elements
LCMI2, 4, 2] = 4. There are exactly phi(2)Xphi(4)Xphi(2) = 2 of these elements
LCMI2, 4, 4] = 4 There are exactly phi(2)X phi(4)X phi(4) = 4 of these elements

Total of elements of order 4 is 24 elements
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QUESTION 1. (6 points) Let (D,.) be a group with 39 elements. Assume that D has a normal subgroup with 3
elements. Prove that D is cyclic.

Proof.(very similar to a HW-problem) Since 39 = 3.13, we know by HW and by class-result that D has an
element a of order 13. Let H =< a >. Hence |H| = 13. Since [H : D] = 3 is the smallest prime factor of | D|, we
conclude that H is a normal subgroup of D. Let F' be the given normal subgroup of D with 3 elements. It is clear
that HNF = {e}. Thus D = H - F. Hence D = H & F by a class result. It is clear that F = 7,53 and F = Z;.
Hence D =~ Z;3 & Z3. Since Z;3, Z3 are cyclic groups and gcd(13,3) = 1, we conclude that D = 73 & Z3 = Z39 is
a cyclic group.

QUESTION 2. Let (D, .) be an abelian group with 245 = 5 - 7% elements. Assume that D is non-cyclic.
i) (6 points) Find my, .., my such that D = (Z,,,,+) & --- & (Z,,, +). SHOW THE WORK.

(similar to a HW-problem) Since D is abelian, D has a normal subgroup, H, with 7> = 49 elements and it has
a normal subgroup F' with 5 elements. Since gcd(5,49) = 1, we conclude that H N F = {e¢}. Thus D = H - F.
Hence, we know that D ~ H @ F. It s clear that F' ~ Zs. Since |H| = 7%, By a HW-problem we know that either
F~Z,90RH=Z;®Z;. Hence either D ~ H O F = Z40®Zs;ORD ~ HOF =~ Z; ® Z7 ® Zs. Assume that
D = Z49 ® Zs. Since gcd(49,5) = 1, we conclude that D = Z,9 @ Zs = Z,45 is cyclic, a contradiction (since it is
given that D is non-cyclic). Thus D =~ 77 @& Z7 & Zs = Z; @ Z3s. Thus you may choose either (m; = m; = 7 and
m3 = 5) OR (m; = 7 and m, = 35).

ii) (3 points) How many elements of order 35 does D have?

From (i), we know that D ~ Z; & Zss. Let (a,b) € Z; © Z35 such that |(a,b)] = LCM]|al|,|b|]] = 35. Since
gcd(35,7) = 7, we conclude that |(a,b)| = 35 if and only |[b)| = 35 OR |a| = 7 and |b| = 5. Hence a can be any
element in Z; and we know that Z3s has exactly ¢(35) = 24 elements of order 35 OR « can be any nonzero element
of Z; and b € Z35 such that |o| = 5. We know that 735 has exactly ¢(5) = 4 elements of order 5. Thus D has
exactly 7-24 + 6 -4 = 168 + 24 = 192 elements of order 35.

iii) (3 points) How many elements of order 7 does D have? For this part, maybe it is easier to use the other
version of D, i.e., D = Z; ® Z; ® Zs. Let (a,b,c) € Z7 ® Z7 ® Zs such that |(a, b, c)| = LCM||al, ||, |c|] = 7. Hence
either (a is a nonzero element of Z7; and b € Z; and ¢ = 0) OR (a = 0 and b is a nonzero element of Z; and ¢ = 0).
Thus D hasexactly 6-7-1+ 1-6-1 = 48 elements of order 7.

QUESTION 3. (5 points) Let (D,.) be a non-cyclic-group with 2020 elements. Prove that there are finitely many
groups, say Dy, ..., D,,, each with 2020 elements such that D % D, (i.e., D is not group-isomorphic to D;) for every i,
where 1 < i < m.

The idea is in Caley’s Theorem: We know that every group with 2020 elements is isomorphic to a subgroup of
S>2020 by Caley’s Theorem. Since Syy is a FINITE group, S0 has FINITELY many subgroups of order 2020.
In particular, S>p,0 has FINITELY many NON-ISOMORPHIC subgroups of order 2020, say M, ...., M}, where
k < oo. Thus each group of order 2020 is isomorphic to one and only one 1/; for some i, 1 < i < k. We may
assume that D =~ M;. Then D % M, for every i,2 < i < k. Thus if L a group with 2020 elements and L % D, then
L = M, for some i, 2 < i < k. Hence D is not isomorphic to exactly £ — 1 groups of order 2020.

QUESTION 4. Let f : (Zg,+) ® (Zs, +) — (Zs,+) such that f((a,b)) =2 (a+b~") (note that b~ ! means the inverse
of b under addition mod 6, and in 2 - (a + b~!), the "+" means addition mod 6 and "-" means multiplication mod 6 .

1) (3 points) Show that f is a group-homomorphism.

Trivial: Let (a,b), (¢,d) € (Zs, +) ® (Zo, +). We show f((a,b) ® (c,d)) = f(a,b) + f(c,d). (note that in general
(a-b)"'=b"1.a !, here"-" is + mod 6, and Z is abelian. Hence (¢ +b) "' =b"! +a" ! =a7 ! +b71)

Now f((a,b)®(c,d)) = f(a+c,b+d) =2(a+c+(b+d)~!) =2a+2c+2b"' +2d7 ' =2(a+b"")+2(c+d 1) =
f(a,b) + f(c,d).

ii) (3 points) Find the range of f.

We know |Range( f)| is a factor of 6. Since Z; is cyclic, we know that Zs has unique subgroup of order 2 and
it has unique subgroup of order 3. It is clear that 1 ¢ Range(f). Hence Range(f) # Zs. Since f(1,0) = 2 €
Range(f), we conclude that Range(f) = {0,2,4} is the unique subgroup of Z; with 3 elements.



2 Ayman Badawi

iii)(5 points) Find ker(f).

We know that (Z¢ © Zg)/Ker(f) = Range(f). Hence 36/IKer(f) = 3. Thus |Ker(f)] = 12. So we need
to find 12 elements in Zs © Zg, say (a,b), such that 2(a + b~') = 0 in Zs. So if we set a + b~' = 0, we get
that b = a. Thus (0,0),(1,1),(2,2),(3,3),(4,4),(5,5) € Ker(f), but we still need to find 6 more elements. By
staring at 2(a + b~!) = 0 in Zs, we see that if « + b=! = 3 in Zg, then 2(a + b~!) = 0 in Z;. By Setting
a+b~! = 3 and solving for b, we get b! = 3 +a~!. Hence b = 3+a!)"! =37 +a =3+ ain Z. Thus
(0,3), (1,4), (2,5), (3,0). (4 1), (5,2) € Ker(f).

Hence Ker(f) = {(Ov O)v (17 1)7 (272)a (37 3)7 (474>a (Sa 5)7 (07 3)7 (1a4‘)a (275)7 (370)’ (43 1)7 (572)}

QUESTION 5. Let D = (Aut(Zy),0). [ Recall: Aut(Zy) is the group of all group-isomorphism from (Z5, +) onto
(Z20, +) under composition.]

i) (3 points) Is D cyclic? explain?

One lecture (1 hours and 15 minutes) was only on Aut(Z,,). We know Aut(Zy) ~ U(20). Since 20 = 2% - 5, we
conclude that U/ (20) is not cyclic by class-result. Thus (Aut(Zy), 0) is not cyclic.

ii) (4 points) Construct a non-cyclic subgroup of D, say (H, o), of D such that |H| = 4.

See my lecture on Aut(Z,). We constructed a group-isomorphism K : ((U(20),.) (note "." is multiplication
module 20) — (Aut(Zy),0) such that k(a) = f, for every a € U(20), where f, € Aut(Zy) and f, : (Z2,+) —
(Za0, +) such that f,(b) = abin Zy, for every b € Z. Since U (n) is abelian, we conclude that Aut(Z,,) is abelian.
Hence one way to construct a noncyclic-subgroup of Aut(Z,)) with 4 elements: Construct two subgroups H, F
of Aut(Zy) such that |[H| = |F| = 2. Then L = H o K will be a noncyclic subgroup with 4 elements since
HNF ={e}.

Hence choose a = 9 € U(20). Then |a| = 2. Since K(9) = fo : Zog — Za9, Where fo(b) = 9b in 2, for every
b € Zyy, we conclude |fy| = 2. Note that the identity, e, in Aut(Zy) is the identity map I : Z»y — Zyo such that
I(b) = b for every b € Zyy. Thus H = {I, f9} is a subgroup of Aut(Z,y) with 2 elements.

Choose a = 11 € U(20). Then |11| = 2. Thus (similar to the case above), K = {I, fi;} is a subgroup of
Aut(Zy) with 2 elements. Thus H o K = {I, f9, f11, f19} is a non-cyclic subgroup of Aut(Z,;) with 4 elements
(note that (f9 o f11)(b) = fo(11b) = 99b = 19b for every b € Zy.

QUESTION 6. Let n. = 16 -9 and D = U(n).

(i)(4 points) Find m, .., my, such that D = (Z,,,+) & - - & (Zim,., +). SHOW THE WORK.

By the last lecture (before the exam), we know that U(2* - 32) ~ U(2*) @ U(3?%). Also we know that U(2™)
(m>3)~ 7, ® Zym— and U(p") (pis prime, p #2and n > 1) = Z, | & Z,-1) R Zyu_ -1

Hence U(2* - 32) = U2 @ UB) R 22D 24 ® Zr D Z3 = Zy ® Zr ® Zpae

So you may choose either (m; =2, my = 4,m3 =2 and mqy = 3) OR (m; = my =2 and m3 = 12)

(ii) (2 points) Let a € D such that |a| is maximum. Find |a|.
Let (b,c,d) € Zy & Z> & Zy, such that |(b,c,d)| = LCM]|b], |c|,|d|] = k such that k is maximum. By staring
k = 12. Since U(2* - 3%) = Z, & Z, & Z1,. we conclude that |a| = k = 12.
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49 Final Exam Solution
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Since F is nontrivial, Ker(F) not = D. Thus Ker(F) = {e}. Thus by
the first-isomorphism Theorem, D is isomorphic to Range(F) =
subgroup of S_n, which is impossible, since |D| >= 60 and |S_n
<=24. Thus D does not have a subgroup H such that

1 <[H:D] <=4.
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5 Section 5: Assessment Tools-Home Work’s
(unanswered)
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Name , ID

MTH 320, Fall 2020, 1-1 © copyright Ayman Badawi 2020

Homework One, MTH 320 , Fall 2020, Due date: Sept 14 by MIDNIGHT, email
your Solution as a PDF to abadawi@aus.edu

Ayman Badawi

QUESTION 1. Let H be the set of all symmetries on an equilateral triangle (see class notes). Construst the Caley’s table
of (H,o0). By staring at the table, you should conclude that (H, o) is a group.

(i) Foreach f € H, find f~!
(ii) For each f € H, find |f| (note f™ here means f o f o f o--- of (m times))
(iif) Show that (H, o) is a non-abelian group (i.e., show that f o k # k o f for some f,k € H)
QUESTION 2. Let C be the set of all complex numbers. It is clear that (C*, X) is group under multiplication. Fix a

positive integer n > 2 and let H be the set of all roots of the polynomial z™ — 1 (i.e., H = {z € C* | 2™ — 1 = 0}).
Prove that (H, X) is a subgroup of (C*, X). [Hint : note that H is a finite subset of C"*.]

QUESTION 3. Consider the group (Za9, +) Find |1], |6|,|14], |15], |17, |12| [Hint: first find |1|, then observe that k = 1*
(for example 8 = 18)], then use a class-result to find the order of the remaining elements]

QUESTION 4. Let H = {2,4,6,8,10,12} and "." be the multiplication modulo 14. Construct the Caley’s Table of
(H,.). By staring at the table you will observe that (H,.) is an abelian group.

(i) Whatise € H?

(ii) Foreacha € H, find a~!.
(iii) Find |6], |10].
QUESTION 5. (1) Let a, b be elements in a group (D, .) such that a - b = b- a. Given |a| = n, |b| = m, where n, m # oo
and ged(n,m) = 1. Let x = a - b. Prove |z| = nm. [Hint: (you need to know these facts, you might need them later on
in the course) (1) If a-b=b-a, then (a-b)" = a™ - b", if a- b # b a, then we cannot CLAIM that (a - b)™ = a™ - b". (2)

Let k,n, m be positive integers: (a) if n | km and ged(n,m) = 1, thenn | k. (b) if n | k and m | k and ged(n, m) = 1,
then nm | k].

(2) In Question 1 (above), find two elements f, k in (H,0) such that |f| = 2 and |k| = 3, but |f o k| # 6 (note that
gcd(2,3) = 1). So the hypothesis a - b = b - a in (1) is very crucial.
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s2 HW 11



Name , ID

MTH 320, Fall 2020, 1-1 © copyright Ayman Badawi 2020

Homework Two, MTH 320, Fall 2020, Due date: Sept 29 (Tuesday) by
MIDNIGHT, email your Solution as a PDF to abadawi@aus.edu

Ayman Badawi

QUESTION 1. Let A = {1,2,3} and D be the power set of 4, i.e., D is the set of all subsets of A (note that |[D| = 23 =
8). Define "." on Dto mean a - b = (a — b) U (b — a) for every a,b € D. Then (D, .) is an abelian group (optional, you
may verify this by doing the Caley’s Table, but it is not a must)

(i) Whatise € D?

(ii) Foreacha € D, find a™!
(iii) For each a € D, find |a|.

(iv) (nice), I told you that the converse of Lagrange Theorem is correct when a group is finite and abelian (I allow you
to use this fact), i.e., if D is abelian group, |D| = n, and m | n. Then D has at least one subgroup with m elements.
Now the above group is abalian and |D| = 8. Give me a subgroup, say H, of D with 4 elements. Verify that H is a
subgroup by doing the Caley’s table. Does D have an element of order 4? so what do you learn from this question?
Answer: if m|n, then we must have a subgroup with m elements, but not necessarily an element of order m.

QUESTION 2.Let D = {2,4,6,8,10,12}. From HW-One, we know that D under multiplication modulo 14 is an
abelian group (see HW-One (Question 4)). Now H = {8, 6} is a subgroup of D. Find all left cosets of H. Since D is
abelian, H is a normal subgroup of D. Construct the Caley’s Table of the group (D/H, *).

QUESTION 3. Let (D, .) be a group, H, K are distinct subgroups of D, i.e., H # K

(i) Prove that F' = H N K is a subgroup of D [Hint: Let a,b € F, by a class result, you only need to show that
a™'-be Fforeverya,bc F.]

(i) Assume that neither K C H nor H C K. Prove that H U K is never a subgroup of D.

(iii) Assume |H| = |K| = m, where m is a prime positive integer. Prove that H N K = {e}.

QUESTION 4. (a) Let (D, .) be a group, H is a normal subgroup of D, and K is a subgroup of D. Prove that H - K =
{h-k|h € H,k e K} is asubgroup of D. Note that H is a subgroup of H - K and K is a subgroup of H - K since

H-e=Hande- K = K [Hint: Leta,b € H - K, by a class result, you only need to show that a~' -b € H - K for every
a,be H-K.]

(b)Conside Sz the symmetric group of an equilateral triangle as in HW-one. Give me a subgroup, say H, of S5 that is
not a normal subgroup of S3.
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Name , ID
MTH 320, Fall 2020, 1-1 © copyright Ayman Badawi 2020

Homework Three, MTH 320 , Fall 2020, Due date: October 14 (Wednesday) by
MIDNIGHT, email your Solution as a PDF to abadawi@aus.edu

Ayman Badawi

QUESTION 1. Let (D, .) be a group with 130 elements. Given, a,b € D such thata-b =b-a, |a| = 10 and |b| = 13.
Prove that D is an abelian group. Can you say more about D?

QUESTION 2. (i) Assume (D, .) is an infinite cyclic group and a € D such that a # e. Prove that |a| = co.
(ii) We know (Zg, +) is cyclic and (Z, +) is cyclic. Prove that Zg & Z is not a cyclic group. [Hint: use (i) above!].

(iii) Let (H,.), (K, *) be cyclic groups such that |H| = m and |K| = n. Let D = H & K. Prove that D is cyclic if and
gcd(m,n) = 1[Hint: First assume that D is cyclic. Show ged(m,n) = 1. Second direction: Assume ged(m,n) = 1.
Show that D is cyclic.]

(iv) Let D = (Zs,+) @ (Z15,+). Then by (iii), D is cyclic. How many generators does D have? Find all subgroups of
D with 20 elements. How many elements of order 40 does D have?

(v) Let (D,.) be a group. Given that D has exactly 10 distinct subgroups, each has 13 elements. How many elements
of order 13 does D have?

1 234567809
UESTION 3. (a) Let f — So. Find |f].
Q (a) Let f (476892315>€9m|f|
M) Let f=(137)o(1245)0(2316) ¢S Find |f].

QUESTION 4. Let (D, .) be a group such that |D| = 77. Given that H is a normal subgroup of D such that |H| = 7.
Suppose that D has exactly one subgroup with 11 elements. Prove that D is a cyclic group. [Hint : Think about D/H !]

Faculty information

Ayman Badawi, Department of Mathematics & Statistics, American University of Sharjah, P.O. Box 26666, Sharjah, United Arab Emirates.
E-mail: abadawi@aus.edu, www.ayman-badawi.com

WARNING: Title too long for running head.
PLEASE supply a shorter form with \headlinetitle



TABLE OF CONTENTS 159

s« HW IV



Name , ID

MTH 320, Fall 2020, 1-1 © copyright Ayman Badawi 2020

Homework Four, MTH 320, Fall 2020, Due date: October 29, 2020, by
MIDNIGHT, email your Solution as a PDF to abadawi@aus.edu

Ayman Badawi

QUESTION 1. Let D,, (n > 3) be the set of all symmetries on n — gon (see class notes). We know from class notes that
(Dy, 0) is a group with exactly 2n elements (exactly n elements are rotations and exactly n elements are reflections, note
e = Rzgo and R;l = R, for every reflection R, € D,,. ). Itis clear that the composition of two rotations is a rotation in
D,,.

(i) (give a short proof, but clear-cut). Prove that the composition of a rotation with a reflection is a reflection in D,,
(nice!) (i.e, assume that R is a rotation and R, is a reflection, prove that R o R, = R}, for some reflection R} in
D,.)

(i1) (give a short proof, but clear-cut).Prove that the composition of two reflections is a rotation in D,, (i.e, assume that
R,, Ry, are reflections in D,,, prove that R, o R, = R for some rotation R in D,,. )

QUESTION 2. (a) Assume (D, .) is a group such that a> = e for every a € D. Prove that D is an abelian group.
(b) Assume that (D, .) is a group such that (ab)? = ab? for every a,b € D. Prove that D is an abelian group.

QUESTION 3. a) Let (D, .) be a group and @ € D such that |a| = n < oco. Prove that |b.a.b~!| = |a| = n for every
beD.
b) Let (D, .) be a group and H be a subgroup of D such that |H| = m < co.
i) Prove that |a.H.a~!| = |H| = m for every a € D. [Hint : Let @ € D and construct a function f : H —
a.H.a~! such that f(b) = a.b.a~'. Show that fis 1-1 and onto , (easy)]
ii) Leta € (D,.). Prove thata.H.a~ ' is a subgroup of D [ Hint: Let 2,y € a.H.a~', show that .y € a.H.a™'].
iii) Assume H is unique (i.e., H is the only subgroup of D with m elements). Prove that H is a normal subgroup
of D (nice! and easy, make use of (i) and (ii))

QUESTION 4. Let f =(126)0(6325)0(16245) € Ss.

a) Find Ifl.

b) Find !

c)Is f € A,? explain.

e) Let h € Ag such that |h| is maximum. What is |h|? (think, not difficult) (i.e., if |h| = m, then |b] <= m for every
be Ag)

QUESTION 5 (Nice, good exercise, see class notes). . Let f : (Z12,+) — (Zo, +) be a non-trivial group homomor-
phism.

a) Find Range(f) and Ker(f).

b) What are all possibilities of f(1)? For each possibility of f(1), find f(a) for every a € Z,. [Hint: Note if we
know f(1), then we know f(a) for every a € Zj». Since Z1» =< 1 > and f is a group homomorphism, f(a) = f(1*) =
(f(1))*. By the first isomorphism theorem , we know Z;,/Ker(f) is group-isomorphic to Range(f) (see class notes:
K(b+ Ker(f)) = f(b). Hence if i + Ker(f) is a left coset of Ker(f). Then K (i + Ker(f)) = f(i). Observe that
each element in a left coset can be chosen as a representative, Thus for every b € i + Ker(f) (we know b + Ker(f) =i +
Ker(f)), we have K (i + Ker(f)) = K(b+ Ker(f)) = f(i) = f(b) (i,e., if W is a left coset of Ker(f), then all elements
of W must map to the same number in Zg ). Now since 1 is a generator of Z1,, f(1) must be a generator of Range(f)
(note that Range(f) is a cyclic subgroup of Zy).
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Name , ID
MTH 320, Fall 2020, 1-1 © copyright Ayman Badawi 2020

HWS, MTH 320, Due date: November 26, Thursday by MIDNIGHT + 4 more
hours, email your Solution as a PDF to abadawi@aus.edu

Ayman Badawi

PLEASE when you write something /make it brief/ clear/ try to avoid writing something that you do not
understand

QUESTION 1. Let D be the set of all functions with continuous 4th derivative, a;,a, be some nonzero fixed real
numbers. We know that (D, +) is an abelian group. Define K : (D, +) — (D, +) such that k(y(z)) = a;y® + axy®.

(i) Convince me that K is a group-homomorphism,

(ii) Given f(z) = cos(2z)e’® € Range(K). Given h(z) € D such that K (h(x)) = f(x). Let m(z) € D such that
K(m(z)) = f(x). Prove that m(z) = h(z) + g(z), for some g(z) € Ker(K). i.e., by doing this question, you will
understand why the general solution, y,, to a linear diff. equation with constant coefficients is y;, + y, (Where y, is
the homogeneous part and y,, is the particular part.) [hint: Use D/Ker(k) is group-isomorphic to Range(K)]

QUESTION 2. Let (D, .) be an abelian group with 125 elements, m > 2 be a fixed positive integer. Set F' = {a™ | a €
D}. Find all possibilities of |F'| [Hint: Can you say something about F'?]. Do we need abelian here? explain.

QUESTION 3. Let D be a group with 32.5% elements. Given |C(D)| > 15. Prove that D is an abelian group[ Hint:
Straight forward if you use two theorems that I told you about in the lectures]

QUESTION 4. Given (D, .) is a group with 60 elements, a € D such that |C(a)| = 15. Find |Conjugate(a)|.

QUESTION 5. (NICE)

(1) Let D be a group with p? elements. Prove that D ~ ZyporD = Z,® Z, [Hint: What do you know about a
group with p? elements? Use the result if H, K are normal subgroups of D, where D = H.K and H N K = {e}, then
D~H&K.]

(2) Let D be an abelian group with p* elements such that D has a unique subgroup with p> elements. Prove that D is
cyclic. [Hint: Assume not, use the hint as in (1), find H, K such that D =~ H ¢ K , then prove that H @& K has more than
one subgroup with p? elements, a contradiction]

QUESTION 6. Let p;, p, be distinct prime integers and D be a group such that |D| = p;p,. Prove that D is not a simple
group [Recall that D is simple if and only if {e} is the only proper normal subgroup of D, then use a class result (straight
forward)]

QUESTION 7. Let D be a group with 75 elements. Given D has a subgroup with 25 elements and a normal subgroup
with 3 elements. Prove that D is abelian

QUESTION 8. Let f : (Q,+) — (Q,+) be a group-homomorphism such that f(3) = —3.
)=

1) Prove that f(1/m) = —1/m for every m € Z \ {0}
2) Prove that f(x) = —x for every « € Q.[ Note that @ is the set of all rational numbers and Z is the set of all
integers]

QUESTION 9. Let f : (Zys5,+) — (Z10,+) be a group homomorphism such that f(2) = 2. For each left coset of
Ker(f),say H, find f(h) foreach h € H.
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HW 6, MTH 320, Due date: Any time before or at Dec 13, Sunday by
MIDNIGHT + 4 more hours, email your Solution as a PDF to abadawi@aus.edu

Ayman Badawi

PLEASE when you write something /make it brief/ clear/ try to avoid writing something that you do not
understand

Remark 1. We know U (n) is group under multiplication mod n and Z,, is group under addition mod n. So now we can
solve linear equations over Z,,.
Example: Solve for z :
3x+7=4 in Zg

3z =4+ 7 in Zg (177" means inverse of 7 under addition mod 8)
3xr=4+1=5
note 3 € U(8), hence x = 37" -5 in Zg (37! means inverse of 3 under multiplication mod 8)

x=23-5="7in Zg(since 37" =3in U(8))

Note thatif a € U(n),b € Z,,, and ¢ € Z,,, then ax + b = ¢ has only one solution in Z,,.
Note that if a & U(n), then axz + b = ¢ might have more than one solution or no solutions.
For example: 2x + 1 = 3 has two solutions in Zg, x = 1, and x = 5.
For example 2z + 1 = 4 has no solutions in Zs.
I expect that you know how to solve ax + b = ¢, when a € U(n).
QUESTION 1. Solve for z: 5x 4+ 3 = 8 in Z)».
Write b in terms of a, where a,b € Zo: a~' +4b = 61in Zy. (o' is the inverse of ¢ under addition mod 9)
QUESTION 2. We know D = U(26 5% = Zmy @ -+ B Zpy,,, Where my, my, ..., m,, are the invariant factors of D.
(1) Find my, ..., my,.
(ii)) How many elements of order 4 does D have?
(iii)) How many elements of order 5 does D have?
iv) Let a € D such that |a| is maximum. Find |a|.
QUESTION 3. Given D = Zc® Z4 ® Z1p and F = Z, ® Zg B Z»y. Convince me that D = I,
Let L = Z, ® Z1p @ Z1». Then |L| = |D| = |F| = 240. Convince me that L ~ D = F.
QUESTION 4. (i) Up to isomorphic, classify all finite abelian groups with 23 - 5° elements.

(ii) up to isomorphic, classify all non-cyclic finite abelian groups with 2 - 53 elements such that each has an element
of order 200 = 2* - 52, Write each group in terms of its invariant factors.
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Exam-One, MTH 320

Ayman Badawi

QUESTION 1.1) Let H be an abelian group with 33 elements. Prove that H is cyclic.
ii) Let D be a group with 65 elements. Suppose that D has a normal subgroup with 13 elements and a unique
subgroup with 5 elements. Prove that D is cyclic.

QUESTION 2. Consider the group (Z, +)
(i) Construct a subgroup H of Zj that contains exactly 5 elements.

(i1) Find all distinct left cosets of H.

QUESTION 3. Let D = Zg x Z35
i) Is D cyclic? explain.
i1) Find a generator of D.
ii) How many elements of order 15 does D have?
iii) construct a subgroup of D that has exactly 14 elements.

QUESTION 4. Let A=(125)0(652)0(38610)
i) Find |A]
ii) Is A even or odd? explain.
ii) Find |A 0 (10 2 3)].

QUESTION 5. Let f : (Z16,+) — (Z12,+) be a non-trivial group homomorphism.
i) Find Range(f).
ii) Find Ker(f).
iii) Give me one possibility for f(1), let us call it b. Using f(1) = b, find f(a) for every a € Zjs.
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MTH 320, Exam II, Fall 2020

Ayman Badawi

47
QUESTION 1. (6 points) Let (D,.) be a group with 39 elements. Assume that D has a normal subgroup with 3
elements. Prove that D is cyclic.

QUESTION 2. Let (D, .) be an abelian group with 245 = 5 - 72 elements. Assume that D is non-cyclic.
i) (6 points) Find m, .., my, such that D = (Z,,,,+) ® - - - ® (Z,,,., +). SHOW THE WORK.

ii) (3 points) How many elements of order 35 does D have?

iii) (3 points) How many elements of order 7 does D have?

QUESTION 3. (5 points) Let (D,.) be a non-cyclic-group with 2020 elements. Prove that there are finitely many
groups, say Dy, ..., D,,, each with 2020 elements such that D % D, (i.e., D is not group-isomorphic to D;) for every i,
where 1 < i <m.

QUESTION 4. Let f : (Zg,+) @ (Zs, +) — (Zg,+) such that f((a,b)) =2 (a+b~"!) (note that b~ ! means the inverse
of b under addition mod 6, andin2 - (a + b~'), the "+" means addition mod 6 and "-" means multiplication mod 6 .

i) (3 points) Show that f is a group-homomorphism.
ii) (3 points) Find the range of f.

iii)(5 points) Find ker(f).

QUESTION 5. Let D = (Aut(Z),0). [ Recall: Aut(Zy) is the group of all group-isomorphism from (Z,, +) onto
(Z»0, +) under composition.]

i) (3 points) Is D cyclic? explain?

ii) (4 points) Construct a non-cyclic subgroup of D, say (H, o), of D such that |H| = 4.

QUESTION 6. Let n = 16 -9 and D = U(n).
(i)(4 points) Find my, .., my, such that D = (Z,,,+) & - -+ & (Zpn,, +). SHOW THE WORK.

(ii) (2 points) Let a € D such that |a| is maximum. Find |a|.
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Final-Exam, MTH 320, Fall 2020

Ayman Badawi

Score = ——
QUESTION 1. (6 points) Let F = (1324)0(123)0(45)

(i) Is F' € As5? Explain

(i1) Find |F|
(iii) Find F~!
QUESTION 2. (6 points) (up to isomorphic) classify all noncyclic abelian group with 36 elements, such that each has
unique subgroup with 9 elements. Write down the invariant factors of each group.

QUESTION 3. (6 points) Let F' : Zs & Zs — Zs such that F'(a,b) = a~' + 2b (note that a~! means inverse of a under
addition mod 5 and 2b means 2 times b mod 5)

(i) Show that F'is a group homomorphism.
(i) Find Ker(F)
(iii) For each left cosets, say L, of Ker(f), find F(w) for every w € L.

QUESTION 4. (6 points)
(i) We know that (Aut(Zy), 0) = Zm, & -+ ® Zpm,,, where my, ..., m,, are the invariant factors of Aut(Z4). Find
My eees My

(ii) Construct a subgroup, H, of Aut(Z,4) such that |H| = 4. Is it possible that H is cyclic? Explain.

QUESTION 5. (4 points) Give me an example of a group (D, .) such that D has a normal subgroup H such that D/H
is cyclic, but D is not abelian.

QUESTION 6. (4 points) (up to isomorphic) classify all abelian group with 72 elements.

QUESTION 7. (4 points) We know U (360) = Z,,,, & - - - ® Z,,,,, where my, ..., m,, are the invariant factors of U (360).
Find m, ..., my,. [Note 360 = 23 - 32 . 5]

QUESTION 8. (4 points) Let D be a simple group such that |D| > 60. Prove that D does not have a subgroup H such
that 1 < [H : D] <4 (Recall that [H : D] = |D|/|H|)

QUESTION 9. (4 points) Let F' : D — L be a group homomorphism and H be a subgroup of Range(F'). Prove that
K ={a€ D | F(a) € H} is a subgroup of D and Ker(F) C K.

QUESTION 10. (4 points) Let D be a group such that | D| = 65. Assume that D has a normal subgroup with 5 elements.
Prove that D is cyclic.
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