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American University of Sharjah

COURSE SYLLABUS

IS dirricufttime, "trust” relationsnip between students and Instructor wi

Differential Equations — MTH205

Pre-requisite: MTH104 (Calculus 1)
3

Ayman Badawi

Fall 2020
11103 — MTH205 07 Online UTR 13:00 13:50
Instructor Office Telephone Email
Ayman Badawi NAB 262 abadawi@aus.edu

Office Hours: UTR: 15:00=16 or by appointment (send me an EMAIL )

Covers mathematical formulation of ordinary differential equations, methods of solution
and applications of first order and second order differential equations, power series
solutions, solutions by Laplace transforms and solutions of first order linear systems.

Upon completion of the course, students will be able to:

e Explain basic definitions, concepts, vocabulary, and mathematical notation of
differential equations. Exam one and Final Exam

e Demonstrate the necessary manipulative skills (usually Algebra Skills)
required to solve equations of first order and higher-order constant-coefficient
linear differential equations. First Exam and Final Exam

e Demonstrate the necessary manipulative skills (usually Algebra Skills)
required to find particular solutions of second order differential equations.
Exam Two and Final Exam

e Apply Laplace transform to solve IVPs and systems of linear differential
equations. First Exam and Final Exam

e Understand the fundamental properties of power series, and how to use them to
solve linear differential equations with variable coefficients. Final Exam

e Formulate and give reasonable approximation solutions to applied physical
problems arising in science and engineering. Exam Two and Final Exam

e MAIN : CLASS NOTES, My personal webpage (old exams, quizzes)
http://ayman-badawi.com/MTH%20205.html

¢ Problems with solutions for each section will be posted on I-
Learn

o (Optional) Zill D.G., A First Course in Differential Equations with
Modeling and Applications, International Metric Edition, 11" ed,,
2018, CENGAGE Learning Custom Publishing.

€finitely racitate our work,
to ensure that this “trust” is not violated, suspicious Respondus reports ( after exams) will be sent to the Associate Dean.
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COURSE SYLLABUS

K Teaching and
Learning
Methodologies

L Grading Scale,
Grading
Distribution, and
Due Dates

M Explanation of
Assessments

N Student
Academic
Integrity Code
Statement

e (Optional) WebAssign: To purchase the access code and get the

discount, you need the following details:

Cengage Brain URL : https://login.cengagebrain.co.uk/cb/

Product ISBN : 9781337786911 (< click here)
Discount Code : MEBACKTOUNIVERISTY25

This is a traditional lecture based course. Students are tested and given feedback
throughout the semester via regular homework, quizzes, and exams

Grading Scale [92, 100] 40 A [72,77) 23 | C
[89,92) 3.7 | A- [66, 72) 20 | C
[85, 89) 3.3 | B+ [62, 66) 1.7 | C-
[81, 85) 30 B [50, 62) 1.0 |D
[77, 81) 2.7 | B- [0, 50) 0
Grading Distribution
Assessmet Weight Date
Quizzes 15% TBA
Exam 1 25% Sunday, Oct 11, 6:00pm -
7:15pm
Exam 2 25% Sunday, Nov 29, 6:00pm - 7:15pm
Final Exam 35% TBA
Total 100%

There will be quizzes, two midterm tests, and a comprehensive final exam.

e Most quizzes will be pre-announced at least one lecture in advance. No make-
up quizzes will be given. However the lowest quiz will not be counted toward

your final grade.

e With a valid written excuse and making immediate arrangements with the
instructor, a missed exam might be replaced with the grade of the final exam
and/or the average grade of all tests (including final) and/or quizzes.

e The final exam is common and comprehensive. The date and time of the final
exam will be scheduled by the registrar’s office.

Student must adhere to the Academic Integrity code stated in the 2019-2020

undergraduate catalog
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SCHEDULE

Note: Tests and other graded assignments due dates are set. No addendum, make-up exams, or extra
assignments to improve grades will be given.

4.1 Notations and Fundamental Theorem of IVP
1
Week one 7.1 Definition of the Laplace Transform
7.2 Inverse Transforms and Transforms of Derivative
Continue with 7.2 and solving linear diff. equations using
2 Week two
Laplace Transformation
7.4 Derivatives of Transform, Transforms of integrals and
3 Week three
Periodic Functions and solving linear diff. equations
4 Week four 7.5 The Dirac Delta Function and solving linear diff. equations
5 Week five 7.6 Solving Systems of Linear Diff Equations
4.3 Homogeneous Linear Equations with Constant
6 Week six Coefficients
4.7 Cauchy-Euler Equation
4.4 Undetermined Coefficients — Superposition Approach
7 Week seven
4.6 Variation of Parameters
8 Week eight 4.2 Reduction of Order
2.3 Linear Equations and Bernoulli Equation
Week nine
9
2.4 Exact Equations
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2.1 Solution Curves Without the Solution
Week ten
10
2.2 Separable Equations
2.5 Solutions by Substitution
Week eleven
11
Week twelve 3.1 Applications of First order linear ODE
12 ¢ Formulate and give reasonable approximation
solutions to applied problems arising in science
and engineering.
Week thirteen e Applications of second order diff equation
Formulate and give reasonable approximation solutions to
13 applied problems arising in science and engineering.
Week fourteen 6.1 Review of Power Series
n 6.2 Solutions of basic linear diff. equation using the concept
of power series
Week fifteen More on first and second linear diff. equations, Bernoulli,
15 Exact, separable, pictures for diff. equations without
finding the exact diff. equation
One day or two
Reviews/Final Exam (Comprehensive)
days (depends!)
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Math 205 Suggested Problems (if you choose to use the textbook)

TEXT: A First Course in Differential Equations with Modeling Application, by D.G. Zill, 11th Edition.

Section Page Exercises
1.1 10 1-8, 12, 15, 19, 27, 32
1.2 17 4,8,14,17, 18, 23, 24, 25, 27
1.3 28 1,5,13,14,17
2.1 43 1,9, 13, 21, 22, 25, 27, 29
2.2 51 3,6,7,8,13,14,17, 25, 27, 30, 36(a)
2.3 61 5,9,12,13,17, 23, 24, 25, 28, 29, 31
24 69 2,3,6,8,12,16, 24, 32, 35, 37
25 74 3,5,8,11, 15, 18, 22, 23, 25, 28
3.1 90 1,3,6,7,14,15, 23, 26, 27
4.1 127 1,3,5,6,9,13,15,17, 19, 23, 26, 31, 36, 38, 40
4.2 131 2,3,9,11,17
4.3 137 3,5, 11, 15, 16, 22, 23, 24, 31, 33, 43-48, 56, 57, 59
4.4 147 1,5,8, 11,13, 15, 19, 20, 24, 26, 29, 32, 45
4.6 161 1,3,9, 15,19, 25
4.7 168 1,3,4,5,6,11, 14, 15,17, 19, 29, 45
5.1 205 1,2,4,5,9,11,17-20, 21, 23, 29, 31, 45, 47
6.1 237 23, 24,25, 27,29,31,33
6.2 246 1,2,3,57,9,11,13,15,17,19,21
7.1 280 | 4,13, 15,18, 21, 25, 29, 31,33, 37
7.2 288 2,3,7,9,11, 15, 19, 24, 33, 34, 36, 39
7.3 297 1,3,6,7,15, 22,23, 26, 29, 37, 39, 43, 45, 47, 49, 51, 54, 55, 58 63, 65
7.4 309 1,5,7,8,11, 23,25, 27,29,37,39, 41, 45,49, 51
7.5 315 1,3,6,10
7.6 319 1,3,6,7,9,12
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2 Academic Integrity Measures



Academic Integrity Measures in Online Exams

List the measures taken to ensure the academic integrity of the exam.

Quizzes 1-6, all students were in the lecture room (blackboard Ultra room). All
students had 20-25 minutes. All questions are essay. Students submitted their
solution in a folder that | created on I-learn.

Students used lockdown browser for exams one, two and final exam. All
questions are essay. Students submitted their solution in a folder that | created
on l-learn. The outcome (scores) was not significantly different from a normal
in-class exams (see the scores of the students in the excel-sheet)

I am completely satisfied with the outcome of MTH205.



TABLE OF CONTENTS

11

3 Section : Instructor Teaching
Material-Handouts



12 TABLE OF CONTENTS

31 Questions with Solutions on Chapter 7.1 (Find
Laplace)



19.

21.

23.

25.

27.

29.

31.

33.

34.

35.

36.

41

. .5
4 10 7 3
L{4t-10} = 5 - — 2. L7t =—+=
{4 -10}= 5 -~ 2 {7t +3t =5+
2 6 3 : 2 16 9
2 2 2
-3 =5+ — - 24. F{—4t =4+ —+-
L{P 4663} = 5+ 5~ 4. L{—A7 +16t +9} = ~d5 + 5 +
3! 2 3 1 . 3! 2 G
or43 L a2 _ 1243 2 - -
1 1 ; 2 1 5
{1+ e} == 28. H{t?—e 45} = — =
{1+ s 54 {7 —e 45 $3 3+9+s
. 1 2 1 . 1 2 1
¢ 2% 4ty _ 1 ) 2 _ ~2tY _ _z
L{1+2e* 4+ ¢} o e Ry 30. F{e* -2+ Py R feree;
2 3 s 2
(42 _ 5sin3t) — 4> _ 5  Fleos 5t + sin 26 — —
£{4t° — 5sin 3t} 43 5279 32. f{cosbt+sin2t} 105 T F
1. 17 1 1 k
Priih il — L oppokt _ —kty _ 1 _ -
F{sinh kt} 2,%’{6 e ™} QL’—IC s+k} 22
1 .
Fleoshkt} = 5 LM + M) = 5=
f_ gt 1y 1 1 1
Lletcinhtl = £ R G {_)2t__}=_____
F{e'sinht} =% (e 5 £ 3¢ ~ 3 3G-2) 2

{1 =1
t o t€ € _({1 1 2[_} 1 1
3y = —_— =LK =4 = -t
f{e COSlt} VA {e 9 } F£ 2 29 25 2(3 2)
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32 Questions with Solutions on Chapter 7.2 (Find
Laplace Inverse)



2,

(0

Exercises 7.2 Inverse Transforms and Tram=: 2o~ - -

Exercises 7.2

s of Derivatives

1 48 1 48 4!
—1) = 220 -1) - _ = = — ¢+ 9
< 5 85} R P 24 .55} -2
2 1\? o 1 43 1 3 2, 1 ;5
Lo — . 1 p _ . 3 ;
(G- 5) }—ff {4'?‘6'?“56'?6}‘4"? v
N ICE A | 1 3 2 1 3 35 1,
L g, =X ;+3§+§6—3+65—4 :1+3t+§t+6t
I 2 1
¥ (5‘832) }::f“l{%qq 2T2-i}=1+4t+2t2
1
52 5—2}=tr1+62t
4 6 1 1 1 4 1 1
p—1)Z 43 = _ et U I e T — _'-'1_1—81‘
= 5+55 s+8} < {4 s 4 & s+8} 4+4f ¢




Exercises 7.2 Inverse Transforms and Transforms of Derivatives

K

V\

“\

£

s 3
- Y PR TN A
{ +} { PR 759 2cos 3t — 2sin 3t
[ s+1 }= f s 1 v2 V2
{g F- {52+2+-\/§s'~’+2 = cos V2t + 5 sinv/21
1{ }zg_l{lll_l' : }:l_le—i’,t use partial fraction, /(s"2 + 3) =
) s 3 s+3 3 3 |find a, b by cover method
-1f$ 1} gy 11 5 1 }__1 3
{52 R R Sl lc luse partial fraction
1 1 3 1 1 3
-1 & . 2. =2t L
{32+25—3} . {4 s—11 s+3} A
1 1 1 1 1, 1
-1 F - . _ -t __ 5Bt
{52+9—20} {9 s—4 9 5—5} ¢ Tg¢
0.9s { 1
- =2"10(03 6)-
{5—01 )(s +0.2) 108551 709 053
—1 x—l S _ . \/3 _ _ -
{(s \/_)(5+\/_)} {52_3 V3 o 3} cosh V3t — /3 sinh V3t
1 1 1 1 1 1
-1 :gf—-l{_. _ 1. }:_ ot
{(s 2)( b—3)(6— )} 2 s—2 s—3+2 s—6 2°¢
. s24+1 _;f—l{l.l_ 111 .5 1
s(s=1D(s+1)(s—2) 2 s s-1 3 s+1 6 s-—2

als +b/(s+3)

luse partial fraction

use partial fraction from 20 to 24
and cover method.

} = 03617 40,6702

358
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33 Questions with Solutions on Chapter 7.2 (Solving IVP
using Laplace)



Exercises 7.2 Inverse Trazs: to« 2. T:oisliis ot

Solvey'-y=1, y(0) =1

NOTE: Instead of writing Y(s), the author kept it as
We know L{y(t)} = Y(s).

L{y(t);

o 1
sL{y} —y(0) = L{y} = <.
Solving for Z£{y} we obtain
1 1
Fyy = -+ —.
{v} s + s—1
Thus
y=—1+¢.

2y'+y=0,y(0)=3

2s{y} —2y(0) + L{y} = 0.
S :iving for Z{y} we obtain

6 3
* =
W=7 =71
ous
u=3e"t?

y' + 6y = eMN4t}, y(0) = 2
1

sZly} —y(0) + 6Ly} = ——.

s ving for Z{y} we obtain
1 2 1 1 19 1
Fly} = = -
W=GooeTetsr6 10 5-at10 546

_ 1oy 19 g
Y=10° " 10°




Exercises 7.2 Inverse Transforms and Transforms of Derivatives

y'+5y' +4y=0,y(0)=1,y'(0)= 0

s2 £ {y} — sy(0) — ¥ (0) + 5 (s L{y} — y(0)] + 4L {y} = 0.

swving for Z{y} we obtain

gy 5+ _% 1 _l 1
J{y}_32+5s+4_33+1 3s+4’
Thus
_d L4
y =3¢ 3¢
sy" - 4y = 66731} - 361}, y(0) = 1, y'(0) = -1
| : 6 3
s Ly} —sy(0) =y (0) — 4ls £y} v (O] = -5 — 577
S:lving for £ {y} we obtain
. 6 _ 3 $—=29
k= (s —3)(s2—4s) (s+1)(s*—4s) t I T4
512 3 1 .m
2 s s—3 5 s+1 10 s—4°

5 . 11
=2 _gpdt St It 4t
] 2 C 'o( +loe
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34 Questions with Solutions
More-Questions-Solutions-Laplace-IVP
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Quiz 2, MTH 205, Fall 2019

Ayman Badawi (3_2-)
20
e’ LU G A W
(s—4) 0 i' @4)‘3
[ &) A g
(5.4)2 } ((’:r (-1 U—L:‘%*j /5

07§ sl et
N S I 1!
= %sin(@(f;.ﬂ) UG+ 8sin QtJ 9/3/6

QUESTION 2. Solve for y(t), y" + 6y’ + 13y = 0, where y(0) = 0, /{0) = 2.

(o] O
—_— S'Z\'{(S)-s o)_B‘Lo)Jr_ G_QMS),&;{&Q) £ 13Y (s

—

=M (s%es ) L5 2 > )

— \‘I(S) -

= /Qﬂ [ 523%5&\%3 h %ﬁ) ,‘q//%

-\ 2 )
— 1 I_s%f(os +‘3-"3+\3.B = K=2

—= 0 Z(5+3)+4'} \3(*)g \
@ 4\‘)* e tSma \\.




2 Fay

[

L &

e , 1
) =
L —6t i
e} = ovop
3!
f{ } (s +2)4
{fm( /t} (9 io;
Jf{f et + et } f{te”—l—?te”—i—te"“} . - + L
‘ (s—22 (s—3)? (s—4)
LoF{(t - 1)) = £ {12 — ot 4 &) = (5—22)3 9_22).2 + 5:2
J'{C{: sm3t} = (S—]jﬁ
s+2

o —2t _
.f{c cos4t} 7(5 97116

363




Exercises 7.3 Operational Properties I

8. {1 — et 4 3¢ ) cos 5t} = £ {cos 5t — e cos 5t + 3¢ cos 5t}
_ s s—1 3(s+4)
82425 (s—1)2425 " (s+4)24+25

5

g g A : g i t 9 4
10, .J.’{eat (9 — 4t + 10sin %)} = {9(;"” — 4te3 + 10e% sin 5}: :

11. £

18. £~

1 1 4 .
- —e "sin2t
3 GF1) +22} 3¢ sin

{
s }zg_l{ 542 1

. ,"_l s - - —Qt‘ 't—2.._2f." ¢
1. 2 82+45+5 (,g.|_2)2+12 (“;_.'_2)2_{_12} e Ccos € sin
y 2s+5 (9+3) 1 1
=1 _ -1 1oy
16. £ } £ {2(5—4—3)2 52 (5+3)2 } e~ cos 5t ¢

$24+6s+34

{

{

(=
14 £ o

{

{

{

hiE {?Til } { i) =
0

=
o

5—3 (5—3)2+( -3)2+1/:

sin ot

find y(t), where yM + 4y = eM-4t}, y(0) = 2

21. The Laplace transform of the differential equation is

1
sE -y(0)+4& = —
s 2y} —y(O) + 4Ly} = —
Solving for <Z£{y} we obtain
. 1 2
Hyt=——5+——.
2 (s+4)2'+s+4
Thus

y =te M 4 271,

364




38.

39.

40.

41.

12,

43.

4.

Lt -DUE -1} = GSZ

-5

6—25

s+1

LLEtU(E—2)) = f[{e_(t_z) Ut — 2)} =

6—25 26_25

UG -2 =L{t-2)Ut—-2)+2U(t-2)} = 2 + 5

Alternatively, (16) of this section in the text could be used:

LU -2} = e B L[t +2} = (% M 2) ,

S

3e™%  4e™F

F{BEt+DUE -} =3L{¢t-DU -1} +4L{UE-1)} = 2
Alternatively, (16) of this section in the text could be used:

8

LU UE -1} = 6> L{3t+4} = e (% N %) ,
ff{cotht?l (t - 7T)} = :f{(‘.os 2(7‘, _ 7r) Qq (t _ ﬁ)} _ %

Alternatively, (16) of this section in the text could be used:

Fleos2tU(t —m)} =e ™ F{cos2(t +m)} = e L{cos2t} = ; >

= ,—1\'3/2
slamtals - TV = (e TNy TN %€ 7
af{smt U(t 2)} J{co:, (f 2) U(t 2)} 1

Alternatively, (16) of this section in the text could be used:

ézf{sint U (t - :2-‘—)} = 25 {sin (t + g)} =72 Plcost) = e/ 2;

-2s
:rl{:g } =D Sl = Se-opaa-2)
S* 8

$—l{(1 + 6—25)2} _ :f—l{ 1 N 2¢—2s e—ds } _ 6_23+2€—2(l,—2)(;u (t—2)—5—65_2(t—4) -

s+2 s+2 s+2+5+2

—TS
éf‘l{;_}_l} =sin(t —m)U({E —7) = —sint U (t — m)

370
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* INadeen Tarek | Exam I, MTH 205, Fall 2019 \pwe@‘i ; Le f __..e £
Ayman Badawi
Total = 800 4} < . S{_; "'3 _L’___ — CE_‘}'.
T a7 T jerzyt =533 (Sky
QUESTION L. (12 points) / Mo 613/ E+3 Erz)
ot} A B v D oS
(s+3)* &3 G (5+3)® GN (s+3x M

A (543 4 B (543 4 Cls+d D= S

S 5= =2 5= 0
$A +HB+2060= .y ‘D:-3 ! ?EA_‘_O\B_‘_K_;.D?IO
@QC =%> 5= | \21AB+2L = 3\
A=-0 C=| HA+1BAHC-3=) L 3
E): GHA +|6E>+Li(.:5f S 42y (s+>)4

~3C L2 Rk
fs) =3‘_ tr-2e ¢

_';:_ (1‘ (51-1)1.\.
() f ! _les =2tt2)
) IR S ICONR T _i5e s.n(au 2))

/
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35 Questions with Solutions
More-Questions-Solutions-Laplace-IVP
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Quiz 2, MTH 205, Fall 2019

Ayman Badawi (3_2-)
20
e’ LU G A W
(s—4) 0 i' @4)‘3
[ &) A g
(5.4)2 } ((’:r (-1 U—L:‘%*j /5

07§ sl et
N S I 1!
= %sin(@(f;.ﬂ) UG+ 8sin QtJ 9/3/6

QUESTION 2. Solve for y(t), y" + 6y’ + 13y = 0, where y(0) = 0, /{0) = 2.

(o] O
—_— S'Z\'{(S)-s o)_B‘Lo)Jr_ G_QMS),&;{&Q) £ 13Y (s

—

=M (s%es ) L5 2 > )

— \‘I(S) -

= /Qﬂ [ 523%5&\%3 h %ﬁ) ,‘q//%

-\ 2 )
— 1 I_s%f(os +‘3-"3+\3.B = K=2

—= 0 Z(5+3)+4'} \3(*)g \
@ 4\‘)* e tSma \\.
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QUESTION 3. Solve for y(2), "’ ~ 4y’ +4y = tU;{’E}—. where 5(0) = ' (0) = 0 (5_,13'2 - 31,*54’4—
(t-»U P

s*4ey }5@-%5 ts9 1\;;@4\1@ -

,---*’__P_ ] ' B+C D
W B [P 24
6 | ST(s-)

As(P-9s )1 B(s- 15D

4:/1;‘/% 1+Cs (s-2> +Ds*
C

g‘ x /4‘ * \/4@ %>‘-‘/ *7-(+21)‘ G- AS - &AL 4As -l'BS—mS
4 & 4B + Cs s D™

&)= Ul g))jl/4+ VDY &2 o - ®
'l AR e Herbs (D)
if2<t<$

(AN B o o )@)
QUESTION 4. Let f(t) = { i t35 . Find €{ (t)) ):—6\— / c ‘
£ - (u (- ug(ﬂ)g 4 @yﬁé V4 /Z _ /:‘}

T - 3u, -3y, 27 £607= se, - 2e

Faculty information
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QUESTION 2. Find y( ), where y2) — 4y(t) = 4U4( Jsin(2t — 8) #(0) = ' (0) = 0 (note Us(t) = U(t - 4)))

S5 /f/\ er'f 4Y¢s) — 8_2_5‘ /gq Uy Sin (26 -])

S,{‘l_*

—ys §
Yes) (siq) _ Bes 41 € Xb\ﬂ('l\_til_\-?
& +’~\
7(5 ) % F(b-‘-\\ UH l{ [Q ’(Slﬁ 2t *ﬁ-ﬂ
F(S) == , e Si_t L]_
(Sl—H Y (5% 4) ;:f\ +: f\__ - &
— - 5 A
=| | - l 9°-Y4 Sty
F(.S) _(fg—[sg——l‘l 57'-+’-|]
\ =1 oh(2E) | 1 gin26) = A T sia hB - sioeb
e P = 1 ol L sinae) =4 | 3

\(e\ - _?G_Y_%‘m h (2 () —ﬁiﬁ(zuz-ufﬂ] Uy
= i [_smh(:zct-m) _ein(ztt-mﬂ Uy / g/é)

=
QUESTION 3. Find y(t), where ' — 2y(t) = 2, y(0) =0 é\n 2 /i 6_.\ N

SY(s) —a@ ~2N(S e “—m
SNy (s-2) = Ao A4 nn ,

~lIn2, ‘ _ = "'1*]2*'
Yoy 1 S s
! o (5—102)(S-2) .
IR G ER [ - ‘] \ L'ﬂ“—“ Q"}
IRy = e -c

1 -24n7 S-In2, S-2 —9 4

; ‘::{ e
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In Problems 21-30 use the Laplace transform to solve the
given initial-value problem.
21y +dy =Y, y(0)=2

\/22. Y —y=1+t, y(0)=0

\/23- Y'+2y+y=0, y0)=1,y0)=1 FIGURE 7.3.9  Series circuit in Problem 35
24. y" — 4y' + 4y = 3, y(0)=0,y'(0) =0

36. Use the Laplace transform to find the charge ¢(7)

25. y" =6y + 9y =1 y(0)=0,y0) =1 in an RC series circuit when ¢(0) =0 and
\/26. Yy =4y +4y =13 y0)=1,y0)=0 E(f) = Ege™", k > 0. Consider two cases: k # 1/RC
\/”. y// _ 6y/ + 13y — O, y(o) — 07y/(0) = -3 and k = I/RC
\/zé. 2y" + 20y’ + 51y =0, y(0)=2,y'(0)=0 7.3.2 TRANSLATION ON THE t-AXIS
\/zb. V' =y =eltcost, y(0)=0,y(0)=0

‘/ﬁ). V' =2y +5y=1+1 y0)=0,y(0) =4 In Problems 37-48 find either F(s) or f(), as indicated.
L= DU - 1)) 38. LUt — 2)}
39. L{r Ut — 2)} 40. F£{(Gt + DUt — 1)}
\/(1. Pleos 2t UGt — m) 42 x{sintﬂa<t - g)}
P YR (s
$3 s+2
- e~ . se*‘ns&
5. & {sz " 1} 46. & {sz n 4}

- e s - e—2.v
T ] T
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N
/ 2, 0=r<3
55. f(r) =
£ {_27 R
1, 0=1<4
56. f(r) =10, 4=1t<5
1, t=5
0, 0=r<1
. f(H =
=10 0=12)

In Problems 63-70 use the Laplace transform to solve the
given initial-value problem.

A. Y +y=f@®, ¥0) =0, where f(z) = {(5)’ 0= Zi 1
\/64' Y +y=f®, y0) =0, where

f(t):{l, 0=tr<1

-1, r=1
65./y" + 2y = f(1), y(0) =0, where

t, 0=t<1
fo = {O, t=1
66. y" + 4y = f(r), y(0) = 0,y'(0) = —1, where
f(t)z{l, 0=r<l1
t step 0, r=1
ction, 7/y" + 4y = sint Ut — 2m), y(0)=1,y'(0) =0
\/Ky” =5y +6y=Ur—1), y0)=0,y'(0)=1

69. y" +y = f(), y(0)=0,y'(0) =1, where

0, 0=r<m
f =41, m=t<2mw
0, t=2m
70. '+ 4y +3y=1—=U@F—2) — Ut — 4) + U(t — 6),
¥(0) =0,y'(0) =0




Exercises 7.3 Operational Properties I

. The Laplace transform of the differential equation is

: ; 1
Sf{y}—f{y}=g+m~

Solving for £{y} we obtain
: 1 1 1 1 1
e(f K = T = —— 4 g 7 N9
{w} s(s—1)  (s—1)° 5'5—1+(5—1)3

Thus 1
y=-1+e"+ §t26t.

. The Laplacc transform of the differential equation is

52 L{y} — sy(0) = ¥/ (0) + 2[s £{y} — y(0)] + L{y} = 0.

Solving for ¥{y} we obtain

s+3 1 2
Flyt = = = .
W= = i Grie
Thus
y=ct+2e .
24. The Laplace transform of the differential equation is
¥ op (W) 6
s* L{y} — sy(0) — ¢ (0) — 4 [s L{y} — y(0)] + 4 L {w} = Go2p
Solving for £{y} we obtain F{y}= L5t Thus, y = —}—t5 <
poving Yrweomtal SUWI = o0 s -2 YT gt ¢
23. The Laplace transform of the differential equation is
L (W2 [ 1
s> L{y} — sy(0) — y'(0) — 6[s L{y} — y(0)] + 9 L{y} = 2

Solving for £{y} we obtain

1+s% 21 11 2 1 10 1
Lyl =g—w=5st32 o 5
W=arr~wsToe ws—3T 0 5o
Thus 2 1 2 10
_ “ o TP - _— 3t
y—2_7+9t 276 +9te.

i. The Taplace transform of the differential equation is

2 _ : 6
2 £y} 5y(0) ~ /(0) ~ 413 L{} — y(O)) + 4Ly} = 5.
Solving for £{y} we obtain



Exercises 7.3 Operational Properties I

Thus s o , . . -
Y= — — '_1-2 _t3 4+ = £2t _ 2 Zt.
Y 173 + 1 + i 4( 3 te

27. The Laplace transform of the differential equation is
s* L{y} — sy(0) — ¢'(0) — 6 [s £ {y} — y(0); + 13 L{y} = 0.
Solving for Z£{y} we obtain
A it re 2
Thus 5
Yy = —§€3t sin 2¢.

[ &)
0

The Laplace transform of the diflerential equation is
2[s* £ {y} — sy(0)] + 20[s £ {y} — y(0)! + 51.L{y} = 0.
Solving for £ {y} we obtain

G A %sEN _ Asts) 10
VI = 01 20s+51  (s+5)2+1/2 (s+5P+1/2  (s+32+1/2

Thus
y = 2" cos(t/V2) + 10v/2 e~ sin(t/V2).

29. The Laplace transform of the differential equation is

22 {y} = (0) (0 - [ 20} ~¥0) = Ty
Solving for +£{y} we obtain
1 11 1 s—1 1 1
= o9 T3 3GoiPTl T Go1ET T
Thus
1 1, 1,.
y= 57 56 cost+ Ef’ sint.

30. The Laplace transform of the differential cquation is

2Ly} - 5y(0) ~/(0) = 2[5 Ly}~ y(0)] + 5Ly = s+ .

Solving for < {y} we obtain
452 +s5+1 71 11  —7s/25-109/25

:["." = e = — — = &=ty

{u} s2(s2 — 25 +3) %5 52 £—_2515
7111 7 s-1 5l 2
235 582 25 (s—1)24+22 7 25 (s—1)2+4+22°
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38.

39.

40.

41.

12,

43.

4.

Lt -DUE -1} = GSZ

-5

6—25

s+1

LLEtU(E—2)) = f[{e_(t_z) Ut — 2)} =

6—25 26_25

UG -2 =L{t-2)Ut—-2)+2U(t-2)} = 2 + 5

Alternatively, (16) of this section in the text could be used:

LU -2} = e B L[t +2} = (% M 2) ,

S

3e™%  4e™F

F{BEt+DUE -} =3L{¢t-DU -1} +4L{UE-1)} = 2
Alternatively, (16) of this section in the text could be used:

8

LU UE -1} = 6> L{3t+4} = e (% N %) ,
ff{cotht?l (t - 7T)} = :f{(‘.os 2(7‘, _ 7r) Qq (t _ ﬁ)} _ %

Alternatively, (16) of this section in the text could be used:

Fleos2tU(t —m)} =e ™ F{cos2(t +m)} = e L{cos2t} = ; >

= ,—1\'3/2
slamtals - TV = (e TNy TN %€ 7
af{smt U(t 2)} J{co:, (f 2) U(t 2)} 1

Alternatively, (16) of this section in the text could be used:

ézf{sint U (t - :2-‘—)} = 25 {sin (t + g)} =72 Plcost) = e/ 2;

-2s
:rl{:g } =D Sl = Se-opaa-2)
S* 8

$—l{(1 + 6—25)2} _ :f—l{ 1 N 2¢—2s e—ds } _ 6_23+2€—2(l,—2)(;u (t—2)—5—65_2(t—4) -

s+2 s+2 s+2+5+2

—TS
éf‘l{;_}_l} =sin(t —m)U({E —7) = —sint U (t — m)
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16.

47.

48.

it
[<1}

u
=]

~!

(wl]

ut
o

55. £{2— 4% (t—3)}~————c

UG- UG- =
C2{PuE-np=2{{t- 102+ 2 -1U -1} = L{[t- D2+ 2t - 1) +1]U ¢ -1))

Exercises 7.3 Operational Properties I

—7s/2
o1 [s€TPY <_z)g(_1r)=_.. u(_z)
&£ {32+4 cos2(t 3 Ut 3 cos 2t (¢ 2

,z—-—l{ e }::f—l{%— c }z"ll(t—l)—e‘(t_l)%(t—l)

s+1

i 28 i 28 28 28 20
¥ {_‘9) )}z,f {_ - +s_1}:—“M(t—?)-(t—2)“?l(t—2)+c (- 2)

. (c) 50. (e) 51. (f) 52. (b) 53. (a) 54. (d)

4 3

e~ 4s e

S S

(2+2 ,1) .
= | = “Seh=le
g3 52 3

Alternatively, by (16) of this section in the text,

3m : 37 37 se378/2
. Flsint __)}Z:f{_ ;(——)M(f__>}__
{smz‘ (t 5 cos(t 2 5 o

1 > ',‘
— 9 (f — —(t— — 29 (¢ — Bl A
-t Ut -2} =L -E-2)UE-2)—2U(Et—-2)}= 22 .
1 e—2ms
F{sint —sint U(t — 2m)} = L{sint —sin(t — 27) U (t — 27)} = po B
e—as e—bs
L)} = L{UE—a) ~UE—H)} = "— - "
o e .. ) . e $ C—‘Zs e—ds 1 e s
IO = LU D+ U=+ U=+ b=t T g =1 O
. The Laplace transform of the differential equation is
5 _,
sZ{y} —y(0) +L{y} = —¢™*
Solving for Z{y} we obtain
5e™? 1 1
L) — 57 . s [_ B ] _
{ut= s(s+1) R P
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6o,

Thus
y=5U(t —1) — e~ DYt —1).

i4. The Laplace transform of the differential equation is

, . 1 2 _
sL{yt —y(O) +L{yt = —Le™
Suving for £{y} we obtain
1 2e" 1 1 1 1
PR UL N I N NP S
{v} s(s+1) s(s+1) s s+1 R PR
Thus
y=1l-¢1-2 [1 - e_(‘_l)]q[ (t—1).
The Laplace transform of the differential equation is
(¥ (&7e] 1 it 5 + 1
sL{y} —y(0) + 2 F{y} = 2 5‘ R
Solving for £{y} we obtain
1 s s+1 1111 1 1 11 11
Fly}= — & = e S e e = —s[__
{u} $2(s+2) ¢ s2(s+2) 15722 1512 ¢ 3572
Thus

11, 1 [1 1 1 _2(,_1)],;, ,
=it e S S = 1) = Ze 2Dz — 1).
y 1 27‘—%-4(’ 4+ 2(t ) 1€ (t—1)

The Laplace transform of the differential equation is

y ) 1 %
2 L{yy - sy(0) =y (0) + 4 £y} = S - .
solving for ¥{y} we obtain
: 1—3s 1 11 1 s 1 2 f11
«% Zi—*,._s—-i——z———-—_. —— — —’._5[‘———
W=  s@r0 15 1714 a2+a ¢ lis
Thus 1 i 1 1
Y= —-cos2t— —sin2%— |~ — —cos2(t — 1)|U(t — 1).
y=g— s t 5 Sin t 1 4(:0::2( )]'l[( )
7. The Laplace transform of the differential cquation is
- p 1
5" £{y} — sy(0) =y (0) + 4L {y} = 7 5 .

Solving for #{y} we obtain

: 8 : 1 1 1 2
Fly} = ;—2“[_ L ]
W=gmgte 391 6742

Thus 1 i
y = cos 2t + 3 sin(t — 2m) — 6 sin 2(¢ — 27«‘)]%1 (t —2m).
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EXERCISES 7.4

Answers to selected odd-numbered problems begin on page ANS-11.

7.4.1 DERIVATIVES OF A TRANSFORM

In Problems 1-8 use Theorem 7.4.1 to evaluate the given

Laplace transform.
L%Ef (e}

4. {rsinh 31)
6. F{cost}
8. P{te 3 cos 3t}

. Plte '

3. Ficos2t)
5. ${sinht} \/

7. F{te* sin 6t}

In Problems 9-14 use the Laplace transform to solve
the given initial-value problem. Use the table of Laplace
transforms in Appendix III as needed.

9.y +y=rtsint, y0)=0

y(0) =0 /

10. y' — y = te'sin ¢,

[

11. y" + 9y =cos3s, y(0) =2, y'(0)=5
yO) =1, y'(0) = -1

y(0) =10, y'(0)=1, where

2. y' +y=sint,

\/13-/ Y+ 16y = f(0),

£ = cosdt, 0=t<m

0, t=a

4.y +y=fn, y0) =1,
I, 0=t<m/2
t=m/2

y'(0) = 0, where

fo = {

sin 7,

In Problems 15 and 16 use a graphing utility to graph the
indicated solution.

15. y(¢) of Problem 13 for 0 = r < 27
16. y(¢) of Problem 14 for 0 =t < 3w




. d/ 1 1
o106y _ & _
- e = ds(s+10) (s + 10)2

d3 1 6
L 2P = (<15 (=) = (s—1)8

. d s 2 —4
. L{tcos2t} = o (82 +4> - v

2 . d 3 6s
. Z{tsinh3t} = s (52 _9) = (- o)

. . d? 1 6s% + 2
. PL{t*sinht} = 752 (32 — 1) = T %

_ f{tZCost}zd—2( s )=i((1_32 )_25(32_3)

ds? \s2+1 ds \(s2+1)2) (s2 + 1)3

o d 6 _ 12(s—2)
i f{te% sin. 6t} - _£ ((.5 — 2)2 + 36) N [(8 . 2)2 + 36]2

ofe=3t sl O 5+3 )_ (s+3)2-9
.,é’{te cos3t}— ds((s+3)2+9 _[(s+3)2+9]2

. The Laplace transform of the differential equation is

28

S LU} + L0} = g

Solving for £{y} we obtain

2s 1 1 1 s 1

S

Ly} = - -

1 1
G+D@+1)? 251 2241 2241 (@12 "

382

G2+ 1)



Exercises 7.4 Operational Properties -

hus 1, 1 1 1 1
y(t) = —Ee_t - isint + §cost + §(sint —tcost) + atsint

le“+ 1cost ltfcosH— lf int
=_Z¢ Zcost — =t cos —tsint.
2 2 2 2

0. The Laplace transform of the differential equation is

bl o 2(s—1
sL{yt — L{y} = m‘_(l)g—_'_)l)g
Solving for £{y} we obtain

2
O G

Thus
y = e'sint — tef cost.

21. The Laplace transform of the differential equation is

L Ly} -0~y () +9 2y} = 5o
Letting y(0) = 2 and y'(0) = 5 and solving for £{y} we obtain
iy} = 252 + 552 + 95445 25 . 5 s
; (52 +9)? 249 249 (s249)2
Thus .
y =2cos3t + % sin 3t + %tsin?)t.
. The Laplace transform of the differential equation is
SL} - sy — v + Ly} = 5
Solving for £{y} we obtain
S 5?45 s 1 1

s
FL{y} = 5 = = 3
{v} (s24+1)2  s2+1 .sz—i—1+(32+1)2
Thus

; 1. 1 1. 1
y=cost—sint+ (5 sint — Etcost) =cost — §smt - §tcost.

Z3. The Laplace transform of the differential cquation is

2 L{y} — sy(0) — ¢ (0) + 16.L{y} = £ {cos4t — cos 4t U(t — )}
or by (16) of Section 7.3,

2 4 5 —T8 ¢
3 ] 754 — —— — N e 08 T
(s*+16) L{y} =1+ 2116 ° F{cos4(t + )}
s )
— 1 _ p=Ts £ 08
T T F{cos 4t}
s 8

-7S3

=1 - ° .
T Er16 T 116
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290 ° CHAPTER 7 THE LAPLACE TRANSFORM

In Problems 37-46 use the Laplace transform to solve the
given integral equation or integrodifferential equation.

37. f(v) + f’(t —7nf(ndr=t
o

38. f(r) =2t — 4J-lsin Tf(t — 1) dT
0

\/9. f@) =te' + ft'rf(t —7dTt
0

In Problems 19—-30 use Theorem 7.4.2 to evaluate the given

transforming.

\/}. () +2 f'f(f) cos(t — N dr=4e + sint
0

Laplace transform. Do not evaluate the integral before ay fo + J't f(mdr=1 M

19. Z{1 =}
21. F{e "#e cost}

A AL
A p—

e
]

In Problems 31-34 use (8) to evaluate the given inverse

transform.

Al
s(s — 1)

. 1
8.7 {€3(s - 1)}

I

20. {2 1e'} 4% f(t) = cost + ‘*f(t —7dTt

22. Ffe* *si
feesin t} 43 f(t) =1+1t— J(T— D f(r) dr

24. ${f’cos TdT}
! - 2f(t) = f (e — e ft— ndr
26. f{J't'TSin TdT
0 45. y(t)—l—smt—J(; (Ddr, y0)=0
28. {J sin Tcos(t — 7) d } '
T ner \/ +6y(t)+9Jy(T)dT=l, $(0) =0
30. & ~d
{IJ;) T} \/

hl AT and AQ colvia acniation (10) cuhiact ta i(0) — 0O

I
\
i

4
32. 2—1{%} \/
s5(s — 1)

5 1
4.7 {s(s - a)z}




Exercises 7.4 Operational Properties II

[}
N

)
o

)
&

2
=1

30.

31.

32.

33.

34,

. ﬁé’{e% *Sint} =

v o

. £

e
{
{
.f{
{
{
“

N S
(s—2)(s2+1)

Af w325

s 1
=—$ =
} {cost} = s(2+1) s2+1
t 1 —t 1 8+1 — 9+1
N4 /Oe COSTd} gf{e COSt}—;(’S+1)2+1_s(s2+23+2)
4 /0 ﬂrsm'rd’r} = - Z{tsint} = p (_£ m) T s (s2+1)7 (s2+1)2
[ remart = #0244 = =g
o ¢ Y

>
(s2+1)°

¢ d . L _d t = 352+ 1
t/o sm/d} —a—sf{/o Sm’d‘}_ ds ( 924—1>_52(32+1)2
. d. 4 d /1 1 3s+1
—T,I_ __f _—Td,_ = ——{ — — =
R
1 —1 1/(‘9—1) tT 2
R S VA Sy A G Tdr=¢e" — 1
s(s—l)} A { p /Oc T=¢

{
z—l{?(sl_—l)} = {M} = [ -var=e~t-1
{

1 o JYSEs=D g, PN
- }—.[ {—~— —/O(e -7 1)(1’,,—c—§t —t-1

¢
/0 sin 7 cos(t — T) dT} F{sint} F{cost} =

. 1 .
Using &f’l{ } = te®, (8) in the text gives

1 t 1
Foll - / at 100t at )
{é(s a)z} = e’ dr = az(ate e +1)

5. (a) The result in (4) in the text is £ ~1{F(s)G(s)} = f * g, so identify

2k3 4s
F(s) = 1R and  G(s) = T
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Exercises 7.4 Operational Properties II

Solving for £{f} we obtain

243 1
py=2t2 21,8 V5

s2(s2+5) 552 5y582+5
Thus
f) = gt-{— —8-—sin\/3t
5  5V5 ‘

39. The Laplace transform of the given equation is
L{f} = £{tet} + L{t}2{f}.
Solving for £{f} we obtain

;2 1 3 1 1 2 11

¢ _ $ __1 g
j{f}—(8—1)3(54—1)_gs—lﬁ-Z(s—l)Q-!_Z(s—l)?’—§s+1'

Thus

1 3 1 1
)= get + Ztet + thet - -8—e_t

10. The Laplace transform of the given equation is
L{f}+ 28 {costy L{f} = 4£{e7"} + L{sint}.
Solving for £{f} we obtain

48 +s+5 4 7 a2
(s+13 s+1 (s+1)2 7 (s+1)3°

Z{f} =
Thus
f(t) = de™t — Tte™t + 44271

41. The Laplace transform of the given equation is
LAfy+2{1y2{f} = £{1}.
Solving for L{f} we obtain L{f} = —9—41_3 . Thus, f(t) =e7%.

42. The Laplace transform of the given equation is
L{f} = £{cost} + £{e7"} £{f}.

Solving for £{f} we obtain
é s 1
2= e e i

Thus
f(t) = cost +sint.
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43.

"=

t

Exercises 7.4 Operational Properties 11

The Laplace transform of the given equation is

25y =2y + 200 - 2 {3 [ - Proar)

11 8 s 1 116
";+,2+§f{t}z{f}—s"f'sg"rsz;f{f}'

52
Solving for £{f} we obtain

r 3 1r 1 2 1

2
2(s + 1
s4(s+1) 23 N

£(f} =

Thus
ft) = %e—zt + -g—e% + szin 2t + % cos 2t.
The Laplace transform of the given equation is
L{t} -2 2{f} = L{! - e} Z{f}.

Solving for #{f} we obtain

2
=1 11 13
&£ = == - — .
r} 254 282 1244
Thus
)= 5t - 35"

The Laplace transform of the given equation is
sy} —y(0) = £{1} — L {sint} — L{1} L {y}.
Solving for £{f} we obtain

2
) s°—s+1 1 1 2s
N4 = = — _—— 2
W=y 71 @1

Thus

1
y =sint — Etsint.

. The Laplace transform of the given equation is

s 2y} - y(0) + 6 L1y} + 9L {1} £{y} = 2{1).

Solving for &£{f} we obtain L{y} = . Thus, y = te™ 3.

1
(s+3)?

389
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In Problems 1-12 use the Laplace transform to solve the
given initial-value problem.

\/X./y'—3y=6(t—2), ¥(©0)=0 \/
\/y/"‘y:ls(f—l), y(0)=2

J" +y=08@—2m), y0)=0,y(0)=1
Ty + 16y =8(t — 2m), y(0)=0,y'(0)=0
\/’. v +y=08(—1m)+ 8t —3m),

¥(0) = 0,y'(0) =0

\7y" +y=68@—2m) +6(t—4m), y0)=1,y'0)=0

T.y+ 2y =8(—1), y0)=0,y(0)=1
\//y 2y =1+6(—2), y(0)=0,y(0) =1
\)4 4y + 5y =38(t —2m), y(0)=0,y'(0)=0
\jy/zy' ty=8(t—1). ¥0)=0,y(0)=0
Y+ 4y 4+ 13y = 8(1 — m) + 8(t — 3m),
y©0)=1,y'(0)=0

an 7 o L Ay 1o 4

[ To . crloTrEa e AC i An SaEcEncaiT A
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Exercises 7.5

The Dirac Delta Function

[ V]

G

. The Laplace transform of the differential equation yiclds

1

—2s
€
s—3

Lyt =

so that
y =29t — 9).

. The Laplace transform of the differential equation yields

. 2 e *
f’ _ —
{g} s+1+$+1

so that
y=2et et — 1),

. The Laplace transform of the differential equation yields

Fly} = (1 + 6_2"5)

§2+1
so that
y =sint +sintU(t — 2m).

The Laplace transform of the differential equation yields

. 1 4
W =116t

—27s

20 that

il

1
y=7 sind(t — 2m)U(t — 27) =

. The Laplace transform of the differential equation yields

[ L -8 —3ms )
,f{-y}=52+1 (e /2 4 o3m /z)

) that

sindt Ut — 2m).

T T 3 37
= gi F— — U —_— i b — — )" [ — —
Yy = sin (2‘ 2) (t 2) + sin (t 5 )‘U (f 2)

s . 3
— —costt(t- ) ot (1 - 22).
(¢} 3 -+ cos 5
“he Laplace transform of the differential equation yields

z s 1
L{y} =

¢ ,—2ns —4ms
52+1+52+1(c +E7)

397




Exercises 7.5 The Dirac Delta Function

(9 4]

o0 that
y = cost +sint[U(t — 2m) + U(t — 47)].

The Laplace transform of the differential equation yields

Ly} (1+e‘ﬂ:={11__1_l_i(1+e—ﬁ

T 212 2s 2s+2

30 that

]. 1 —9t l 1 _Q(t_l)} .
s = Sz Yt~ 1).
¥y=37 3¢ +b 2¢ (¢ = 1)

The Laplace transform of the differential equation yields
s+1 1 _9s 3 1 31 11 {1 1

${y}=$2(8_2)+3(5_2)6 T 45—-92 45 242

z0 that

3 3 1 [Eﬂhm_%% -
y=1% 3 2t—l— 5¢ 5 (t—2).

The Laplace transform of the differential equation yields

1
A — 3—27rs
v} (s+2)2+ 1

so0 that
y = e 2727 gin ¢ %Y (¢ — 27).

The Laplace transform of the differential equation yields

1
Lyt = ——— e
{u} (s + 1)26
z0 that
y=(t—1e DY —1).

11. The Laplace transform of the differential equation yiclds

4+s e~ 4 =37
Loy =
W=grmmtarsrn
23 o421 3
3 (5422432 (s+2)2+32 3 (s+2)2+32

30 that

: 1 5 .
y = ge_” sin 3t + e~ cos 3t + 56“2(“’_") sin3(t — 7)U (¢t — =)

+ %e_m_%) sin3(t — 37) U(t — 3).

398
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7.6 SYSTEMS OF LINEAR DIFFERENTIAL EQUATIONS ° 299

In Problems 1-12 use the Laplace transform to solve the

given system of differential equations.

=0
dt
d*y dy dx
—+y—x= —+—=—-4—=0
ar Y e dr di
x(0)=0, x'(0)=-2, x0)=1, x'(0)=0,
0 =0, y(0) =1 o) =—1, y'(O0) =5
d*x  d*y dx d3y
0. X o p 1/ % —ax+ Z2 = 65sine
P a T e o
d*x  d% dx d3y
ey Zroa-252=0
de  dr dt * dr
x(0) =38, x'(0)=0, x(0) =0, y(0) =0,
y0) =0, y'(0)=0 Y'(©0)=0, y(0)=0
Ex 3
“ar Car
d*x _
ﬁ + 3y =te !

12.

dx dx
. —=—x+ 2, —=2y+¢
dt Yy dt yre \/
dy _ dy _ o
o 2x o 8x — 1t
x(0) =0, y0)=1 x©0) =1, y0)=1
dx dx dy
— =x - — 4+ 3x + = =1
a F Y \/4 a5
dy dx dy \
= — _ - _ + £ - =
a Y dr a0 C
x(0)=-1, y0)=2 x(0) =0, y©0)=0
d d
ZrD 0 =1
dt dt
dx dy
S 4= -3 —3y=2
dr dt * Y
x(0) =0, y0)=0
dx n dy n
T —
dt dt Y
de dv o

=0, y0)=1
“ar Y “dr | dr
d*y

x(0)=0, x'0)=2, y0)=0

dx
a2y 42 -1
7 X y U( )

dy
—=3x- y+ Ur-1
g Y ( )

x(0) =0, y0) =13

2 Qalva cuctam (1) ywhan L

dy _




[ v

. Taking the Laplace transform of the system gives

sZ{z} = -Z{z} + Z{y}
sE{y} —1=22%{z}

50 that
1 1 1 1 1
x b Sl — - I
o= o672 ~35-1 3542
and
f{}—l—r 2 _2 1 +l 1
Y=g s(s—1)(s+2) 3s—1 3s+2°
Then . . 5 .
_te 1o _ 2t Lo
a:-3c 38 and y 36 +3e :

. Taking the Laplace transform of the system gives

s 2o} —1=220} +

sx{y}-1=8${x}—si2

z0 that
B4+72-s5+1 11 8 1 173 1 53 1
${y}=—2=—_~m + — -
s(s—1)(s*>—16) 16s 15s—1 96 s—4 160s+4
and
1 8, 1784 53 _4
V=176 15° T 96° “T160°
Then

1, 1, 1, 1, 173, 5 _4
= oy ot = ot — e+ ol 2
TEQY TS T T T2t Tan©

. Taking the Laplace transform of the system gives

s{z}+1=2L{z} —2%{y}
sy} —2=5L{z} —ZL{y}

20 that
3

—s—5 s 3
35249

e Al S
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Exercises 7.6 Systems of Linear Differential Equati:x:

5
€= —cos3t— gsin?)t.

Then q 4 .
y=57- 597’ = 2cos 3t — gsin3t.

. Taking the Laplace transform of the system gives

@+3y%m}+&xw}:§

: , 1
so that
58 — 1 11 1 1 4 1
) 3s(s —1)2 _§;+§s—1+§(5—1)2
and 1-2 11 1 1 1 1
POfl — — <8 G =
“{z} 3s(s—1)2 3s 3s—-1 3(s—1)?"
Then 1 1 1 1 1 4
—5— gc’ gtet and  y=—z+ get + gtet.
. Taking the Laplace transform of the system gives
: 1
(25 —2) L{a} +sL{y} =~
s
) 2
(s~ 3) £z} + (s~ 3) L0y} =
so that
-5—3 11 5 1 2
Erade, o % . -3 -
=) s(s —2)(s —3) 2$+23—2 s—3
and 3 1 11 5 1 g8 1
s — k
Flyp=—""_- - _Z 2 .
W =969~ 65 25-2 35-3
Hhen 1 5 1 5 8
e =y 252t 9,3t , e e 28 O 3t
T 2+26 2e and Y 5 2e +3c ;

. Taking the Laplace transform of the system gives

(s+1) Lz} - (s - DL{y} = -1
st{z}+ (s +2) L{y} =1
so that
s+1/2 s+1/2
s2+s+1 (s+1/2)2 + (v3/2)?

L{y} =

and
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Exercises 7.6 Systems of Linear Differential Equations

on

R I Y e
Hey=groi= 3(s+1/2)2+(\/§/2)2'

“hen

Y= e 2 cos ;\g—gt and z=—V3e?sin ?t.

. _aking the Laplace transform of the system gives

(2 +1) £{a} — L{y} = -2
~F{a}+ (P + ) Ly} =1

=2 that
e 4 =28%-1 11 3 1
Z{z} = sT4+282 0 252 24242
and 1 3
z=—=t— ——sinV2t.
2 3 NG sinv2
Then

1 3
y=2"+z= —Et—{-—gsin\/ﬁt‘

2v2

. Taking the Laplace transform of the system gives

(s+1)Z{z}+ L{y} =1
4{z} - (s+1)Z{y} =1

20 that
orn . s+2 541 1 2
f{r}—.32+25+5_-(s+l)2+22+2(s+1)2+22
and
—s+3 s+1 2
Llyt == = — . . .
W=ar5™ Grr 2 T erren
Then

1
r=etcos2t + Ee,_t sin 2¢ and y = —e"tcos 2t + 2e "t sin 2t.

. Adding the cquations and then subtracting them gives

d2l' 1 )
— = t°+ 2
atz ~ 2
dy 1,
— = =t* —2¢.
a2 2
Taking the Laplace transform of the system gives
. 114 13
,% = &— —_—— —_——
{z} 83 ¥ 24 s° + 3 &4

and
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Exercises 7.6  Systems of Linear Differential Equations

) 140 13!
Ll =—Z -2
W=5F"34
so that ’ i i i
r=8+ ﬁt4 + §t3 and y= ﬁt’l — §t3.
_0. Taking the Laplace transform of the system gives
s —4) Flp) L S LIy) =
(=4 Hay+ S Llyh = 5og

(s+2) L{a} — 269 £{y} = 0

so that
4 4 1 4 s 8 1
(,‘= —_ — i i i
“Aw (s—2)(s2+1) 5s—2 5s2+1 5s2+1
and
Lly} = 28 +4 ! 2_3+E 1 6 s _._8 1
= Bs—2)(s2+1) s s2 s® 55-2 5s2+1 58+1
Then
4 1 8
1r=g62t—;—)cost—gsint
and

1 6 8
y=1—2t—2t2+—82t‘——cost+—sint‘
5 5 5

2Z. Taking the Laplace transform of the system gives

s*E{x} +3(s+ )Ly} =2

’ 1
2L} + 3%y} =
s*L{x} {v} ($+1)2
w0 that . i i1 1 1% 1
s+
ley=—————=—-"F5+-5— —.
{=} Bs+1) s 2 255 s+1
Then
T=l4te g ot
ot e
= 1 1 1 1 1
gt Lt L e 1 1
y=gle —gr =gl +3e g

.~ _aking the Laplacc transform of the system gives

2e™9

S

(s —4) =z} +2L{y} =

—8

€
+ —
S

O

3Lz} + (s+ 1)Ly} =

N | =
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Quiz 3, MTH 205, Fall 2019

, 7
Ayman Badawi %)

QUESTION 1. Find z(t), »(t) such that z(0) = 3,y(0) =0 and

='(t) + z(t) - Hy(t) = 0

v{t) +2(t) +y(t) =0

3
SX ()Rt 4 Ae) - AN =

s\lcs\fgat;/r+ K8 2 Y() = o

Q@A) (s41) Yy = Y
@ ¥ 4 (s N = o

5 -9
XU:\ _ O\ S+1 _ 254\ O - (s+1) :ie’*”_
TR W T SN+ 9 2405+ 1O (s +4
S"\" < —C}\ ST 545+
S+ .

1

~t _t_
% ACS) :]ML_ \Mt\ = D@ Cos(?)tlj

e

&

!
|

S48

a\s“f“x\%h O -5 —73

&)
G} Yis) - SN 9 ) (sv>+q

oS e
bu;\: _e S‘f‘@’d\ ,/

"y

Yo
&




2 NO\C{ eer Ayman Badawi

QUESTION 2. (8 points) Given f(t) is periodic on the interval 0, oco]. The first period of f(2) is determined by
f(t) 2, when0 < ¢ st< 4. Use Laplace-Transformation and find y( t);where y” — 4y’ 3y = f(t), y(0) = 0,5/ (0) =

—ls
2.-2€
$*Yes) /j(o) ‘/uj/(/] —HsYo) - Hj( o) +3Y(9) = m
15y (s%t4543) = 2 2o M
s
sti-e™) oy \l S @) dt
Y(S) - 2-2e% _ 2l | o]
S(1-€™%) E-AE1)  $(1e*(53)4-1 .1%\ L=t
\/(5) = __‘__l_____ _ —ﬂ_* .E?. L _C__ —{:LUO"'"E U‘"(
| | S(S—B\(S—l) 1: 52..33 s_&:\| lga -4g
| | A:D-/} :_‘_ C=-|.
o=y TS Sy e
S S-3 S - l e"“"ﬁ
(t\ = 2 _‘_.E,‘gt t -
O =gapet et

QUESTION 3. (8 peints) let f {t) = _[E, cas{u) du, where 0 < ¢ 0 =t < oco. Use Laplace-Transformation and find y(t),
where y” — 8y = f(1), y(0) = 0,5'(0) =0

s SCEY
SZY(S) _w./j,ea)'_ws) = | \ 05w ) dy
ﬁ_
573

V(o) (§2-9) = =

S 41 5l+ el B
a _ ( | 6 |
Py I Y(Q) = N - o+
- -D) (543 2 !
b e (s*+l) ($ -C\) (S WD) T T T s P
sty a_g (Sa-R) : | (S*+1)

s Lb+\ s ‘\] hm ={T"\ (.51*\ _“4\

%H: :\‘_Oain t T&-..é_aé_mh(bt)
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QUESTION 2. (8 points) Use Laplace to solve the differential equation :

V0= + [ ) y0) =0
J'—!Bm du
yow YO -
g U = e384 U i)
20y wy)= Le3t) s [(uxyw)

B ) 4Y ¢s)
sYe) - yer=gg+—

SYCS)‘ *.SH- y(S) <

-3
_ 4 \
Yesy[s T4 T2
Ye ! :
53 (sh-n
s
Yesys (s-3)8-2)(s+ D)
5 - :__E/-\—_E’-'Q'ST‘C_:.
_ 5 _
(s- s~V D E‘:z %e2 sa-n

not B3 O

-1 'L XD
‘j(—ﬂ: st)) i 3/5 v/

-3 s—l S

ju\=%-e— ye "Te b
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QUESTION 6. (10 points) Use Laplace and solve the following system of Linear Diff. Equations:
2(t) - y(t) = 0,2(0) =2 '
y'(t) —a(t) = —t,y(0) = 1

SX(s) - X (o) -\,(5) =
SXts) - Ves) s 2- -0

- _—
5\/,,53-30,) X(s) st

X ¢s) t SYCS)= relie + 1= s
S R

2 =1
X(s): \Si-l S\_\
_ 57 ° =25* s L.
500 s*-3
I3 %)

2 3-}5’"—\ Qs*
X1 Gismy s s‘b“ﬁ

\
X(S)‘s __2___.5—-—— +"""

x|
VRTSYS l BLE B ‘l)
Poe)
xu_\=2_(;,sk(.\.-)+{:\/

< 2
YC53=}_' st_g— I

v
Sts -V, 2 st +RS]
5 AT s2(s*-1)
IS - [ %=}

=l
gcs}-{\* __.a_g-’—
Yitsy= (P 2A) £L-1D
P
Yesy ™ 3L T an

y = 1] +26mk()e) '

e

yw= £ Lo+ 4 gabw

S S
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Name

MTH 205 Differential Equations Fall 2014, [-5
Exam I, MTH 205, Fall 2014
lz-x 20 x&d

Ayman Badawi
27 ¥

x < V2
QUESTION 1. (6 points) Find the largest interval around x so that the LDE @y( 4+

hh
J + 3y = J'& +13, 4% 5}—J(@ =7, and y(5) = —6 has a unique solution.
a-d 12— x>0 (—ca12)
UIZ-¥
(2> x C-oest) U (Y, 12)
o

R
(- 3) V(o) E i j o
™ jl stnu clun

7 éﬂ Cowsuﬁu

(-0=y12)

QUESTION 2. (10 points) Solve for z(2), y(t)

@'(t) —ylt) =2 .
2(t) + y'(t) = 2, Whe@J(O) - 1L,&(0) = L,y(0) =0 42@5»« +2
2 )z @t

SX(e)-xto) = Y(s) = =
SIX(s) =2 — V(&) = =2
S

SK(s)= V(o) - 2428 ),
LS

XC) ANl + | = =
X(s) +5Y(8) = 2-5
Ea—

S X(S) — 241 = \M(3)
=)

X(s) + 67 x(5) - 2-2s = 2'5_5

Ke) (1+e¥) = ZS'S 42 +25%

= 2-5 425 4787

s
XQS\ = 25 4 s 42
= 25 ST\ 4 s2)

Ce™HY) =, 1y 5Cs*4 1)

(Jﬁ']= 2t 4+ Sint 4 2xsnt
= 205t A& sint — 2S5t

|
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(111)y )+fow;—fwdr y(0) = 0)y/( 0)—1
<>\ s) -s}yz{(- ‘j/%? + \“5)<;> :(‘\ST) (;_l—\y
Y(53(—'-+51)—I: \
- 5% (s=\)
N(s) ( | rg? Cs—\3> | 4+ 57Csn)
61M
V(s) = (l +51£)4‘)/):_ 1
sH( kélyxfﬂ s=

(X)) = ,Q,“ f ,L) =
E [ %)

O b e V) L D T,
\\/@M 3‘Lu\ +25\{\5 /‘ﬂﬁ*ﬂ{_@: (s+1)®
Y(s) [ ™ 425 +2] - xter)”
(s+1)”
Y () [52425-“ - pr,] — b +(&+0)?
(s +1)*
(o) CM | Loty
€341} > "
(G) = Cs -H)"
Yo ) = ya 'y ) - %

2 CS—H) J e
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Note: Solve the INITIAL VALUE Problem, (means , conditions
are given at the SAME X-VALUE, i.e., y(0) = ...., y»\(0) = .....
(herex=0) or y(1)=... ,y"\(1)=...., y™\\(1) = ........ (here x =
1)(see 27-31)

Solve the boundary value problem: (means , The given
conditions NEED not be the same x;i.e y(0) =...., yMprime (1)
= ...., (here the conditions are givenat x=0and atx = 1), see
37--40

In Problems 1-26 solve the given differential equation by S-SV TOC B DA -
undetermined coefficients.

1. y"+3y' +2y=6

2. 4y" +9y =15

3. y" =10y + 25y =30x + 3
4. y" +y' — 6y =2x

1
L=y +y Fy=x%—2x

[9)]

4

6. y" — 8y’ + 20y = 100x> — 26x¢*

7. y" + 3y = —48x%e

8. 4y" — 4y" — 3y = cos 2x

9. y'—y' =-3

In Problems 27-36 solve the given initial-value problem.

10. y"+2y =2x+5—e
1Ly —y + iy =3 4 27. y' + 4y = =2, y(%) = %,y'(%) =2
12,y — 16y = 2e 28. 2y" + 3y —2y=14x>—4x— 11, y(0)=0,y(0)=0
13. y" + 4y = 3sin 2x 29. 5y" +y"' = —6x, y(0)=0,y'(0)=—10
14. y" — 4y = (x? — 3) sin 2x 30. y' + 4y +4y =GB+ e, y0)=2,y'(0)=5
15. y" +y = 2xsinx 31 y" + 4y + 5y =35¢%, y(0)=—3,y'(0) =1




4.4 UNDETERMINED COEFFICIENTS—SUPERPOSITION APPROACH ° 149

In Problems 37-40 solve the given boundary-value problem.

3.y +y=x>+1, y0)=57y1)=0

38. y' =2y +2y=2x—-2, y(0)=0,y(m) =1
39. y"+3y=06x, y(0)=0,y(1)+y'(1)=0
40. y" +3y=06x, y(0)+y'(0)=0,y(1)=0

FIGURE 4.4.1

Solution curve

AV}

ir solution of the given
an aid in carrying out
lgebra.

0s 2x
1)e?* sin 2x

nx




Exercises 4.4

. From m? +3m + 2 =0 we find my = =1 and my = —2. Then y, = cie™* + coe~2* and we assun:.
Y

yp = A. Substituting into the differential equation we obtain 24 = 6. Then A =3, y, = 3 and

y=cre T+ coe T+ 3.

From 4m? + 9 = 0 we find m; = —% i and mo = %1 . Then y. = ¢j cos %’l‘ + ¢osin %J, and we assun:-
.= —; and

Yp = A. Substituting into the differential equation we obtain 94 = 15. Then A = 3,

o

3 . 5

y= Clcob§m+0281n§m+ 3"
3. From m? — 10m + 25 = 0 we find m; = mg = 5. Then gy = ¢16° 4 eoxe® and we assuu-
yp = Az + B. Substituting into the differential equation we obtain 254 = 30 and —~104 +25B =

6 =3 i — B 3
Then A=z, B=¢.yp=zr+%.and

D

. 6e O 3
y=ce” +cpxe™ + x4+ .
5 5
4. From m? +m — 6 = 0 we find m; = —3 and mg = 2. Then Yo = 16737 L 9e2® and we assur.
yp = Az + B. Substituting into the differential equation we obtain —64 =2 and A—6B = 0. Th-.
1 _ i, 1, 1,
A=—3,B=—5.yp=—32~ 15, and
; : 1 1
-3z 21
Yy = cie + ™ — = — —.
Y 1 2 3 18
5. From %m2 +m+1=0wefind m;i = myg = —2. Then y. = c1e~ % + cyze~2* and we assu:.
Yp = Az? 4 Bz + C. Substituting into the differential equation we obtain A = 1, 24+ B = —.
and JA+B+C=0. Then A=1,B=-4,C=%,y,=2 42+ %, and
90 » 7
y=cie ® + oz + 2% — 4z + 3
6. From m2 — 8m + 20 = 0 we find mq = 4 + 26 and me = 4 — 2. Then y, = ™ (¢1 cos2z + cosin2:

and we assume y, = Az? + Bz + C + (Dz + E)e®. Substituting into the differential equation =

156
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Exercises 4.4 Undetermined Coefficients - Superposition Approach
Zotain
2A—-8B+20C'=0
—6D +13E =0
-16A+20B=90
13D = —-26
20A = 100.
Then A=5B=4C=% D=-2E=-2 ¢y =522 +du+H+ (-2 1) ¢* and

; 11 12\ .
y = (¢ cos 2z + co8in 27) + 5z? + 4o + 07 ( = ﬁ) €

. From m? + 3 = 0 we find m; = V33 and my = —+v/3i. Then Yo = c1cosvV3z +czsin\/§:z;

and we assume yp = (Az% + Bz 4+ C)e%®. Substituting into the differential cquation we obtain
244+ 6B+ 12C = 0, 12A+12B = 0, and 124 = —48. Then A = -4, B = 4, C = —%
, = (—42” + 42 — §) % and

4
'y=01c05\/§:c+02sin\/§:r+< —4z? —1—4.7:—;) sl

From 4m?® —4m—3 = 0 we find m; = § and mp = —1 . Then y, = ¢1%*/2+ coe™*/? and we assume
yp = Acos 22 + Bsin2z. Substituting into the differential equation we obtain —19 — 8B = 1 and
Ny : 19 1

34-19B=0. Then A= -}t B=—5= . y=—4c

125 sin 2z, and

cos 2 — ——8—511127:

= o 03T/2 e~ T2 _
y=aet+oe 125 15

. From m? —m = 0 we find m; = 1 and mg = 0. Then y. = c1€% + co and we assume yp = Au.

Substituting into the differential equation we obtain —A4 = —3. Then A = 3, y, = 3z and
y=c1e" +cy + 3.
23, From m? + 2m = 0 we find my = —2 and my = 0. Then y, = c;e™2* + ¢y and we assume

yp = Az? + Bx + Cze™2. Substituting into the differential equation we obtain 24 + 2B = 5,
1A =2, and ~2C = —1. Then A = % ., B=2C= ]5 Yp = %:v2 + 2x + %;2:6_2“‘, and

5 1 1 "
Yy =ce +(2+7:r + 25 + ~pe 2.
2 2
8 2 _, l — o 1 = — ik ‘he — 1'/2 A g T/Z
. From m m+ 3 = 0 we find m; = myg = 5. Then yo = cie L coxe and we assume

yp = A+ Bz2e®/2, Substituting into the differential equation we obtain 144 =3 and 2B = 1. Then
A=12, B= % yp =12+ %1.261'/2’ and

" /s 1 .

y=c16%? + cpze®? + 12 + 3 v2et/?,
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Exercises 4.4 TUndetermined Coefficients — Superposition Approach

12. From m2 — 16 = 0 we find my = 4 and my = —4. Then y. = c1e®® + e and we ass.
Y = Aze*® . Substituting into the differential equation we obtain 84 = 2. Then A = 3—1 yUp = %
and

—dx 1
Y= cle T4 oee + - 4

13. From m? 4+ 4 = 0 we find m; = 2i and mg = —2i. Then y, = ¢1 cos 2z + o 5in 2r and we ass™
yp = Axcos2x 4+ Bxsin2z. Substituting into the differential equation we obtain 4B =
—4A=3. Then A=—3. B=0, y, = —3xcos 2z, and

. 3
Y = ¢1€OS 2x + ¢p8in 2z — 17 Cos 2.
14. From m? — 4 = 0 we find m; = 2 and mg = —2. Then y. = ¢1€%* + cpe™?* and we assume -

yp = (Ax? + Bz + C) cos 2z + (Dz? + Ex + F)sin 2z. Substituting into the differential equatic -.
obtain
-84 =0
—8B+8D =0
2A-8C+4E =0
8D =1

—84-8E=0

Then A=0,B=-1,0=0,D=—-}, E=0,F =33 s0y,= —%mcos2a:+(—é:c?+%)>;g
and i i 4
g o B o2 T O _ = ,
Yy =167 + e g  cos 21 + ( 3 o+ 39) sin 2.
15. From m? +1 = 0 we find m; = i and mg = —i. Then y. = ¢;cosx + casinz and we as-

yp = (A2? + Bx)cosa + (Cz? + Dx)sinz. Substituting into the differential cquation we «
10 =0,24+2D =0, 4A=2,and —2B+2C =0. Then A=—-4, B=0,C=0,D =
Yp = —%a:g cosz + %J" sinz, and
1 1
Y =€) COST + ¢g8inT — 59:2 cos T + o sin .

16. From m? — 5m = 0 we find m; = 5 and my = 0. Then y. = 16" + ¢y and we &--
Yp = Azt + Ba® + Cz? + Dz. Substituting into the differential cql.la.tion we obtain —20- -
124 — ]5B = —4,6B-10C = —1,and 2C —5D = 6. Then A = -} , B=1# C =

D=— gp:—% +1‘313+200r2—833¢ and

62o
1 14 33 697
S _ .3 .2 .
y=cre +cy 101, +75 +2r0 625.1:.
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Exercises 4.4 Undetermined Cocflicients — Superposition Approach

27 Fromm?—2m+5 =0 we find my = 14+2i and mg = 1 —2i. Then y,. = e*(e) cos 2% + 2 sin 2z) and
we assume y, = Awe® cos 2z + DBre®sin2z. Substituting into the differential equation we obtain
B=1and —4A=0. Then A=0, B= ;i—, Yp = %:x:e"" sin 2z, and

; 1 ..
y = e (c1 cos 22 + ¢osin 2x) + 11‘(r sin 2.

2 Tromm? —2m+2=0wefind my = 14iand my =1—4. Then y. = &° (crcosz + casinz)
:nd we assune ¥, = Ae?® cos it + Be* sinz. Substituting into the differential equation we obtain
4A-2B=1and —24+ B = -3. ThenA=%,B=— = T2z 2

. Yp = € cosw — te*¥sinz and

AL

y=€e%(cicosx + casing) + —e*¥ cosz — —*¥ sinz.

Ol =3




27, Ve have g, = ¢ ¢08 22 +co sin 2z and we assume y, = A. Substituting into the differential cqua=
== find A = —% . Thus y = ¢y cos 2z + ¢y 8in 2z — % . From the initial conditions we obtain ¢ =
sud e =2, 50y =2sin2zx — L.

. We have yo = ;6727 4+ c9e¥/? and we assume Yp = Az? + Bx+ C. Substituting into the differe: -
=ruation we find A = -7, B = —19, and C = —=37. Thus y = ¢cie™ % + 02(51:/2 — 722 — 19z —

[ JV]
A

“rom the initial conditions we obtain ¢; = —% and ¢p = 1—§§ , 80
1 5, 186 ., .
y=—z¢c 2z 4 %2 _ 732 — 193 — 37.

[ 3]
)

. We have y, = c1e™%/5 +-¢ and we assume yp = Az’ + Bz. Substituting into the differential equ: -
== find A = -3 and B = 30. Thus y = c1¢™* /5 4 ¢y — 322 + 30x. From the initial conditio::-
smrain ¢ = 200 and ¢ = —200, so

y = 200e~%/% — 200 — 322 + 30z.

3

30. We have y. = 1™ + cpze 2% and we assume yp = (Az® + Ba?)e™2*. Substituting int
Jiferential equation we find A = £ and B = 3. Thus y = cre™2* + coze 2 + (13 4 222}
{ 6 2 6 27

Zzom the initial conditions we obtain ¢y = 2 and ca =9, so

y = 2™ 4 9z 4 (61‘3 + ng> 2,
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37. We have y. = ¢1 cos 2+ o sinz and we assume y, = Az? + Bz +C. Substituting into the differer-

38.

39.

10.

cquation we find A =1. B=0, and C = —1. Thus y = ¢ cosx + cgsinx + 22 — 1. From y(0) =
and y(1) = 0 we obtain
ci—1=5
(cos1)er + (sinl)ey = 0.
Solving this system we find ¢ = 6 and ¢p = —6¢ot 1. The solution of the boundary-value prok.
is

y = 6cosx — 6(cot1)sinz + 2% — 1.

We have y, = e”(¢; cosz + casinz) and we assume yp = Az + B. Substituting into the differe:-
equation we find A = 1 and B = 0. Thus y = ¢*(¢1 cos x+cosinz)+xz. From y(0) = 0 and y(7' =
we obtain
=0
T—ec"c1 =T,
Solving this system we find ¢; = 0 and ¢ is any real number. The solution of the boundary-v:.
problem is

y = et sine + 2.

The general solution of the differential equation y” + 3y = 6x is y = ¢1 cos V/3x + co sin+/3z — -
The condition y(0) = 0 implics ¢; = 0 and so y = ¢z sin v/32 + 22. The condition y(1) +3/(1 =
implies ¢g sin V34+2+c0v3cosyV3+2=080co = —4/(sin V3 +3cosV3 ). The solution ix
—4sinv/3z
Y= - + 2z.
sin \/3 + \,/5 Cos \/§

Using the general solution y = ¢; cos v/3z+ ¢z sin v/3z+2z, the boundary conditions y(0)+¢/ (0 =

y(1) = 0 yield the system
¢1+V3e+2=0

c1008V3 +¢asin V3 +2=0.
Solving gives
_ 2(—V/3+sinv3) and oo — 2(1 — cosv/3)
_\/gcosx/g—sin\/g = -\/§cos\/§—sin\/§'
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CHAPTER 4 HIGHER-ORDER DIFFERENTIAL EQUATIONS

EXERCISES

Answers to selected odd-numbered problems begin on page ANS-5.

In Problems 1-18 solve the given differential equation.

\/7/4)62 "+y=0
\/4. xy" =3y =0
\/6. x2y" 4+ 5xy" + 3y =0

\yxzy”+3xy’ —4y=0

. Axly" +4xy’ —y =0

1. x%y" = 2y=0
\/3. xy"+y' =0

X2y 4+ xy +4y =0
X2y = 3xy' =2y =0

. 25x%y" 4+ 25xy" +y =0
x2y" 4+ 5xy" + 4y =0 12. /x%y" + 8xy' + 6y =0
. 3%+ 6xy +y=0

X%y = Txy' + 41y =0
3",76}170 3ym+xy/7y:0
L xy® + 6y" =0

L x4+ 63y + 9x%y" 4+ 3xy’ +y =0

s

In Problems 25— 30 solve the given initial-value problem.
e solution curve.

Xy 3xy" =0, y(1)=0,y'(1) =4
. x2y" —5xy' + 8y =0, y(2)=32,y'2)=0
Zy!/

L X%y = 3xy +4y=0, y(1)=57y(1)=3

Taxy +y=0, y()=1y1)=2




S o>

o

® e ok w

©

10.
11.

13.

14,

The auxiliary equation is m? —m — 2 = (m + 1)(m — 2) = 0 so that y = ¢;z™! + cp22.
The auxiliary equation is 4m? — 4m +1 = (2m — 1)? = 0 so that y = a1z'/2 + ezl Inz.
The auxiliary equation is m? = 0 so that y = ¢; + ez Inz.

The auxiliary equation is m? — 4m = m(m — 4) = 0 so that y = ¢1 + oz
The auxiliary equation is m? + 4 = 0 so that y = ¢; cos(2lnz) + czsin(2In z).

The auxiliary cquation is m? + 4m +3 = (m + 1)(m + 3) = 0 so that y = c;z~' + cpz 3.

. The auxiliary equation is m> — 4m — 2 = 0 so that y = (31:1:2_‘/6 + 02272'“/6.

The auxiliary equation is m? + 2m — 4 = 0 so that y = clzt‘l‘“/":’ + @m‘l“/s.
The auxiliary equation is 25m% + 1 = 0 so that y = ¢; cos ( % In 1:) + cosin (% In .I')
The auxiliary equation is 4m? — 1 = (2m — 1)(2m + 1) = 0 so that y = ¢ z/2 + cpz~1/2.

214 ez %Ing.

The auxiliary equation is m? 4 4m 44 = (m 4 2)% = 0 so that y = ¢12~
The auxiliary equation is m? + 7m + 6 = (m + 1)(m + 6) = 0 so that y = c1z™" + coz 6.

The auxiliary equation is 3m? + 3m + 1 = 0 so that

y= 12 [cl cos (g lnfc‘) + ¢osin (? In .Z‘)jl .

The auxiliary equation is m? — 8m + 41 = 0 so that y = 24 [¢; cos(5Inz) + casin(51n ).
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Exercises 4.7 Cauchy-Euler Equation

. Assuming that y = 2™ and substituting into the differcntial equation we obtain

m(m — 1)(m —2) —6 =m> —3m? +2m — 6 = (m — 3)(m? +2) = 0.

Thus
y = 12> + g cos (\/iln :z:) + c3sin (\/5111 :L) .

. Assuming that y = 2™ and substituting into the differential equation we obtain

mim—1)(m—-2)+m—-1=m>-3m?+3m—1=(m—-1)*=0.

Thus

y =2+ cxlnze + cgz(ln L)2

. Assuming that y = 2™ and substituting into the differential equation we obtain

n(m ~ 1)(m — 2)(m — 8) + 6m(m — 1)(m — 2) = m* — 7m? + 6m = m(m — 1)(m — 2)(m + 3) = 0.

Thus
y=c1+ ez + cgp? + can™,

. Assuming that y = 2™ and substituting into the differential equation we obtain

w(m—1)(m—2)(m—3)+6m(m—1)(m—2)+9m(m—1)+3m+1=m*+2m?+1 = (m?+1)? = 0.

Thus

y = creos(lnz) + cosin(lnz) + ez(Inz) cos(lnz) + e4(Inz) sin(ln ).




2]

. The auxiliary equation is m? + 2m = m(m +2) = 0, so that y = ¢; + coz~2 and

.= —2cpz™3. The initial conditions imply
ca+cg=0
—2¢9 = 4.

Thus, ¢1 = 2, ¢ = ~2, and y = 2 — 2272, The graph is given to the right.

The auxiliary cquation is m? — 6m + 8 = (m — 2)(m — 4) = 0, so that
y=c12% + cor* and ¢ = 2c17 + dead.
~1e initial conditions imply
4c1 + 16¢9 = 32
deg +32¢2 = 0.

Taus, ¢ = 16, ¢; = —2, and y = 1622 — 22*. The graph is given to the right.
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Exercises 4.7 Cauchy-Euler Equation

27, The auxiliary equation is m? 4+ 1 = 0, so that v

y=cicos(lnz) + easin(lnz)

and Pt
" 1. 1 50
y = —ci—sin(lnz) + ca— cos(lnz). , —~—
T z -
The initial conditions imply ¢; = 1 and ¢ = 2. Thus
4 =cos(lnz) + 2sin(lnz). The graph is given to the right.
2%, The auxiliary equation is m? — dm + 4 = (m — 2)2 =0, so that ”

y=c1z2 + cr’lnz and 3y =212+ co(x + 221nz).

The initial conditions imply ¢; = 5 and ¢z +10 = 3. Thus y = 522 — 722 Inz. The E

graph is given to the right.

202




78 TABLE OF CONTENTS

313 Questions with Solutions on Chapter 4.6, Variation
With Contant Coef. LDE



Variation and undetermined method

EXERCISES 4.6

In Problems 1-18 solve each differential equation by varia- \//1 y'+ 3y + 2y =

tion of parameters.
L y" +y=secx
3. y"+y=sinx

\/y" + y = cos’x

7. y" —y=coshx \/ 8. y" — y = sinh 2x M

" er
\/4. y' =4y =—
X

1+ e
e

Answers to selected odd-numbered problems begin on page ANS-5.

< /

4. y" +y=secHtanf

6. y" +y=sec’x

. 9x
\/ 10. y —9y=;




Exercises 4.5 Undetermined Coefficients - Annihilator Approach

_ Exercises 4.6

The particular solution. yp, = uiy1 + Ugya. in the following problems can take on a variety of -
espectally where trigonometric functions are involved. The validity of a particular form can :
checked by substituting it back into the differential equation.

1. The auxiliary equation is m2 +1 =0, s0 ¥, = ¢1 cos T + ¢z sinz and

N cosxT sinz
1’1” = . —
—sinz cosz
Identifying f(z) = secz we obtain
, sin & sec &
Uy =————— = —tanzx
1
,  COSTSec
Uy = ———— =

1
Then uj = In|cosz|, ug = z, and

Yy = c1COST + cosinz + cosz In | cosz| + zsinz.

2. The auxiliary cquation is m2+1= 0, S0 Yo = c1cosx + ¢y sinx and

N cosr sinzx
W= . =
—sinz cosz
Identifying f(z) = tan z we obtain
" . cos?z —1
u) = —singtanz = ————— =cosT —seCT
CoS T
7 .
Uy = sin .
Then u; = sinz — In|secz + tanz|, ug = — cosz, and

y =c1cosT+ casing + cosx (sinz — In|secz + tanz!|) — coszsinx

=108+ casinz — coszln | sccx + tan z).

3. The auxiliary equation is m? +1 =0, s0 Yo = ¢1 €0z + ¢z sinz and
Y €q

cosz sinz

W=|
—S8iny Ccosxy
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Exercises 4.6 Variation of Paramecters

Identifying f(z) = sinx we obtain
-2
uy = —sin”z

Uy = COS L sin .

Then

. 1 1. 1
Uy = 1 sin 2z — 5:1: =5 sinx cosz — §'T

1 2
Uy = —5 cos™ .

and

. 1. . 1 1 .
Yy =cpcosx + cosing + §sum;coszz - 51005.10 - Ecos%csmx

Il

. 1
€1 COST + CoSINT — 51‘ COS I.

The auxiliary equation is m? +1 =0, 50 y. = ¢; cos & + ca sinz and

l cosx sinx

W = ) =1.
| —sinxz cosz,
Identifying f(z) = sec z tanz we obtain
P cocrtan ) = — tan2 7 = 2.
uy = —sinz(secrtanc) = —tanz =1 — sec”x

uh = cos x(secztanz) = tanw.

Then 1) = z — tan 2, ug = —In|cos z|, and
y=crcosz + casinz + xcosz — sinz — sinx In | cos z|
=¢rcosz + c3sine + xcos® — sinx In| cos z).
The auxiliary cquation is m? 4+ 1 = 0, 50 3. = ¢1 cos : + ¢ sinz and

\ cosT sinz|

W= =1.
l —sinr cosx |
Identifying f(z) = cos® z we obtain
uj = —sinzcos®z
uh = cos® z = cos (1 — sin? r) :
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Exercises 4.6 Variation of Parameters

1

Then uy = 3 cos®z, up =sinz — 3 sin3

x, and

: 1 : 1.
Y =1C1CoST+cosinz + gcos4m+sm2$ - 58111456

2 2

. 1 .
=C1COST + C2SIny + 5 (cos2 T 4+ sin x) (COS G

2 — sin? :1:) +sin“

: 1 o 2 9
=1COST + Co8INT + ~ cos” x + - sin“ &

3 3

1 1
=1 COST + cosinx + 3 + gsinza:.

<

6. The auxiliary equation is m? +1 =0, so . = ¢1 cos T + ¢y sinz and

a cosz sinz
W = . =
—sinz  cosz
Identifying f(z) = sec® z we obtain
’ sinx
w) =~
cos?
s
Uy = seC .
Then i
U = — = —secz
cos T
ug = In|secz + tan z|
and

Yy =c1008Z + casinz — coszsecx +sinzln|secz + tanz|

=cicosx + cosinz — 1+ sinxln|secr + tanx|.

7. The auxiliary equation is m2 — 1 =0, so . = c1¢% + ¢pe™® and
er e *
W=\ |=-2.
e —e %
Identifying f(z) = coshz = (™" + €%) we obtain
1 1
/ —2z
u == z
41 46 + 1
1 1
P
Uy 1 46 :
Then i ,
M = a2 T,
u1 86 + 4.).
14, 1
ug = 86 e



Exercises 4.6 Variation of Parameters

znd

) .1 _ 1 .
y = c1e’ + ce L—ge T4 lxe” — —€F — —ze¥

, ) i
=c3e” + g + Zx(e‘ —e™)

- _ 1
=c3e” +cge” " + 3% sinh z.

s The auxiliary equation is m2—1=0, 50 Yo = c16% + coe” and

c* e Tl
W= | =—2.
o=
“Zentifying f(z) = sinh 2z we obtain
1 .1
!l _ =3 | T ;
Uy = (4 + 46
1 1
/ -z 3z
Uy =-€e *— ¢
2 46
“en 1 1
s - - Wl
M=t e
1 -z 1 3z
uUp = —ZB o 1—26 §
=d i i i i
Uy = c1e% oo™ -_6—2."5 - 321" _ = ’—21' T 2
y 1€7 + ¢ + 12 +46 49 126
, 1 o
= ¢16% 4 coc™¢ + & (e2x _ 6-—2.1.)
6 1
=c1e¥ + e + gsmh 2z.
} Tie auxiliary equation is m? — 4 = 0, s0 y. = ¢1€%® + c2¢72% and
! 82:1: 6—21!‘
W =] = -4
lze2m —2¢~%
Tietifying f(z) = €2*/x we obtain u} = 1/4x and u) = —e*®/4z. Then
1
w1 = —In|z|,
up =g n|zl,
1 /e e4—t
up=—— [ —dt
2 4 o t
- i
1 T _op [E€°
y=c1e® + e+ - (P lnjz|—e ZI/ € at , zo > 0.
4 ZQ t
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Exercises 4.6 Variation of Parameters

10. The auxiliary equation is m2 — 9 = 0, 50 . = c13® + cpe~3% and
o i 631‘. 6—31' .
- Ege&l! _36—3:5 - ’
Identifying f(z) = 92/¢%® we obtain u| = %:1:6_6‘” and uh = —%J‘ Then
1 6
—~6 -6z
U = ——¢€ — —Te
24
3 o
Uy = ——a
277y

and

« 1 Qo 1 Qe 3 ¢ [
3z -3 3z 3z 2 -3z
=ce" +we T — —~e —-r’e
1=4a @ 24 4 4

4, : 1 _a
= 165 + ¢z — 1%e 3201 — 31).

11. The auxiliary equation is m? 4+ 3m + 2 = (m + 1)(m +2) = 0, s0 y. = c1e™% + coe™2* and

Identifying f(z) = 1/(1 + €®) we obtain

=L
u,_ &
I 1 e
2 :
,uli_ 2T _ e e
2 I1+e* 1+4e”

Then u; = In(1 + ), ug = In(1 + €*) — e, and
y=cre ®+ce @ +en(l+ %)+ e XIn(l+e) —e®
=c3e "+ coe” P + (1 + e %)e T In(l + 7).

12. The auxiliary equation is m2—2m+1= (m — 1)2 =0, so Y. = c1€* + coxe” and

w=|° T ==
et zet 4 ¢€”
Identifying f(z) = e*/ (1 + xz) we obtain
p ze®e” z
U1 = — —_
! e?® (1 + z2) 1+22
P eter 1
'u.2 —

2 (1+12%) 1+a2
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168 ° CHAPTER 4 HIGHER-ORDER DIFFERENTIAL EQUATIONS

Vallrialltid'n Method and Cauchy-Euler Equations

In Problems 19-24 solve the given differential equation by
variation of parameters.

19. xy" — 4y' = x*
20. 2x%y" 4+ 5xy’' +y=x>—x

21 X%y —xy' +y=2x  22. x’y" —2xy’ + 2y = x’e*
1
x+ 1

23. x%y" +xy —y=1Inx 24. X%y +xy —y=




Exercises 4.7 Cauchy-Euler Equation

5
,.Iu)

I Q\' The auxiliary equation is m? — 5m = m(m — 5) = 0 so that ¥, = ¢; + ¢cpz® and

= QX"

W"(l;:z:‘—’) = \O 5l

T entifvi () — 3 1w ain o = —1s1 and 2 = 2y = —Lad a0
-ientifying f(x) = 2” we obtain uj = —z2” and w5 = 1/52. Then u; = —52® up = 3 ling, and

1 1 - 1
y=c1+c1’ — —r+=r’lnzr = ¢ +cy2° -+ ;:1;5 In .
9

25 5
The auxiliary equation is 2m2 + 3m + 1 = (2 + 1)(m 4+ 1) = 0 so that y, = ;2™ + coz~ Y2 and
o 212
; z @ .
W .T*l..’l)'_l/z = . \ —5/2_
=T

“ientifying f(z) = 1 — L we obtain wf =z — 2% and u) = 232 — 2'/2. Then u; = 37° — 375,

= %3:5/2 ~ %m3//2, and
.« 1 1 2 2 1 1 .
. -1 —1/2 3 2 72 e =L =12 2
y=cr " +or T+-rx—-x4+ -1 —-—x=cr  + oz — =+ —z“.
y=a 2 3¥ 3% T ~3T A 2 6" T 15
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Exercises 4.7 Cauchy-Euler Equation

21. The auxiliary equation is m? — 2m + 1 = (m — 1)? = 0 so that y. = ¢1z + ¢z Inx and

lz zhhz |
Wiz, zlnz) = =
|1 14Inz]
Lientifying f(z) = 2/z we obtain ©j = —2Inz/z and wh = 2/2. Then uy = —(Inz)?, ug = 2.

and
y=c1z +cezlng — z(inz)? + 2z(In z)?

=1z + coxlnz + z(Inx)?, z > 0.
22. The auxiliary equation is m? — 3m + 2 = (m — 1)(m — 2) = 0 so that y, = 1z + cz22 and
2
["‘f T .TZ = — 2_
@2 =1 5
Identifying f(z) = 2%e® we obtain uj = —22¢® and u) = ze®. Then u; = —22e® + 2ze® — .

o= ret —e®, and

y=acz+ cox? — 236® + 27%e% — 276" + 136 — 2%eF

= 1z + cox® + 22e® — 2ze”.

(%)
Lo

. Tre auxiliary equation m(m — 1) + m — 1 = m? — 1 = 0 has roots m; = —1, my = -
o =27 4 cpz. With iy = 271, 49 = z, and the identification f(z) = Inz/x2, we get

W = 21'_], W1 =—Inz/z, and Wo=Inz/ 2.
Trenuf =Wy /W = —(Inx)/2, uh = Wy/W = (Inx)/22?, and integration by parts gives

p _ 11. 1,1 "
up = 5 2.L ny

1 1
11,)——51. Inz §x ;

Yp = w1 + uay —(13’ 1a:ln:z:):z‘_l-!--(—Lr‘lln“ 11'_1> =—Inz
Yp = U 2Y2 = 2% 73 ’ 27 i 5% r=-Inx

y=yc+yp:c1;r_1—i—022:—lna:, x> 0.

<. e auxiliary equation m(m — 1) +m — 1 = m? —

1

1 = 0 has rocts my = -1, my =

[ ]

=027 4 oz, With yp = 271, o = 2, and the identification f(z) = 1/22(z + 1), we ger

W=2"" Wi=-1/z(z+1), and Wo=1/P(z+1).
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Exercises 4.7 Cauchy-Euler Equation

Then uj = Wi/W = —1/2(z + 1), uh = Wa/W = 1/2z%(z + 1), and integration (by partial
fractions for uh) gives

U = —% In(z+1)

1 ., 1 1
up=—zat— Elnrc + 5111(2: +1),

2
50
1 _ 1 _ 1 1
Yp = WY1 + Uy = [—5 In(z + 1)] 4 [—Ea: L 3 Inz + 5 In(z + 1)] T
1 1 1 In(z + 1) 11 1 In{z +1)
=———zhz+-zhniz+1)—-——=—+ —gln {1+~ ) - ——~
5 21111,L+21}111(’1" -1) o 2+21h1( +$> 97
and
Y=YctYp= f‘]+cz—l’1'rln<l+l) it x>0
Y="YeTYp = C1T 2 g Tht p 27 5 k :
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EX E RC | S E S 2 . 3 Ansyers to selected odd-numbered problems begin on page ANS-2.

I

In Problems 1-24 find the general solution of the given dif- y' +3x2y =22 y +2xy = x3
ferential equation. Give the largest interval / over which the )
7. x y =2y+x>+5

general solution is defined. Determine whether there are any
transient terms in the general solution.

. x— —y=x’sinx 0.x
125, 2. % o= \/ dx
dx dx dy
12. (1+x)f—xy7x+x

l.xdf+4y—x —x

d d
\/—y+y—e 4.3 1 10y=4
dx dx \/J.xy +x(x +2)y =¢€*



A. xy" + (1 + x)y = e “sin 2x
I/S. ydx —4(x +y® dy =0




W

Exercises 2.3

= B d —5 1 =i
. For 4/ — 5y = 0 an integrating factor is e~J3dw — =55 g5 that . [e ""yJI =0 and y = ¢e®” for

dx
—00 < 2 < oo. There is no transient term.

d

dx [(:2‘1’1/] =0and y = ce™ for

For i/ + 2y = 0 an integrating factor is e/ 2% = ¢2% 5o that

—00 < z < 00. The transient term is ce™ 2%,

. For ¥/ +y = €37 an integrating factor is el 2 — ¢ 50 that = [e%y] = €' and y = %("’“r + ce™* for

—00 < T < 00. The transient term is ce™*.

For o +4y = % an integrating factor is ef4de — 47 o4 that e [64"1:?]] = %e"‘” and y = % +ce™

4

T

for —o¢ < x < 00. The transient term is ce™

49




Exercises 2.3 Lincar Equations

. . o ran2 3 d [ .3 3 _
5. For y/+3x%y = 22 an integrating factor is e/ 3 9% = = 5o that o [e” y} =z%" andy = +c
ax
. .3
for —o0 < 2 < oc. The transicnt term is ce™* .

[2zda

) ) . ; d 2 2
6. For 3 + 22y = 2° an integrating factor is e = ¢ so that I [e” y] = 2z%¢* and . =
XL

1

9 2
2:1 +(‘(’ a? for —o0 < x < oc. The transient term is ce™ .

1 1 N d 1 1 .
7. Fory + — Zy=_gan integrating factor is e/ (1/2)de — o 55 that . [xy] = - and y = —lna — -

for 0 <z < 20 The entire solution is transient.

- _ . 2d i d o _ 9 _ g
8. For ¢/ — 2y = 2% + 5 an integrating factor is e=J 248 — ¢=2% 45 that p [e 2my} =g%e™ % 4 57
i
and y = —%:1;2 — %x - 1—11 +¢ce?® for —oo < 2 < 0c. There is no transient term.

1 . . . (1) 1 d 1 . .
9. For ¢ — ~Y = zsinz an integrating factor is e JO/mdz _ 2 g5 that Ir [— y] = ging &l
x z Lz
Yy=cr— ;z cosx for 0 < 1 < oc. There is no transient term.

2 3 [(9 /2 d d :
10. Fory + ~y = = an integrating factor is el @/®)dr — 22 56 that e [:I:Qy] =3z and y = % + o7
x x

for 0 < z < o0. The transient term is ez 2.

'

11. For ¢ + :y =z2—1an integrating factor is ef (/m)de 2% so that ar [;t:'ly] =28 — gt
y=12%— Lo +cz™* for 0 <z < oo. The transient term is cx ™.
T 01V d _
12. Fory'— 0+a) y = z an integrating factor is e~/ &/ A+o)ldz — (z+1)e™™ so that Iz [(:c +1)e %y =
— 2x 43 ce® : .
z(z+ e andy = —z — + for -1 <z < 0co. There is no transient term.

z+1  z+1
2 e f 1+(2/z)]dx 2 d 2z 22 3
13. Fory' + (1 + Yy = 2 an integrating factor is e = z°¢% g0 that g [x € y} ="t an.
- i
1 e (‘e_“ ce™*
y=5—5+—5 for 0 <z <oo. The transicnt term is —
2z T

1 1 ) N d ..
14. For y + (] + ;) y = Ze_’” sin 2z an integrating factor is eJUHU/D)idz — po o that Ie [ze®y =
o T m - '

for 0 < z < 20. The entire solution is transient.

. 1 _, ce ®
sin2x and y = —5€ " cos 2z +
g x

Lad

d ' 4 - . 3 — 1 .
15. For l—l — —x = 4y° an integrating factor is e” J@ydy = my™ y~4 so that = [y"’lw] =4y an:
ay Yy dy

<

=25 + cy* for 0 <y < 0o. There is no transient term.
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CHAPTER 2 FIRST-ORDER DIFFERENTIAL EQUATIONS

EXERCISES 2.5

Answers to selected odd-numbered problems begin on page ANS-2.

Each DE in Problems 1— 14 is homogeneous.

In Problems 1-10 solve the given differential equation by
using an appropriate substitution.

Each DE in Problems 15-22 is a Bernoulli equation.

In Problems 15-20 solve the given differential equation by
using an appropriate substitution.

dy 1 dy

5.2 ry== 16 2oy -y
Tax Y y? ax Y
d d
17. & =y@xy’—1) 18. 2 (1 + x)y = x)?
dx dx
dy dy
19. 2P —+y> =t 20. 3(1 + )= =2ty(y* — 1
n Ty ( ) y(y )

In Problems 21 and 22 solve the given initial-value problem.

d
21. xzﬁ —2xy =3y, y() =13

d
2. YR E PR =1 (0 = 4

Each DE in Problems 23—30 is of the form given in (5).

In Problems 23-28 solve the given differential equation by
using an appropriate substitution.

dy

dy 1-x-
23. G+y+ 12 Py R B

dx: dx x+y

d d
25, 2 = tan®(x + y) 2. & = sin(x + y)
dx dx

d d

2.2 o vy 13 28 D=1 4o
dx dx

In Problems 29 and 30 solve the given initial-value problem.

d
29. 2= cos(x +y), y(0) = w/4
dx

d 3x + 2
30 Lo XY

=— -1)=-1
dx 3x+2y+2 yeh

Discussion Problems

PR




Note for Bernoulli
| used v = y*(1-n)/ here they use w = y*(1-n)

so wMprime = (1-n)y*(-n) X y™\prime

so yMprime + a_0(t)y = f(t)y*n, n not = 1.

by substitution....

wMprime + (1-n)a_0(t)w = (1-n)f(t). Find w/ then
y = wX1/(1-n)}

Note 23-30 can be done (but i explain in class)

. w . dw . . . .
22, From 3 —y = ¢™y? and w = y~! we obtain i +w = —e®. An integrating factor is €% so that
z
et = —%eQw +coryl= —%e‘” +ce ™.
e y 4 —3 .dw . . . _3p
270 From ¥ +y = 2y® and w = yT° we obtain — — 3w = —3x. An integrating factor is e so that

da
ey =ge ¥ 4 te ¥ pcory S =a+ §+ e

R 1 . dw 1 : . A
1% From gy — (1 + —) Y= y2 and w = y”l we obtain aw + (1 + ;) w = —1. An integrating factor is
xX v <€

da
x fid T £ -1 1 € —=z
re® so that re®w = —ze* +ef +cory T =—-14+—+ —e %,
x T
. 1 1 Codw 1 1 . i .
23 From g — ;y = —%EyQ and w = y~! we obtain Fr + ?w =3 An integrating factor is ¢ so that

1 (I . t :
tw=Int+cory = 7 Int + e Writing this in the form — = Int + ¢, we see that the solution
- g Y
can also be expressed in the form et/ = ¢t

- F '+ 2 y* and u ~3 wo obtain d 2 2 An integrating
21, From U= y*and w =y ° weobtain — ———w = —— . / gratin
YTsa+ ey T3a+ ey ¥ i 1+e2’T1re L
] u: 1 . .
factor is o so that ﬁ =172 +cory P =1+c¢ (1 + f,z),
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Exercises 2.5 Solutions by Substitutions

21. From y — %y = %y‘i and w = -y‘3 we obtain % - g’w = —;95 . An integrating factor is z% so the-
hw=-2r+cory P =-2z 4 b Hy(l) =3 thenc=F and y™® =~ + L46.
22. From ¢/ +y =y /2 and w = /2 we obtain % + gw = % . An integrating factor is 3%/2 so tha-
37/ 2 = ¢32/2 e or B2 = 1 4 ce™3/2 If g/(d) =4 then ¢ =7 and y%/2 =1 4 7e~3%/2,
23. Let v = z +y + 1 so that du/dz = 1+ dy/dx. Then % —1=uwu?or 1—:'1[2 du = dz. Thu-
tanlu=z+coru=tan(z+c¢),andx+y+1=tan(zr+c)ory =tan(z+¢c) -z — L.
1—u

or udu = dx. Thus %u? =x+.

p

24. Let u = = + y so that du/dx = 1+ dy/dz. Then % —-1=
or u? =2r+ ¢, and (z+y)? =2z +¢;.

25. Let u = z + y so that du/de = 1 + dy/dz. Then % —1 = tan?u or cos®udu = da. Thu:
Ju+%sin2u = z+cor 2u+sin 2u = dz+c1, and 2(z+y)+sin 2(z+y) = dz+cy or 2y+sin2(z+y) =
2z +cy.

du

] 1
— 1 =sinu or ———— du = dz. Multiplyin:

26. Letu=2z s0 that du/dx =14 dy/dzx. Tt
6. Let u =2z + y so that du/dx +dy/dz en. —— P

1—sinu

du = dx or (sec?u — secutanu)du = dz. Thu-
082 u

by (1 — sinu)/(1 — sinu) we have
tanu —secu = z + ¢ or tan(z + y) —sec(z +y) =z + ¢

du 19 =924+ /uor _l_du = dz. Thu:
U

27. Let u = y — 2z + 3 so that du/dz = dy/dx — 2. Then 7 7

2u=z+cand 2/y—2x+3=xr+c
du
28. Let u = y — z + 5 so that du/de = dy/dx — 1. Then Zl% +1=14¢"or e %du = dr. Thu:
—eU=z+cand VT =g 4c .

d 1
29. Let w = x + y so that du/dzx = 1+ dy/dz. Then 2% 1 =cosuand ———— du = dz. Now
dx 14 cosu

1 1—cosu 1—cosu 9
= 5 =3 = cscu —cscucotu
1+cosu 1—-cos“u sin”u

so we have [(csc? u—cscucotw)du = [ dz and — cot u+cscu = z+c¢. Thus — cot(z+y)+esc(z+y) = ‘

T+ ¢. Setting z = 0 and y = 7/4 we obtain ¢ = v/2 — 1. The solution is !
ese(x 4+ y) — cot{z +y) = x +v2 — 1.

du 2u  duT6

4 u+2
30. Let u = 3z+2y so that du/dz = 3+2dy/dz. Then = =3 - v du = de
et u = 32+ 2y so that du/dx = 3+ 2dy/dz. Then T +'u.-+2 w g A s du d

Now by long division
u+2 1 n 4
5u+6 5 25u-+30
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EX E RC | S E S 2 . 4 Answers to selected odd-numbered problems begin on page ANS-2.

In Problems 1-20 determine whether the given differential

12. Bx*y + e’ dx + (23 + xe¥ — 2y)dy =0
equation is exact. If it is exact, solve it. GxlyteDdxt x xe y) dy

\/ . @x—Ddx+ Gy + N dy =0 s e 2wy e
X
\/ 2. 2x+y)dx— (x+6y)dy =0
3. (Sx+4y)dx+ (dx — 8y)dy =0 14. <1,§+X>Q+y:§*1 \/
d
\/ 4. (siny — ysinx)dx + (cosx + xcosy —y)dy =0 y * *
5. 2xy? = 3)dx+ %y +4)dy=0 15.<2y3_ 12>@ =0
\/ ! dy 1+ 9x°/dy
6. (Zy—7+cos3x>f+ —4x* + 3ysin3x =0
d 16. (5y — 20y — 2y =0
2 _ 2 2 _ —
7. (" = y)dx + (" = 2xy)dy = 0 17. (tanx — sinx siny) dx + cosxcos ydy = 0
\/ 8. (1 + lnx+X)dx: (1 = Inx) dy 18. (2ysinxcosx — y + 2y%™) dx
X,

— _ oin2 — 4 xy? d
9. (x — y* + y?sinx) dx = (3xy? + 2y cos x) dy (r = sin"x xye™) dy

\/10. 3+ yHdx + 3xy>dy =0 19. 43y — 15> —y)dt + (t* + 3y> —Ddy =0 \/
dy—O

<1+l—L>dt+< ‘+
t2 24y e

=

1
11. (ylny—e""’)dx+(*+xlny>dy=0 20.
y




In Problems 21-26 solve the given initial-value proble

m.
21, (x +y)2dx+ Qxy +x>— Ddy=0, y(1)=1 \(\/

22, (e*+ty)dx+2Q+x+ye¥)dy=0, y0)=1
23. 4y +2t—=5)dt+ 6y +4t—1)dy =0, y(—1)=2

3y? — ;2> dy t \/
24, |——|—+-—=0, H=1
( y? dr  2y* Y

) Q

J

2.4 EXACT EQUATIONS

69




. Let M =2z—1and N = 3y+7so that M, = 0 = N,. From f; = 2x— 1 we obtain f = 2 —x+h(y
W (y) =3y +7, and h(y) = 3y + 7y. A solution is 2% —z + 3% + Ty = .

. Let M =2x+yand N = —z — 6y. Then M, = 1 and N, = —1, so the equation is not exact.
. Let Al = 52 + 4y and N = 4z — 83 so that My = 4 = N,. From f; = 5z + 4y we obtal.
f=32%+4zy + h(y), K(y) = —8y>, and h(y) = —2y*. A solution is Ja? + 4zy — 2* =c.

. Let M = siny — ysinz and N = cosz + wcosy — y so that M, = cosy —sinz = N,. Frou
fz =siny —ysinz we obtain f = rsiny+ycosz+h(y), A (y) = -y, and hy) = —%y?. A solutic:.
is zsiny +ycosx — %yz =c.

. Let M = 2%z — 3 and N = 2yz? + 4 so that M, = Azy = Np. From f, = 24z — 3 we obta’:
f =222 -3z +h(y), K'(y) = 4, and h(y) = 4y. A solution is 22y® — 32 + 4y = c.

. Let M = 42® — 3ysin3z — y/z? and N = 2y — 1/2 + cos 3z so that M, = —3sin3z — 1/22 ar
Ny = 1/z? — 3sin 3z. The equation is not exact.

. Lot M = 22 — 9?2 and N = 22 — 22y so that My, = =2y and N; = 2z — 2y. The equation is n-

cxact.
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Exercises 2.4 Exact Equations

2. Let M =14+Inz+y/x and N = —1+Inz so that My = 1/x = N;. From f, = —1+Inz we obtain

S=—y+ylnz+h(y). H(z)=1+Inz, and h(y) =zlnz. A solutionis —y+ylnz+znz=c.
i, Let M = y3 — y?sine — 7 and N = 3zy? + 2ycosz so that M, = 3y? — 2ysinz = N,. From
‘= y3 —y?sine —x we obtain f = zy* +y? cosz— S22 +h(y), K (y) = 0, and h(y) = 0. A solution
s xy® + y?cosx — %.‘62 =c ~

bolet M = 23 4+ 4% and N = 3xy? so that My = 3y? = N,. From f, = 2% + y® we obtain

£ = Lot 4y’ + h(y). K (y) = 0, and h(y) = 0. A solution is Lalt oy =c

o let M =ylny—e ™ and N = 1/y + xlny so that My =1+ Iny+ ze™™ and N; = Iny. The

zquation is not exact.

120 Let M =322y +¢¥ and N = 23 + re¥ — 2y so that My = 322 + ¢¥ = N,. From f, = 322y + ¢¥ we

“btain f = 2%y + eV + h(y). ' (y) = ~2y, and h(y) = —y%. A solution is 23y + ze¥ — % = c.

.o Let M =y — 622 — 2ze® and N = z so that My, =1=N, From f, =y— 622 — 22€® we obtain

© = qy — 2% — 2ze® + 2% + h(y), ' (y) =0, and h(y) = 0. A solution is xy — 223 — 2ze® 4 26* = .
o Let M =1-3/z+yand N =1-3/y+zsothat /)y =1 =N, From f, =1-3/z+y
we obtain f = ¢ — 3Inlz| + 2y + h(y), K'(y) = 1 - g, and h{y) = y — 3lnly|. A solution is
rry+ay—3njzyl =c

let M = 2%y — 1/ (1 + 91".2) and N = 23%? so that M, = 32%? = N,. From
=zt -1/ (1 + %Z) we obtain f = £a23y3 — Larctan(3z) + h(y), K'(y) =0, and h(y) =0.
A solution is #%y® — arctan(3z) = c.

o Lot M = —2y and N = 5y —2x so that My = —2 = N;. From f, = —2y we obtain f = —2zy+h(y),

2'(y) = By, and h(y) = %yz. A solution is —2xy + éyz =
. Let M = tanx —sinzsiny and N = cosxzcosy so that My, = —sinxzcosy = N,. From
fp = tang — sinzsiny we obtain f = In{seca| + coszsiny + h(y), A'(y) = 0, and h{y) = 0. A
solution is In | sec x| + cos xsiny = ¢.
. Let M =2ysinzxcosx —y+ 21/28“‘"’2 and N = —z +sin? 1z + 41:1..‘-;(16“‘y2 so that
3 20? w2

My =2sinzcosr — 1+ 4™ + 4y = N,.

From f, = 2ysinzcosz —y + 2y20”2 we obtain f = ysin?z — zy + 27" h(y), K (y) = 0, and

A(y) = 0. A solution is ysin® z — 2y + 267" = ¢.

“: Let M = 483y —15t2 —y and N = t* 4 3y® — ¢t so that My = 4t3 —1 = N;. From f; = 4t3y —15t2 —y

we obtain f =ty — 583 —ty +h(y), A (y) = 342, and h(y) = 3°. A solution is tiy —5t3 —ty+1° = c.
27 Let M =1/t+1/2—y/ (12 +y?) and N = ye¥ +t/ (£2 + y?) so that M, = (y2 -2) /(B +y?) =

N From f, = 1/t +1/t> —y/ (tz - yz) we obtain f =In¢| — 7= arctan (%) + h(y), W (y) = ye¥,
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Exercises 2.4 Exact Equations

24.

and h(y) = ye¥ —e¥. A solution is

1 t
In|t| — = — arctan | — ye¥ —e¥ =c.
-3 (£) +uer e =

. Let M = 22+2zy+y® and N = 2zy+22—1 50 that My = 2(z+y) = Ng. From f, = 2+ 2zy+1? we

obtain f = 3z3+z%y+zy’+h(y), h'(y) = —1, and h(y) = —y. Thesolutionis 3z°+z?y+zy?—y =
If (1) = 1 then ¢ = 4/3 and a solution of the initial-value problem is é:ﬁ + 22y’ —y= % ;
Let M = ¢*+yand N = 2+ 2 + ye¥ so that M, = 1 = N,;. From f; = ¢* + y we obtair
f = & +zy+ hly), Ply) = 2+ ye¥, and h(y) = 2y + ye¥ — y.  The solution i
¥ +xy+ 2y +ye¥ —e¥ = ¢ If y(0) = 1 then ¢ = 3 and a solution of the initial-value prol-
lem is e® + zy + 2y + ye¥ —e¥ = 3.

Let M =4y + 2t — 5 and N = 6y + 4t — 1 so that My = 4 = Ny. From f; = 4y + 2t — 5 we obtai:.
f = 4ty +t2—5t+h(y), K (y) = 6y—1, and h(y) = 3y>—y. The solution is 4ty +t> —5t+3y* ~y = ¢
If y(—1) = 2 then ¢ = 8 and a solution of the initial-value problem is 4ty + 2 -5t+ 32 —y=8.

Let M =¢/2y* and N = (Sy2 — t2) /y® so that M, = —2t/y® = N¢. From f; = t/2y* we obtai:

2 . 2 :
; 3 3 t 3
(4 e — < K — 9 3 S — _ g
f= v + h(y), h'(y) = 7 and h(y) = T3 The solution is i c. I y(1) = 1 the.
2 g
¢ = —5/4 and a solution of the initial-value problem is t—4 — i __2 .
4yt 292 4
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50 . CHAPTER 2 FIRST-ORDER DIFFERENTIAL EQUATIONS

Answers to selected odd-numbered problems begin on page ANS-1.

dy _ ) - dy 2
SEpPAraton O ValTanIes. 21. dx xV1=—y 2. (Fte X)a =Y
% @ — in 5x \// dy @+ 17 ‘In. Problems 23-28 find an explicit solution of the given
dx initial-value problem.

\/dx+e“dy—0 \/1- dy—(y—1)%dx=0 ~/z/3.§:4(x2+1), x(m/4) =1
t
dy dy
Lx— =4 6. — + 2xy2 =0 2 _
V{ oY \/ ax Y \%@—y L yey =2
\/ dx x*—1
dy 3x+2y dy - e
T = 3 = =V + x—y d
ax ¢ Vg”dx ¢ e =y —xy v =1

\/ dx
dx [y +1\? \X dy <2y+3>2 dy
S ylnx— = |[2—— 0. — = 26f+2y—1 y(0) =
ynxdy (x) dx dx + 5 dt
) \/5
\/l/{.cscydx-i-secxdy:O . VI —ydx— V1 —x*dy=0, y0) =—

3
' sin 3x dx + 2y cos*3x dy = 0 28. (1 +xY)dy+x(1+ 42 dx=0, y(1)=0

e 2,-y 3,7x =
\6/// T dxd (e + Dledy =0 In Problems 29 and 30 proceed as in Example 5 and find an
4

x(1+ )2 dx = y(1 + 232 dy explicit solution of the given initial-value problem.

dy .
dQ LQ{ — =ye *, y4) =
15. = 16. — = k(Q — 70

dr a M@0 dx
dy .

dP dN 30. — = y¥siny?, y(—2) =3

17. — =P - P? 18—+ N = Nte'*? dx

31. (a) Find a solution of the initial-value problem consisting
\/ xy+t3x—y—3 3 dy _xy+2y—x-2 of the differential equation in Example 3 and the ini-
dx

xy—2x+4y—8 " dx xy—-3y+x-3 tial conditions y(0) =2, y(0) = —2, and y(ﬁ) =1




Exercises 2.2 Separablc Variables

I Trimdy = (z + 1)? do we obtain y = s@+1)3 4

Trum dy = —e”3% dz we obtain y = %6_3“” +ec.

- 1 . 1 1
i It ——sdy =dr weobtain ——— =xr+cory=1-— :
(y—1)2 y—1 T+c
g = 1 4 : 4
DoTmo dy = — dz we obtain In|y| = 4Inl|z| + ¢ or y = c12™.
y x
= o 1 ; 1 9 1
T Ii.m —dy=-2zdr we obtain —— =-2°+cory=5——.
y y re“+c1

Tram e Wdy = ¢™dx we obtain 3¢ + 2% = ¢

; , » 1
s yeVdy = (e‘$ + e“"”) dz we obtain ye¥ —e¥ + 7" + ie_‘“ =c.
1 y _y? .z 1.
toThim (y +2+ —) dy = 2*Inz dz we obtain -{2— +2y+Inlyl = 3 lajz| — a.r‘ +ec.

Jlo Tt ! d ! dx we obtain 2 . + ¢
Ll o ly = dx we o =
2y +32 %Y T r 152 %+3 445
I Zoum dy = — dz or sinydy = — cos? v du = —L(1 + cos 2z) da we obtain
=y y - inydy 1 5(1 4 cos2z) dx i
— sy = —%z - %sin 2r+c¢ or 4dcosy=2x+sin2z+ ¢.
sin 3z ; 4
L1 Cmom 2ydy = ——— dz or 2y dy = — tan 3z sec? 3z dz we obtain y? = —L sec? 37 + c.
¥y cos3 3z yed ’ d 6

Y —eT

d‘ =
(ev +1)° 4 (e +1)

I Ttum 3 dx we obtain — (e¥ + )= 3(e® + N2 +e

= Trom dx we obtain (1 + -yz) 172 = (1 + .1:2)1/2 -+ &

z
= dy =
L+ 1+

_ 1 -
T Iram 3 dS = kdr we obtain S = ce".

oo Q——lfa dQ = k dt we obtain In|Q — 70| = kt + c or Q — 70 = ¢ €M,

37



Exercises 2.2 Separable Variables

17. Pr0111 — PQdP (; + —l-_l—P-) dP = dt we obtain 1an[ —In|1—P|=t+cso that ln!1 fPl =
t+cor 1 5= c1€l. Solving for P we have P = 1—3%

18. F1om — d\

. y—2 r—1
19. From ——=dy = dr or |1—
' y+3 . r+4 ( Y
1/ 5
x—>5ln|r+4]+¢ or (r—r‘> =167V
y+3
1 r+2 2 5
20. I'rom yt dy = Lt dz or |1+ dy = (1 + i
-1 r—3 y—1
y— 1) .
z+blnjz—3|+¢ or Q——)— = c1e°7Y.
(x —3)°
21. From zdz = —— dy we obtain 112
Vi-92
1 e® . 1
22. From — dy = — = 7=z dx we obtain —— = tan
y? et fe® (e®)2+1 y

dz = 4dt we obtain tan™lxz = 4t + ¢.

1
23. From Pl

solution of the initial-valuc problem is tan™

24. From

dy =

! ! dTorl !
y2—1"7 22-1 " 7 2\y-1

y+1>

Inly—1]—Injy+ 1=z -1 -

( 2 _ 1) dt we obtain In |N| = tel+2 — et+2

Using z(n/4) =

Inlz + 1] +1Inc or d

tct!—2_et+2_t

—t+cor N =cqe

) d 5 d Lkt 1 :
+3) ly = (1—$+4) z we obtain y — 5ln|y + 3| =

. 3) dx we obtain y + 2Injy — 1| =

2
. . fxe
=sin~! Y+ cory=sin (—9— +c1).

1

-1_z
tan~le® + ¢

e“+cor y=—

1 we find ¢ = —3n/4. The

3
a—4t——4— or r—tan(4t—TT>

( ) dx we obtain
—2 ((L——l—) Using y(2) = 2 we find

y+1 z+1
. - Ly—1 z-—1
¢ = 1. A solution of the initial-value problem is = ory=ua.
y+1 z+1
1-2 1 1 . 1 1/ ;
25. From —dz/ =3 dz = (F - ;) dx we obtain In|y| = - In|z| = ¢ or zy = c;e™/*. Using

y(— 1) —1 we find ¢; = e L.

y = e (31/2) /g

26. F
Tom

¢y = —4. The solution of the initial-value problem is 1 — 2y = —4e

27. Scparating variables and integrating we obtain
dz dy

Y —0
V1 — a2 .\/1 — 2

and

38

The solution of the initial-value problem is zy = e

sin~!z — sin™

—-1- l/a:

1 .
5 dy = dt we obtain —3In |l —2y| =t+cor 1 — 2y = cre”%. Using y(0) = 5/2 we finc
0

-2t -2t

ory=2e%¥+1.

ly=c



Exercises 2.2 Separable Variables

Setting # = 0 and y = v/3/2 we obtain ¢ = —7/3. Thus, an implicit solution of the initial-value

problem is sin"! z—sin"ly = —7 /3. Solving for y and using an addition formula from trigonometry,
we get
in(sin— n T, .o V3V1-22
y:Sln(SIH 1'1:+_)21005_'1'_\/.1._.]28][1—:(——’— .
3 3 2 2
25, From

1 -
dy = dx we obtain
T+ @)Y " 15 @)

1 1
5 tan~!2y = ) tan"lz? +¢ or tan”! 2y + tan™! 2?2 =c.

Using y(1) = 0 we find ¢; = w/4. Thus, an implicit solution of the initial-value problem is

tan~' 2y +tan "t z? = 7 /4. Solving for y and using a trigonometric identity we get

2y = tan <Z —tan™! :1;2)

1 T
Yy = 3 tan (—;— — tan ™! mz)
1 tan} — tan(tan—! z%)
2 1+tan%tan(tan~!22)

_11-4?
S 21+227

23, Separating variables, integrating from 4 to z, and using ¢ as a dummy variable of integration gives

P = / et
In y(t)§4 ¢ dt
5 2
lny(z) — Iny(4) 2/4 e Fdt
Using the initial condition we have
T 2 £ 2 T2
Iny(z) =ny(4) +/1 e dt=In1 +/1 e~V dt :/4 eV dt.

Thus,
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Warming and Mixture Applications
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. CHAPTER 3 MODELING WITH FIRST-ORDER DIFFERENTIAL EQUATIONS

Using this age, determine what percentage of the origi-
nal amount of C-14 remained in the cloth as of 1988.

Newton’s Law of Cooling/Warming

(/ 15.

.

A
A

A small metal bar, whose initial temperature was 20° C,
is dropped into a large container of boiling water. How
long will it take the bar to reach 90° C if it is known that
its temperature increases 2° in 1 second? How long will it
take the bar to reach 98° C?

Two large containers A and B of the same size are filled
with different fluids. The fluids in containers A and B
are maintained at 0° C and 100° C, respectively. A small
metal bar, whose initial temperature is 100° C, is low-
ered into container A. After 1 minute the temperature
of the bar is 90° C. After 2 minutes the bar is removed
and instantly transferred to the other container. After
1 minute in container B the temperature of the bar rises
10°. How long, measured from the start of the entire
process, will it take the bar to reach 99.9° C?

A thermometer reading 70° F is placed in an oven
preheated to a constant temperature. Through a glass
window in the oven door, an observer records that the
thermometer reads 110° F after % minute and 145° F
after 1 minute. How hot is the oven?

At t =0 a sealed test tube containing a chemical is

immersed in a liquid bath. The initial temperature of

the chemical in the test tube is 80° F. The liquid bath
has a controlled temperature (measured in degrees

Fahrenheit) given by T,(f) = 100 — 40e~ %", t=0,

where 7 is measured in minutes.

(a) Assume that £ = —0.1 in (2). Before solving the
IVP, describe in words what you expect the temper-
ature 7(f) of the chemical to be like in the short
term. In the long term.

(b) Solve the initial-value problem. Use a graphing util-
ity to plot the graph of 7(7) on time intervals of var-
ious lengths. Do the graphs agree with your
predictions in part (a)?

. A dead body was found within a closed room of a house

where the temperature was a constant 70° F. At the time
of discovery the core temperature of the body was
determined to be 85° F. One hour later a second mea-

surement showed that the core temperature of the body
was 80° F. Assume that the time of death corresponds to
t =0 and that the core temperature at that time was
98.6° F. Determine how many hours elapsed before the
body was found. [Hint: Let t; > 0 denote the time that
the body was discovered.]

. The rate at which a body cools also depends on its

exposed surface area S. If S is a constant, then a modifi-
cation of (2) is

i kS(T = T,),

where k < 0 and 7}, is a constant. Suppose that two cups
A and B are filled with coffee at the same time. Initially,
the temperature of the coffee is 150° F. The exposed
surface area of the coffee in cup B is twice the surface
area of the coffee in cup A. After 30 min the temperature
of the coffee in cup A is 100° F. If 7, = 70° F, then what
is the temperature of the coffee in cup B after 30 min?

Mixtures

1.

S
A

A

27.

A tank contains 200 liters of fluid in which 30 grams of
salt is dissolved. Brine containing 1 gram of salt per liter
is then pumped into the tank at a rate of 4 L/min; the
well-mixed solution is pumped out at the same rate. Find
the number A(7) of grams of salt in the tank at time 7.

Solve Problem 21 assuming that pure water is pumped
into the tank.

A large tank is filled to capacity with 500 gallons of pure
water. Brine containing 2 pounds of salt per gallon is
pumped into the tank at a rate of 5 gal/min. The well-
mixed solution is pumped out at the same rate. Find the
number A(f) of pounds of salt in the tank at time .

In Problem 23, what is the concentration c() of the salt
in the tank at time #? At t = 5 min? What is the concen-
tration of the salt in the tank after a long time, that is, as
t—> ? At what time is the concentration of the salt in
the tank equal to one-half this limiting value?

. Solve Problem 23 under the assumption that the solu-

tion is pumped out at a faster rate of 10 gal/min. When
is the tank empty?

. Determine the amount of salt in the tank at time 7 in

Example 5 if the concentration of salt in the inflow is
variable and given by c;,(f) = 2 + sin(z/4) Ib/gal.
Without actually graphing, conjecture what the solution
curve of the IVP should look like. Then use a graphing
utility to plot the graph of the solution on the interval
[0, 300]. Repeat for the interval [0, 600] and compare
your graph with that in Figure 3.1.4(a).

A large tank is partially filled with 100 gallons of fluid
in which 10 pounds of salt is dissolved. Brine containing



Exercises 3.1 Linear Models

15.

16.

17.

We use the fact that the boiling temperature for water is 100° C. Now assume that dT'/dt
k(T — 100) so that T = 100 + ce*. If T(0) = 20° and T(1) = 22° then ¢ = —80 and k

i

Il

In(39/40) =~ —0.0253. Then T(t) = 100 — 80e~%925% and when T = 90, ¢ = 82.1 seconds. =

T'(t) = 98° then ¢ = 145.7 seconds.

The differential equation for the first container is d77/dt = ki(Ty — 0) = k171, whose solution -
T1(t) = c1¢M¥. Since T3(0) = 100 (the initial temperature of the metal bar), we have 100 = ¢ at-

Ti(t) = 100e¥1t. After 1 minute, 73(1) = 100" = 90°C, s0 k1 = In0.9 and 73(t) = 100e ™"

After 2 minutes, T1(2) = 1002209 = 100(0.9)? = 81°C.

The differential equation for the second container is d75/dt = ko(T> — 100), whose solution :-

To(t) = 100+coe*?t. When the metal bar is immersed in the second container, its initial temperatu: -

is T5(0) = 81, so
T(0) = 100 + c2e*2(® = 100 4 ¢p = 81
and ¢ = —19. Thus, T(t) = 100 — 19¢*2¢. After 1 minute in the second tank, the tempcrature
the metal bar is 91°C, so
Tp(1) = 100 — 19¢F2 = 91

ko — _9_
19

9

kQ =In E

and Ty(t) = 100 — 19¢*12(9/19) Setting To(t) = 99.9 we have

100 — 19¢™(9/19) _ g9 9
tn(9/19) _ 01
19
In(0.1/19)
=~ T7.02.
In(9/19)

Thus, from the start of the “double dipping” process, the total time until the bar reaches 99.¢

in the second container is approximately 9.02 minutes.

Using separation of variables to solve dT'/dt = k(T — Ty,) we get T'(t) = Tp, + ce?. Using T(0) =~

we find ¢ = 70 — Ty, 50 T(t) = Ty + (70 — Tr)e™. Using the given observations, we obtain
1 e
T(;) = T + (70 — Tp)e/? = 110

T(1) = T + (70 — Ty )eF = 145.

88




Exercises 3.1 Linear Models

Then, from the first equation, e¥/? = (110 — T},,) /(70 — Tr,) and

ek — (6k/2)2 _ (110 - Tm.)2 _ 145 - Ty,

70—Tn 70— T
(110 — T )?
—— =145 - T,

70 - Tm m

12100 — 2207, + T2, = 10150 — 2157, + T2
Ty, = 390.

The temperature in the oven is 390°.

2%, (a) The initial temperature of the bath is T5,,(0) = 60°, so in the short term the temperature of the
chemical, which starts at 80°, should decrease or cool. Over time, the temperature of the bath
will increase toward 100° since e~"'1 decreases from 1 toward 0 as ¢ increases from 0. Thus,

in the long term, the temperature of the chemical should increase or warm toward 100°.

:b) Adapting the model for Newton’s law of cooling, we have N
ar ; 0.1 . = s
e —0.1(T — 100 + 40e7%1%),  7(0) = 80. o -
Writing the differential equation in the form o N
F
T 700 f
4 01T = 10 — 4670 /
dt 4 :
10 20 30 40 50

we see that it is linear with integrating factor ef 0-Ldt — 0.1t

;_if[eo.]tT] — 1080'” —14

. Thus

eO.]tT - 1006().1t — 4t +c
and
T(t) = 100 — 4te= 0 4 ce~01¢,

Now T(O) = 8050 100+ ¢ =80, ¢c = —20 and
T(t) = 100 — 4te™ 01 — 20e=01 = 100 — (4¢ + 20)e ™01

The thinner curve verifies the prediction of cooling followed by warming toward 100°. The

wider curve shows the temperature T}, of the liquid bath.

* zurifying Ty, = 70, the differential equation is dT'/dt = k(T — 70). Assuming 7'(0) = 98.6 and
.-+ zrating variables we find T'(t) = 70+ 28.9¢*. 1f t; > 0 is the time of discovery of the body, then

T(t1) = 70+ 28.6¢" =85 and T(t; + 1) = 70 4 28.6e*1+1) = g

89
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Therefore e/ = 15/28.6 and e.k(“""-'l) = 10/28.6. This implics
10 10 286 2

©T®6° T:w6 153
so k =In% ~ —0.405465108. Therefore

1
ti=-1In ~ 1.5916 ~ 1.6.

k286
Death took place about 1.6 hours prior to the discovery of the body.
20. Solving the differential cquation dT'/dt = kS(T — Toy,) subject to T'(0) = Ty gives
T(t) = Ty, + (To — Tp)e™".
The temperatures of the coffee in cups A and B are, respectively,
Ta(t) =70+ 80" and Tj(t) = 70 + 8025,
Then T4(30) = 70 + 80¢3°%S = 100, which implies ¢35 = 2. Hence
Tp(30) = 70 + 805085 = 70 4 80 (&20%5)”

2

3 9 .
— 70480 (-8-) =70 + 80 (@) — 81.95°F.

21. From dA/dt = 4 — A/50 we obtain A = 200 + ce /50, If A(0) = 30 then ¢ = —170 & |
A =200 — 170e=4/,

22. From dA/dt =0 — A/50 we obtain A = ce¢™*/%0, If A(0) = 30 then ¢ = 30 and 4 = 30e~/50,

23. From dA/dt = 10 — A/100 wc obtain A = 1000 4 ce~¥/1%°_ If A(0) = 0 then ¢ = —1000 :
A(t) = 1000 — 1000e~%/100,

24. From Problem 23 the number of pounds of salt in the tank at time ¢ is A(t) = 1000 — 1000e~t - .
The concentration at time ¢ is c(t) = A(t)/500 = 2 — 2¢=*/190, Therefore ¢(5) = 2 — 2¢71/* =
0.09751b/gal and lim; . ¢(t) = 2. Solving c(t) = 1 = 2 — 219 for ¢ we obtain t = 1001n° 4§

69.3 min.
25. From
daA 104 _an 24
dt 500 — (10 — 5)t 100 — ¢
we obtain A = 1000 — 10t + ¢(100 — ¢)®. If A(0) = 0 then ¢ = —f;. The tank is empty in -
minutes.

26. With ¢;,(t) = 2 + sin(£/4) Ib/gal, the initial-value problem is
dA 1

ot
% +m/1—6+3smz, A(0) = 50.

90
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— 3 a i . . . . . > /
“ze differential equation is linear with integrating factor ef dt/100 _ /100 g

d . ¢100 _ I ?‘-) /100
a[c A(t)] = (6 + 3sin 1)¢

/ 150 4, t 3750 ,; t
et/mOA(t) — 600et/100 4 met/lﬂﬂ i i 31"3 o100 e Z e

b) t 75 t
A(t) = 600 + % sin i 3371;0 cos 7 +ce
_:ting ¢ = 0 and A = 50 we have 600 — 3750/313 + ¢ = 50 and ¢ = —168400/313. Then
150 .t 3750 1684006—t/100_

33°" 2 7 313 1 313

T graphs on [0,300; and [0,600] below show the effect of the sine function in the input when

—1/100

A(t) = 600 +

apared with the graph in Figure 3.1.4(a) in the text.

A
600!
500!
400:
300
200:

50 100 150 300 250 300’ ' {00 2667360 400 500 6007

dA 44 .24

ey — ,3 _— =y - —
dt 100+ (6 — 4)t 3 50+t
-+ .btain A = 50+t + ¢(50 +¢)~2. If A(0) = 10 then ¢ = —100,000 and A(30) = 64.38 pounds.

Initially the tank contains 300 gallons of solution. Since brine is pumped in at a rate of

W

3 gal/min and the mixturc is pumped out at a rate of 2 gal/min. the net change is an increase

of 1 gal/min. Thus, in 100 minutes the tank will contain its capacity of 400 gallons.
=+ The differential equation describing the amount of salt in the tank is 4’(¢) = 6 — 24/(300 +¢)
with solution

A(t) = 600 4 2t — (4.95 x 107)(300+ )72, 0 <t <100,

as noted in the discussion following Example 5 in the text. Thus, the amount of salt in the

rank when it overflows is

A(100) = 800 — (4.95 x 107)(400)~% = 490.625 1bs.

When the tank is overflowing the amount of salt in the tank is governed by the differential

91
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320 Questions with Solutions on Chapter 4.3, Reduction
of order



Note that you will laugh

The questions on Reduction from1-14/y 1 is not
needed :))))) since you can do them using
undetermined method or cauchy-euler.

The book is doing reduction before undetermined and
before Cauchy-Euler

Question 15/Yes y1 is needed

Question 16/ y_1 is not needed.
Anyway/ Practice using reduction

use yM\ + q(x) y™ + p(x)y =0/ giveny 1
First find L = e”?{integral -q(x) dx}

y 2=y 1 (Integral (L/y_172) dx)

ofthe given diffrential equation. Use redction of oteror 7+ ' ™ 12 ¥ 4y =05 3y = e
formula (5), as instructed, to find a second solution y,(x). 8. 6)"+y —y=0; y =¢"
Ly —dy +4y=0; y =e* 9. x%y" = Txy' + 16y =0; y;=x*
2. '+ 2y +y=0; y;=xe* 10. x%y" + 2xy' — 6y =0; y; = x>
3. y"+ 16y =0; y; = cos4dx 1. xy"+y' =0; y;=Inx
4. y"+9y=0; y; =sin3x 12. 4x%y" +y=0; vy =x"?Inx
5.y"=y=0; y =coshx 13. x%y" —xy' + 2y =0; y; = xsin(ln x)

6.y —25y=0; y =e* 14. x>y" — 3xy' + 5y =0; y; = x°cos(In x)



4.3 HOMOGENEOUS LINEAR EQUATIONS WITH CONSTANT COEFFICIENTS ° 133

15. (1 = 2x—x)y" +2(1 +x)y —2y=0; y;=x+1
16. (1 —xH)y" +2xy' =0; y =
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MTH 205 Differential Equations Fall 2019, 1-6 © copyright Ayman Badawi 2019
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’ [Nadeen Tarek | Exam I, MTH 205, Fall 2019 "\W‘@ii_)?e £tee
Ayman Badawi
Total %800 4} . S{_; =5 \ L __._-_3?}‘.
i < TEF T St CERR T Gar
QUESTION L. (12 points) / Mo 613/ E+3 Erz) C
(i)e_l{ X } A+ B - C r O =3
(s+3)* 3 (Gt | (55 BV (5437

A (543 4 B (543 4 Cls+d D= S

S 5= =2 5= 0
$A +HB+2060= .y ‘D:-3 ! ?EA_‘_O\B_‘_K_;.D:_.LO
@QC =%> 5= | \21AB+2L = 3\
A=-0 C=| HA+1BAHC-3=) L 3
E): GHA +|6E>+Li(.:5f S 42y (s+>)4

ey N )
fls) =3‘_ tr-2¢ L
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_';:_ (1‘ (51-1)1.\.
() f ! _les =2tt2)
) IR S ICONR T _i5e s.n(au 2))

/
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QUESTION 2. (8 points) Given f(t) is periodic on the interval 0, oco]. The first period of f(2) is determined by
f(t) 2, when0 < ¢ st< 4. Use Laplace-Transformation and find y( t);where y” — 4y’ 3y = f(t), y(0) = 0,5/ (0) =

—ls
2.-2€
$*Yes) /j(o) ‘/uj/(/] —HsYo) - Hj( o) +3Y(9) = m
15y (s%t4543) = 2 2o M
s
sti-e™) oy \l S @) dt
Y(S) - 2-2e% _ 2l | o]
S(1-€™%) E-AE1)  $(1e*(53)4-1 .1%\ L=t
\/(5) = __‘__l_____ _ —ﬂ_* .E?. L _C__ —{:LUO"'"E U‘"(
| | S(S—B\(S—l) 1: 52..33 s_&:\| lga -4g
| | A:D-/} :_‘_ C=-|.
o=y TS Sy e
S S-3 S - l e"“"ﬁ
(t\ = 2 _‘_.E,‘gt t -
O =gapet et

QUESTION 3. (8 peints) let f {t) = _[E, cas{u) du, where 0 < ¢ 0 =t < oco. Use Laplace-Transformation and find y(t),
where y” — 8y = f(1), y(0) = 0,5'(0) =0

s SCEY
SZY(S) _w./j,ea)'_ws) = | \ 05w ) dy
ﬁ_
573

V(o) (§2-9) = =

S 41 5l+ el B
a _ ( | 6 |
Py I Y(Q) = N - o+
- -D) (543 2 !
b e (s*+l) ($ -C\) (S WD) T T T s P
sty a_g (Sa-R) : | (S*+1)

s Lb+\ s ‘\] hm ={T"\ (.51*\ _“4\

%H: :\‘_Oain t T&-..é_aé_mh(bt)
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Exam I, MTH 205, Fall 2019 3
SI(JII)E)S;I‘I(?Ntl (8 peints) Use Laplace-Transformation and find ;Q where ym+2y = Us(t) ¥(0) = 0,4'(0) = .
-Bs
5 Y(sx — Sl (‘6 . A} / 1\ 5 &0/ — &
((/*j )'%’(0)_3 (o)+15\4csu_e/j, ) -
) “ o <
Y(s (92.428) = e
S B /{? Uslt)
55 _ =55
’( ey = _¢ e e e
S ($P+29) 5> (932 S
\ /s*r.n_ -5
L —_ t’5 — ._1‘_ = 2
| 3&1 - uBQ( S* &y (g
el ) s L (oo L s8]
> = — _— SIr
2

2 S+1
0 =il | 1e5) - LsnBles)] /

QUESTION S. (8 points) Use Laplace-Transformation and find y t) where " — 63" 4+ 5y =0, y 0! 0, ¥

Y /jeo/ XK— &j"(o) -6 é\{m _G;on’f /jkﬁ-f 55‘1@ ;jé

s 1ts) 20 =& &) +957) = o
Y5 (2-65*+5%) =20

_l = A +._‘§.. __C:___
oy =28 = 200560 - 5% 5y
5(51‘65-%5) 520 ¢%H 5= |
\f \ 5 A=4 B=\ C=-5
(&) = 5 -+ ?——5 51

Lj(k_y - Y4 Qst.— 56'5' /
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QUESTION 6. (8 points) Solve for z(t), y(t) where A(G)=0 5 X Mo) =
() +u(2) =0, a:(ﬂ)_z(o) 1
T(t) +y(t) =0, y(0) =1

—

§=ALS) —5;(()0’3 Ao) +Yev =0 @

4 X(8) — éjcoii"'-i- SYts) - j(ox =0 @

Gl — 2 |
\ |

SR 4N = | @ =" T34y 5shD
S X(5Y 4+9Ns) = | @
‘ '
XM:MXS\ =—-§—_~\—-—"—6:‘|1—'
&> \ \5"’__5 (5 —\)
\ s NS \
XY =

(7((5\7[{_'_5_ 2 5“‘) m_ "___bJs

M (S+ \) bt—"m

g™ |
Yo = L3 X0 [ eie mteny oo o
&=y ! 53‘ ) 5@1_‘) (s=rT(s+1) S+l
5%
Y(S)

S+ |
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QUESTION 7. (4 points) Find the general solution of y(t), where " — 63/ ++ 18y = 0

'.69__:-3 m*—bm 4 1§ =0 P -3 = + 3

# =B
A =3) 49:-0 e
( G t -9 / jhz- &* Ec‘ Cos(36) + G 6\'n(5t)“\

QUESTION 8. (8 points) Find the general solution of y(t), where 4™ + 9y’ = sin(t) + 4.
Y y Mk
M 49 = (m249)

b7 i) = o 3973, 1,

M=o m= #3i

‘jh-" Cy + Colos(3t) L3 8in(3t)

(jp = 0 binlE)+b cos(t) + ARt
o= G Gslt) ~ bein(t) +A
j O simtY=Db cos (&)

o=

—0 Cos(k) + B sinlt)

—<
o
1

i (6) A =Sin (6) +4
- A Cos(k) Lboinl(t) +Aa st ~9l 5in (&) +

v’@—‘ib\ sim (L) =+ (qa-a) cos (£) +9A = ds_a@_g_u +4

-8
-8b=— qa =o A 5

j% = (4 Ca@s(3t) 4 Gyein(3) - L s l6) v b

v
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QUESTION 9. (8 points) Find the general solution of y(t), where " + Sy =t

= 3 %
- Qi+ dst
/ M2 452 g (jp_ Aat +d, 0+

- 72

=

> (M D) =0 Gt Ao )
M=o  mMm=-5 . j 5Q5t —+20').JC
J.rz‘me.s ij—_ Ci+Ct + X\ jp Eask £2Qg
A
604 Dleezt +207) = £ Jp =552
bay + oct+ oy =t j AT
D0 = | 605-\-\06\2 =0 P 2o Bo
A 1 L 4+ loGy =
Ay = = votE
50 I
lo o= =
2 = e
D&
| . -5t 2
.. ‘:)ﬂ C‘ +C—g_t+C3¢ +€5- —.gat

QUESTION 10. (8 points) Find the general solution of y(t), where y' + 3y = tet

2t
™Mo 1Y :@nt**act)e
m=.3 | P £ a2t
——'=:_5t HII = (Cﬂe.l t-&aoe-' )
\3“'- C\& r— P —_—

2g 2k
E. -2oke & oLe

D0,
[D.O\t + 30y t] C -+ &at+mo+30% e = te'lb \-+
[Bage® . [a500] e < e

2t
5a,=| Qx50 = © a,te
Q=4 L 4+5G6G-0 e
V= 5 0 : Q(V\-q-VUa\ .
iy 2
Faculty informati ";Dar_o.\ %_C_thet+€- (N
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ljp = t -—= )&
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Name

MTH 205 Differential Equations Fall 2014, [-5
Exam I, MTH 205, Fall 2014
lz-x 20 x&d

Ayman Badawi
27 ¥

x < V2
QUESTION 1. (6 points) Find the largest interval around x so that the LDE @y( 4+

hh
J + 3y = J'& +13, 4% 5}—J(@ =7, and y(5) = —6 has a unique solution.
a-d 12— x>0 (—ca12)
UIZ-¥
(2> x C-oest) U (Y, 12)
o

R
(- 3) V(o) E i j o
™ jl stnu clun

7 éﬂ Cowsuﬁu

(-0=y12)

QUESTION 2. (10 points) Solve for z(2), y(t)

@'(t) —ylt) =2 .
2(t) + y'(t) = 2, Whe@J(O) - 1L,&(0) = L,y(0) =0 42@5»« +2
2 )z @t

SX(e)-xto) = Y(s) = =
SIX(s) =2 — V(&) = =2
S

SK(s)= V(o) - 2428 ),
LS

XC) ANl + | = =
X(s) +5Y(8) = 2-5
E

S X(S) — 241 = \M(3)
=)

X(s) + 67 x(5) - 2-2s = 2'5_5

Ke) (1+e¥) = ZS'S 4'2 +25%

= 2-5 425 4787

s
XQS\ = 25 4 s 42
= 25 ST\ 4 s2)

Ce™HY) =, 1y 5Cs*4 1)

(Jﬁ']= 2t 4+ Sint 4 2xsnt
= 205t A& sint — 2S5t

|
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" QUESTION 3. (30 points, each is 6 points)

o g -1 8424 -1 . z4 )
(i) Find (7Y 3 } L g $” t S?\g

<
= X 424 )c“ir =
;%\
o - o -_-.%(:—z\
(it} Find ¢ '{m} = 4 e-?.s ( ) . \) ) _’(/((X-Z\ ginzcx—z)e
( (st +u) 4 (2 .
'((,K 4-')—} :_\IL-' j .___1 - 1 . ~4 X
2 (QSfM) 4y 5 SIN2Xx e
Tz M gin2(xon) @Y /
(iii) Findf{u(;':—I)é(r“)sin(:c—l)} = e—s /e[ ex SIrX 7 .
( J
= e _V [
Cs =1) T+ /
( ey2 v s )

(iv) Find ({22 : - I
- (C5’+ do +f-b 45 | [Cs 0¥ 4|

~2X '
= & COS K \/

’ e

(v) Find ﬂ{foreh"'sin(r) dr} - Qi) X‘S el(}-réinrer\df
O

, J
(ezx -%5|f7)q6)&) J

-
- (g‘j\;) (CS-\)2+ IB



Exam I, MTH 205, Fall 2014 OONG 3
QUESTION 4. (54 points, each is 9 points) Use any method you want to solve for

y(x): . .
-, e +C2XE

) ¥ — 2y +y = u(z — 1)e [Here you need to find y,]. Y= C

> = M= |

2 -5 AN

(s-1)
_Ss
Y (5) = C

Cs—1y°

Ext) gt )

AR l(&l)gj -

Kl e
fix)= 2—'(,x.-l)ze [
(ii) 9 4+ 5y + 4y = 30274 [here you need to find Y,1.

Yn

Up= Gy T (o X +C5;\l+(4‘x3+
m’°+>’m" + 4m7 = O

Cq E—x + cbe—“’x

A G N
M=g Vo) [ sTCean(sru) | = 20

Mm=q S+l
M= 0
Mmoo | (&)= 20
A = (otu)* (s+0)8
mz= =4
- A <. vcb+€ g
(ﬁZ L) A T
L
99: Ccqy T x+ v
Csk’“*‘ch"&, b= - S
Cs e Xripe N 2%
— X
:_,?' X e /'(—_S,- l 7
o W'ang Cs+u) |
—YX
--3xe
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(111)y )+fow;—fwdr y(0) = 0)y/( 0)—1
<>\ s) -s}yz{(- ‘j/%? + \“5)<;> :(‘\ST) (;_l—\y
Y(53(—'-+51)—I: \
- 5% (s=\)
N(s) ( | rg? Cs—\3> | 4+ 57Csn)
61M
V(s) = (l +51£)4‘)/):_ 1
sH( kélyxfﬂ s=

(X)) = ,Q,“ f ,L) =
E [ %)

O b e V) L D T,
\\/@M 3‘Lu\ +25\{\5 /‘ﬂﬁ*ﬂ{_@: (s+1)®
Y(s) [ ™ 425 +2] - xter)”
(s+1)”
Y () [52425-“ - pr,] — b +(&+0)?
(s +1)*
(o) CM | Loty
€341} > "
(G) = Cs -H)"
Yo ) = ya 'y ) - %

2 CS—H) J e



Exam I, MTH 205, Fall 2014 [ 5
(v) ¥ — 4y + 5y = 10 [here you need to find y,]

n M3 4r® 4Sm™ O

A

r

(vi) Let k(z) = 4xe’*. Consider the LDE: y® + ay’ + by = k(z). Find a, b so that
y(x) = k(x) = 4ze®® is the unique solution to the given LDE. [Hint: If you want
to use Laplace, then since y(x) is given, you should be able to find y(0) and 3/(0),
anyway it is clear that y(0) = 0,v/(0) = 4].

‘((s\)%rﬁ-ﬁ‘to) +as Vs )y-a sy & |

L (&

[

Faculty information
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Exam ONE, MTH 205, Summer 2010

Ayman Badawi \ 8] [
QUESTION 1. (20 points) Let /'/,; \‘ \.
{x if 0<z<5 K(/e\\e“
flz) = g

=¢~1 if 52z<7
0 if 7T€<z<o0

a) Write f(z) in terms of unit step functions.

s« a[wao) - upr-s)] -2l ufr-s) - a(x.'))] ‘o

1- u(r-5)- ulr-5) +ulr-7)

ji-;w(x—)m(x-;')/
N z};‘“} afy] - H (] 3- offute-55 o
s

. e
s Yfs) - asvb) - 310 T 5 s
(0572 e
1 5 o 5 -7
{(s) - 57;-3)(54 T s HEDIES)
s

- i § = Q)Z (ﬁ) 5/5 3)(5+1) -2 s(s-3)(+:

1
S-3 ¢
i;{s 2)(s+1) 1 o> ;1 1 '75 z
*,‘{ eax+ %‘ W, B
s(s-3)(1)
J

w.o- 1"

- 12 T
4t 3x=5 1 -(x-3%) ==
—5— a’—il. *71" ’ )] ‘
Car, A=t a3t D ke7)
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QUESTION 2. (20 points) Given f(z) is periodic with peno@ and defined on &io)j Also given that the first
period of f(z) is determined by

I if 0<z<?2
0 if 2<z<4

a) Find ¢{f(z)}. [ hint: you@ﬁmphfy your answer, hence note that L—e™® = (1 —e 25)(1 + ¢~ %)),

..sxcﬁ;x
W}E $ (-c ) (1+e*) [0 +0

p 1 ( e /
= = - %s
(2 - ) (2re™™) -0 0 \

b) Find(a)such that fo f(r)y(:c —r) dr — [y sin(r) d
5 (2\  Ax ] ?
/ {j{;x é‘{:r:}jg”’gfﬁff Q ;; ﬁwfé’j{;ﬁfi - ﬁ; },g?’&{;wi

N
e g
ﬁ
®
),
ol
ﬁ

/ e

. fi;{z}*cg@}i-’é‘jiﬁ-&)z@j; Mﬁ%’;{e“f
1 Vls)- < | :

5{"1&&-3&) 5‘3

1 k ( v
E ;’m}ﬁ (m-»m Xf’"i“ ) % g

W b
w"w\
P TSN
1]
[ 5N
S
N

) . -25 -25
V) 4 e PR S
(5@ s-1)% (s-1)* 5241 [s*+1)
N D 4 ) 1, s’
- Hes e | e
(s-1)% | ( (3~-2

fe-2)

_ye® L x- ajaZXw&)/ + Suk o+ ﬁym
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QUESTION 3. (18 points)

0) ﬁndf{?)zx + cos(4z) — 75}
T ﬁf@@z}i (?;Ce*’ Ej
{ |
/
5

=

., gf%w L fentorf -2

1 s ,
= 4 ) L
S - &fa% Pl -2
(i) Findf{xw} = ’mij fj (5} /f (5-3) ﬁf?
ety ) [ sty
2 F[s) =
(({5'3)£* i) ) \ 4) ~(2(s-9)
= 2 (5-3) | (s-D%1
7 _ % 2 + i a%
(s-3) )\/ |
éi
(i) Find g{ f e(:l:+37")7,,3 dr} a/m“u.m‘mww

x(agéﬁrj 3 { ﬂgfﬁxé{ f‘) é‘“"}z ,ﬁr‘ﬁ
U et I Al
gigi,gé‘xgi
1

el

A
(5-1) % (- N

L 1

&4

id
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QUESTION 4. (18 points)

#
(1)ﬁnd€ {(s 4)2} a& é /"?’"‘
!
b4
&
- 4
o [t ek
L HE- 5
s g Lr . ffif - e’ 7 %
”}g% x\ 4 ’72“ /G
L Y
w T8 1
a2 R S
(ii)ﬁndg 1{(3__5)2} = L((/X’Z) ;(,,z:}

o

1 s+4
(iii) ﬁnde {(S 1) +1}

3:*3

o
f

(-1)"+1

® ‘
”9@3&

0
/

=

=, S

[y-2
U (x-2) (253‘ b

-

kam\www«m.mmwwﬂ 4
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QUESTION 5. (10 points) Find the largest interval around(j =4 such that (‘\\

(V8 —z)y® + 2y +y—-x 5 y(4) =0,y

has a unique solution.

4,00 [gox  £0 gw gj" —w} g/}
S c;miasws id (= -5) &é(’«%}w/}

H
diix’j Ty
40{‘2{}1 1 ~

5 s (-=,3) U (/

>IV}(3 ?)/

QUESTION 6. (14 points) Solve the D.E: (2) — 6y’ + Oy =z 635‘, y(()) —

A s {r‘mg M)

Kix) =

y'(0) = 0. ) ({9 w,
. (| (
ﬁﬁjw? éj{ ;{ ﬁzj,ig}"f j é

j
o (6) - 34T - 6 (dls) =) ) 5

<

. x
(s*-¢s+1) (1(9) -
(5 -3)(s-3) V(s) - _¢6

/) A Q‘i Twﬁw—» ”mw?m@ X
X} =6 6 \ 5
g{‘j “?5; !é.f*g} \ :

Faculty information
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Exam II, MTH 205, Fall 2019

TEXCP [ Ayman Badawn A_h N‘\ 0‘ oL Ca Qb{ly
éd ent) (eonsigen AT mrﬂpn;) A

QUESTION 1. (6 pomts) (1) Given ¢’ = (4 —*). Find the critical points (values). Sketch all possible solution curves
in the region. Cl15Sif Y eolh witica! ‘,‘.bﬂl'

Total =

-0 4 = s 12 AR Tk T
N SE - ol S o
I e e Yy=2 stahle point

& amx g s - - - - —--j-:-l uns Fakl e

v

(2) If the point (1, 1.5) lies on the curve, then sketch the solution curve.

_dd_l e ¢ e

X

dy _ e .
dﬂbjc':l

Jj6347=J&°*dx g
Y oY T

|1 7 |




p: NinAleen Ayman Badawi
QUESTION 3. (6 points) Solve the diff. equation ' = 1224, where & > 4

y'= 2224
| = X*
\J\ dg =) --ij
S dx |- x>
dy
— =2 R
=23

B
QUESTION 4. (6 points) Solve the diff. equation y' = 5% Cr— Hint: assume that it is exact, no need to
check Fay = Fy] =¥y

y - _§Costng) - ey
ane™_ X Co5 (xy) +24

Fs\/\r\J Fx

f
9 —~~T ~
[Qxe_l‘i_x Cos()uj) +.’)j] Aj 4[_.1(05(,(3) +€f“_\] dx =0

F,( dx = j-jc°5(’-‘j3+€15 d*='.2r5“h("\j5+ 623)(-1- Cij)

2 = - sinlXy)+ X e L
Fj = 4(%(xj)+%xﬂ j+(§(j) = axe™

. — & Cos( ry) +2
)C(j) :jlj d) C(j)=jl+c J "j

e R ——

e et

l“ _Si;‘(;ﬁM ><83+f 4+C =0 {

L~
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QUESTION 5. (6 points) Imagine a cake is removed from an oven, its temperature is measured 300 F. The cake was
placed in a room that has temperature 70 F. Three minutes later its temperature is 200 F, Find the teTrature of the cake
at any time ¢. How long will it take for the cake to reach temperature 74 F?

Tto) = aoo T(3) = 200 Tn=10"
4t A (T=Trm)
& -r o<(| -30) [
T «T=-Tox =€ ".¢

-k

T=J€ “Aoa dt _ «Fok -k
= o
o o gk = *C_3o.cet

s
(T: do +Cf’,°‘t \ 5

_ -6.190 t
. \ [ =Jo+230e """
3°°57°1;(’ 4 = Fo4230 €T
- = 20 PRLI
T= Fo+230e*" € A0
220
200230 4220 g™ €= 1n (2~ 213 min
_ 200-30 MR = =

\ 3 250 - o -0-190

QUESTION 6. (6 points) leen (T2 +2)y" = Ty’ + (=9 — Ta)y = 0. Given y; = ¢~ is a solution. Find ys, then find
the general solution.

(?_)S,*"l\ j“ __-_13‘+ (43 M‘_‘} =0 jl -
x4 Jaed xR J":T?(Tq_dx I | X +2)
“_ 3 (°t sh L VRPN € = ff
?H%\ Tveni = Fx+%
"Qf.d& -
4s= 1, J 2&: e | FX22 gy
g -2X
X K—_‘_(qx'l'l)‘e}x-lcl,‘] J.("\X-vl\ ern
32: ) 4 N ¥
L (42 €° -1 e lee
= = (AA+ -1 . 3 (VL
jl 2 4 , o [P
ﬂ = C\ e:-)’\ + C‘). Y_—;:(?Kﬁn erx\—lejﬂj !
q g

2X
K/\ 'EGM-D.\C -
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QUESTION 7. (10 points) (1) Solve for y, z%y” — 3z’ + 3y = 2a’e* [Hmt Yy=yn+ y,,] MR AT a
e

A T T R ‘Lj"-_-mLm-l)X

(%’ (et ?)) = (3K A™)) 43 (A7) =
K [m o - 3m+3] 0

M _4rad= o _ G ;ge’_\,(,zx
e ER T
97 iy, J' 32 “)R
P Y % L, 2xet2e
Wy, ) 3, 1 (en

2y, q0 Jx*er 2k
V.\j“-w)‘ 3;1- 2x¥e X ﬂp'/}/g{+
AP \ } \:jp-l"e (X—l)|

Vi (3% pvios 2K e B

3 s
AB X, = C\x '+CQ_X -+ 24 ’
W = \ X \ Y ST l,j,/

— ——

AR: L
o] | _ x%er ¢

= e,"

S ey ]

\= \3A‘- Y\C‘\l = z* e’* _-x e’x

b:j—xe \1 ?X 7’1}(5\\/2 = -Ke”, aneto 26,1

=% %
-2X *
-2 ®
o e R
(@) (V2x +6)y’ + 45y = L, where y(1) = 7. Find the largest interval for the values of = so that the solution is
unique. -

‘2X+6 j + - A
2)('!‘6:0 X—L‘ j

T - = X #Y4
L PP ke & interval

{/’ 472_( L U U ('33‘-\)
-3 . - _

—_—

v\
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~N
QUESTION 8. (6 points) Solve the diff. equation 4 = !

dy _ | | ‘
a% -b('*‘r* | U" Qﬁ: e
S5« s e e
NS T T
Koz oaxeyts | ‘a1 . 2
\ 9 j: d_ﬂ 2 NN S
K"'lx\ =j+| 1:6 ._.63 2:, :;_'2'1
2 g 1 )2 e
X = Jej o kj +l) d_\j 0 U_:.Cﬁj
Cﬁ-\j lztjzez"‘ 3 ‘— j e_‘nj.‘.'_'é
) , 2 4
ol yeYae 0 oY 2 " @
p -1 2 2
& ¢ =5ytei-Lyed
=1 y*- L 3 =241 ~ ~2ey+C
\ 59 5y~ 2 + e I / A
o
o boney i disovd e, A1) 30). o conaing. 3 gras o oney pr T T poed i e S S —
4lei:;; ;l:::; ;vtzgi(n;i;;(iysylution is pumped out at W number A(t) of grams of honey in the tank at (.i.n’;e
S | J\moo-u dt
A\ = Ln-out =3
loo -EY 7 dE
A < BYH) — Wb (6) n |Q .
M =+l gaoA (‘00-t)
ALE) -
2004(1-6)t s
‘ ) = e (\00 "t«‘ + C
A 6AW. f B}
200.2E /2 J- 3 A (-\ - 6(\00-{,\ + C

Y |( Z = Xy
A SA(t‘ - I=C |00_‘_ (‘OO—t‘) r’.
loo-t PR | e.s I (100-t) \A: A UOO-‘Z\ ...LL\oo_:t.\‘

A= S (oo 'tfs -2 dt  loo- e 30:z6(low-0)+ C(lov-"-’)3
Qoo - £1 \/ 30= €00 +(100)° C
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2004 U6t =0 _ A =6(1o0-1)~ 5% ( loo —t )
-2k = -200 t_ﬂ_ﬁ_’o__"“'n o \o°
b=t3;%— e Yank ‘5
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QUESTION 1. (i) (3 points) Find the values of the constants a,#¥, ¢ which makes the differential equation

(12z2y — aye®™)dz + (kz* — €3*)dy exact (DO NOT SOLVE IT)

rxn S e 1202 _gel® = Zpa?- 22
e
Lwé N ST 12 = 3w 2065 = £ 3¢
Bx= ke’ 3e > k=Y
3
(ii) (6 points) Stare really good at the following diff. equation % = ;yil;—yr, change it to Bemnoulli and solve it.
dn - P 3—%31 ~ =22
J g° T
Q>
g Lg a3
' =y g7 LY
Ju LY 4
L 3
2 K= ys X -S\:‘
-3 il




Final Exam , MTH 205, Fall 2019 e

QUESTION 3. (10 points) Imagine a company. is making fake-sweet-drink(only water and sugar). The Tank has
a capacity of 700 Liters. Initially, it contains 250_Liters of brine (water and sugar) that contains 25grams of sugar
(l e., assume A(O) = 25) A solutlon contammg ﬂuﬂ@% grams of sugar per liter is pumped into the tank at rate 4

|I|ter per min. The solutlon is pumped out at rate 3 Ilter per min. Find A(t)/ amount of sugar in the tank.

ﬁ:Ih-Oue

dt i
= (WYY - curk’ A= L250+\-.) —1.52X1b
350t k)3
c)= N
250+(u-3)t

3R
) 3“)-3504-!; /

3
I = Jﬁt%’
*3Ir\.1250“‘"’

I=¢
I:\\_Lﬁls‘bﬂk)x /

f(asou)’le

&quﬂﬂ

1A=

Rs 91?30*.‘5371*‘6 / @
A= 3 m
~1 0
Rle) = "_f_a,'s_‘i)_t—t- a5 \ N
(2s5e)3 ‘
¢ = -l.53x0'"® ;

(ii) Find the amount of sugar in the tank after 10 min

L ULSERS Y (%S0 Ho) -1 Slxm“’
50\

(iii) When an overflow will occur?

250+ (u-3)t =
= 450 wins




QUESTION 8. (6 points) Solve for y(t) : (cos(t) — t)y" + (1 + sin(t))y’ =0 | X
V= y! NE Jl:‘(».ﬂ-) g2
v!= 3” "_—-I_"‘—-—-—-
(Gs®) -t IV'+ (1+Sinl) V = 0 b=t
. 6+ C
Nt S—‘.‘.S'h‘(*))\.l—:O N= '—; 3 C[ (:‘Gsu)]
CCOS(*) l') \-'(S-Sk)
14in )
I- " G-
Y= Jer - s
u :’(Cos U)‘l’) /
Jdu =+ Sl ) + 14 Y _%._c_k"\-('.ﬁir\(:fc-.
h -
—— du
IT=e ™" | \:):C\-"-C&r\\:'\'c'\
-Inivyl

I=¢ “eswrt




QUESTION 9. (10 points)
(i) Solve for y(t), 2y" — 2ty +2y =0

gt
‘d,: A kM-
We (et § 7

\

EP (e m - Amea) 2
val-3vr2z=0

v~s 2 ox ™3|

\a:\‘.ca'kl'f(.z_t

/

v

(i) Use (1) and solve for y(t): £y" — 2ty’ + 2y = 2t3¢!

\3" I \‘3?

\3‘\ = C \tl+ Ct&
I Y

\JP N \)\\j\ *\IL\ﬁ\

— Y-

o
V! . , ¢
. de 1 =Al ze"
‘kl - 2
\/,) s Qtt

V) jac.\‘é\- = 2et

. §* 0
e a»ﬁ,‘a;dl _ ¥t
Va’:’gl-e‘.

Va j-M- et Jb-

¢y o -2veb+ et
it
- et
) et

ECHTOR Cavet+det)(t)

yo = TN Akel

lJP < &t t’.l'

C'{’l‘l'(.:,“‘ +2H-cf€ "

e
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. SHORT ANSWERS, JUST STARE well and Think

QUESTION 10. (i) (3 points) Draw the solution curve for y(z) that contains the point (0, 1.5) and find lim_,eoy(z),
where ' = —y% + 2y. )

—31*1’3:0 as'w?-%b&iw
gz A oY Y =0 A . a2 = J= WiV e rast)

Q
.'--3-| FrFl— e
°+ -}-l . e So

(os hs) U, % brtans = o
oy hS) Ues '.q(c,q_) {/

ri
(ii) (3 points) Given y; and y, are two distinct sdlutions for the dltf equation e”J" + cos(z)y = %';—(z’} Then one can
quickly form a third solution y3 = @2y, + ay; and a forth solution y4 = by; + (e* + 1)ya. Find the values of the
constants a, b.

x? ) "\()‘)

e 3’-‘-(«;5(\)3 Ty
R ' )

b < W 0

(iii) (4 points) Solve the diff. equation §~ = (/7 + y)e=(«? + 2x)

i :je,"(x%z“)g . Anll+ 0y ] = xe™rc
J’a *J

J |4y c=ate®+C
(1 +Jdy)

wus= I\-JS

2o
()\Aaajg \3
a [

2In]itly)
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194 ° CHAPTER 5 MODELING WITH HIGHER-ORDER DIFFERENTIAL EQUATIONS

Ex E RC | S E S 5 . 1 Answers to selected odd-numbered problems begin on page ANS-7.

Questions on Spring

Tha H = | A 1 A ath £

3. A mass weighing 24 pounds, attached to the end of
a spring, stretches it 4 inches. Initially, the mass is
released from rest from a point 3 inches above the equi-
librium position. Find the equation of motion.

4. Determine the equation of motion if the mass in
Problem 3 is initially released from the equilibrium

position with a downward velocity of 2 ft/s.

11.
5. A mass weighing 20 pounds stretches a spring 6 inches.

The mass is initially released from rest from a point

6 inches below the equilibrium position.

(a) Find the position of the mass at the times t = /12,
/8, /6, w/4, and 97 /32 s.

(b) What is the velocity of the mass when ¢ = 37/16 s?
In which direction is the mass heading at this
instant?

(c) At what times does the mass pass through the equi-
librium position?




5 Modeling with Higher-Order
Differential Equations

Answers to Questions on SPRING

0 then

3. From 3z 4 722 =0, 2(0) = —1/4, and 2/(0) = 0 we obtain z = ~1cos4v6t.
4. From 32’ + 72z = 0. 2(0) = 0, and 2'(0) = 2 we obtain z = -‘g sind+/6¢.

. From §2” + 40z = 0, 2(0) = 1/2. and 2’(0) = 0 we obtain & = 1 cos 8t.

(a) (7/12) = —1/4, 2(r/8) = —1/2, x(7/6) = —1/4, x(x/4) = 1/2, 2(97/32) = V/2/4.
(b) 2’ = —4sin 8t so that 2/(37/16) = 4 ft/s directed downward.
(c) Ifz= %cos 8t=0thent=_2n+1)n/16forn=0,1,2,....

3. From 502" 4 200z = 0. 2(0) = 0. and 2/(0) = —10 we obtain z = —5sin2¢ and 2’ = —10cos 2t.

PN 2
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198 ° CHAPTER 5 MODELING WITH HIGHER-ORDER DIFFERENTIAL EQUATIONS

Circuit Questions

5.1.4 SERIES CIRCUIT ANALOGUE

45. Find the charge on the capacitor in an LRC series circuit
at 1=0.0ls when L=0.05h, R=2Q, C=001f,
E@® =0V, q(0) =5 C, and i(0) = 0 A. Determine the
first time at which the charge on the capacitor is equal to
Zero.

46. Find the charge on the capacitor in an LRC series
circuit when L = 1h, R =200, C = 35 f, E() = 0V,
q(0) = 4 C, and i(0) = 0 A. Is the charge on the capaci-
tor ever equal to zero?

In Problems 47 and 48 find the charge on the capacitor and
the current in the given LRC series circuit. Find the maxi-
mum charge on the capacitor.

47. L=3h,R=10Q,C = 51, E@®) =300V, g(0) =0C,
i(0)=0A

48. L=1h, R=100Q, C=000041f E@=30V,
q0)=0C,i(0)=2A




Answers to Questions on Circuit

-
(w1}

Solving o5q” + 2¢' + 100g = 0 we obtain g(t) = e~2%(c; cos 40t + ¢ sin 40t). The initial conditions
q(0) =5 and ¢/(0) = 0 imply ¢; =5 and ¢ = 3/2. Thus
[
g(t) = e 20 (5 cos 40t + %s’m 40t) = /25 + 25/4 ¢~ 2% sin(40t + 1.1071)

and ¢(0.01) =~ 4.5676 coulombs. The charge is zcro for the first time when 40t + 1.1071 = = or
t =~ 0.0509 second.

5. Solving 1¢” + 20’ + 300g = 0 we obtain q(t) = cie™2% + ¢,e7%. The initial conditions ¢(0) = 4

and ¢'(0) = 0 imply ¢; = 6 and ¢ = —2. Thus
q(t) _— Ge—QOt _ 2(3—60t,

Setting ¢ = 0 we find €% = 1/3 which implics ¢ < 0. Therefore the charge is not 0 for ¢ > 0.

- Solving 3¢ +10¢' +30g = 300 we obtain q(t) = e~ (c; cos 3¢+ cg sin 3t) + 10. The initial conditions

2(0) = ¢’(0) = 0 imply ¢; = ¢g = —10. Thus
q(t) = 10 — 10e™3(cos 3t + sin 3t) and i(t) = 60e>! sin 3t.

Solving i(t) = 0 we see that the maximum charge occurs when ¢ = 7/3 and ¢(n/3) = 10.432.

2. 3olving ¢’ + 100¢ + 2500g = 30 we obtain ¢(t) = c1e =% + cate ™% + 0.012. The initial conditions

3/0) = 0 and ¢/(0) = 2 imply ¢; = —0.012 and ¢y = 1.4. Thus, using i(t) = ¢'(t) we get
q(t) = —0.012e™" 4 1.4te™°% £ 0.012 and i(t) = 2% — 70t ™5,

Solving i(t) = 0 we sce that the maximum charge occurs when ¢ = 1/35 sccond and ¢(1/33) =~
.01871 coulomb.

239




74 . CHAPTER 2 FIRST-ORDER DIFFERENTIAL EQUATIONS

Questions on Substitution, y = ux or u =ax + by

Each DE in Problems 1— 14 is homogeneous. Each DE in Problems 23—30 is of the form given in (5).
In Problems 1-10 solve the given differential equation by In Problems 23-28 solve the given differential equation by
using an appropriate substitution. using an appropriate substitution.
2. x+y)dx+xdy=0 dy dy 1—x-—y
- x+y)dx+ xdy 23 L=ty 12 0 2=""""2
dx dx x+y
3. xdx+(y—2x)dy=0 4. ydx =2(x +y)dy
dy dy .
5. (2 +yx)dx —x>dy =0 25. o tan®(x + y) 26. T sin(x + y)
6. (V2 +yx)dx+x*dy=0 d d
2.2 o vy 13 28 D=1 4o
’ dy _y—x dx dx
“dx oy +x
. dy x+3y In Problems 29 and 30 solve the given initial-value problem.
Tdx 3x+y

d
29. 2= cos(x +y), y(0) = w/4
dx

. —ydx + (x + V =
9. —ydx (x xy)dy 0 3097 3x + 2y

=— -1)=-1
dx 3x+2y+2 yeh




Exercises 2.5 Solutions by Substitutions

2. Letting y = ux we have
(#+uz)de + z(ude +zdu) =0

(14+2u)dz+zdu=0

dx " du
2 1+ 2u

. 1
Iniz| + 5.111 |1+ 2u| =c

x? (1 + 2£> =1

z? + 2zy = cy.

3. Letting x = vy we have

vy(vdy +ydv) + (y — 2uy)dy =0
vyl dv+y ('u2 —2v+ 1) dy=20

vdv dy
C-12 "y

0

; 1
Inje—1]— 3t Injyl=c¢
P -

T
__1‘_
Y |

In

+hy=c¢
zfy—1 =

(x—y)nlz —y| —y=clz —vy).

1. Letting @ = vy we have
y(vdy +ydv) — 2(vy +y)dy =0
ydv—(v+2)dy=0

dv  dy

0
v+2  y

Injv+2[—Inlyl=c¢

ln‘i—n +2.! —Inly|=c¢
Y i

T+ 2y =y’
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Exercises 2.5 Solutions by Substitutions

5. Letting y = ux wc have
(-u?:lfZ + uxz) dz — 2*(udz +zdu) =0

wldz —xdu=0

dxr du
— ——==0
x  u?

1
Injzl4+—-=c¢
u
1n|:v|+£=c
)

yln|z| +z = cy.
6. Letting y = ux and using partial fractions, we have
(uQ':cZ + 143;2) de + 2 (udz ~ z du) = 0
z? (ug' + Zu) dr+z3du=0

dz N du 0
r u(ut?2)
1 1
In|z| + §ln|u| —51n1u+2| =g
z?u
U+
:(22

:(_‘51

2

2 =c (g + 2)
x x

2y = e1(y + 22).

7. Letting y = uz we have
(ux — z)dz — (ux + z)(udr + xdu) =0

(u?+ 1) de + 2(u+1) du =0

dr u+1
—+ ———du=0
e w1t
] 1 .2 -1 —
h’lsLITgln(U; +1)+tan u=c
Y y
Inz2 (—,)+1)+2tan"1—=(:1
z? x
In (12 + yz) + 2tan”! L4 cl.
x
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Exercises 2.5 Solutions by Substitutions

. Letting y = uz we have
(x4 3uz)dr — 3z +uz)(udr +zdu) =0
('u»2 - 1) dr+z(u+3)du=0

dz u+3

2y "2 du=
1'+(u—1)(u+1) w=il
lnjz|4+2nju—1|—Inju+1ll=c

z(u—1)2
—_— =
uw+1

2
a;(£—1> =€y (Z—l—i-l)
x L

(y—2)?=c(y~z).

3. Letting y = uxz we have

—uzdz+ (z + Vuz)(udr + 2 du) =0

(2® + 2%vu) du + zu*? de = 0

(2/._3/2 + %) du + = =0

==
—2u™Y2 fn|u| +1njz| = ¢

In|y/z| +In|z| = 2y/z/y + ¢

11| 2.




Exercises 2.5 Solutions by Substitutions

o oo =2 T g T TG TOTXOTT Ty =TT

du ; 1
23. Let v = z +y + 1 so that du/dz = 1+ dy/dx. Then —0% —1=uwu?or T du = dz. Thu-
; U
tanlu=z+coru=tan(z+c¢),andx+y+1=tan(zr+c)ory =tan(z+¢c) -z — L.

1—u

, du
24. Let u = = + y so that du/dx = 1+ dy/dz. Then ;]% —-1= or udu = dx. Thus %u? =z+.

or u? =2r+ ¢, and (z+y)? =2z +¢;.
di .
25. Let u = z + y so that du/de = 1 + dy/dz. Then ﬁ —1 = tan?u or cos®udu = da. Thu:
Ju+%sin2u = z+cor 2u+sin 2u = dz+c1, and 2(z+y)+sin 2(z+y) = dz+cy or 2y+sin2(z+y) =

2z +cy.

du 1
i sinu or ————— du = dz. Multiplyin:

26. Letu=2z s0 that du/dx =14 dy/dzx. Tt
6. Let u =2z + y so that du/dx +dy/dz en. —— P

1—sinu .
by (1 — sinu)/(1 — sinu) we have —g):—;-—du = dr or (sec’u — secutanu)du = dr. Thu-

tanu —secu = z + ¢ or tan(z + y) —sec(z +y) =z + ¢

27. Let u = y — 2z + 3 so that du/dz = dy/dx — 2. Then du +2 =2+ +uor —l—du = dz. Thu:
U

dz Vu
2u=z+cand 2/y—2x+3=xr+c
du
28. Let u = y — z + 5 so that du/de = dy/dx — 1. Then Zl% +1=14¢"or e %du = dr. Thu:
—e " =g+cand —e¥ TP =zt .

d
29. Let w = x + y so that du/dzx = 1+ dy/dz. Then 2% 1 = cosu and 1 du = dx. Now
dx 14 cosu

1 1—cosu 1—cosu 9
= 5— = —3 =csc®u — cscucotu
l14+cosu 1-—cos“u sin“u

so we have [(csc? u—cscucotw)du = [ dz and — cot u+cscu = z+c¢. Thus — cot(z+y)+esc(z+y) = ‘

T+ ¢. Setting z = 0 and y = 7/4 we obtain ¢ = v/2 — 1. The solution is !
ese(x 4+ y) — cot{z +y) = x +v2 — 1.

du 2u  duT6

] uw+2
30. Let u = 3z+2y so that du/dz = 3+2dy/dz. Then = =3 - v du = de
et u = 3+ 2y so that du/dz +2dy/dz. Then T +u.+2 A an 5u+6(“ d

Now by long division
ut+2 1 n 4
5u+6 5 25u-+30
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Final Exam , MTH 205 , Fall 2019

Ayman Badawi

'S
QUESTION 1. (i) (3 points) Find the values of the constants a,® ¢ which makes the differential equation
(126%y — aye*®)dz + (ka* — €3)dy exact (DO NOT SOLVE IT)

rx'J = [iw 120 gel* = 3px?- 3™
Foog = 12 0> 19 = Bl s@el* = 303

r«:m: Bkt 3e ¥

=3
(ii) (6 points) Stare really good at the following diff. equation :—1'-'7{ = ;ﬂ;—f, change it to Bernoulli and solve it,
de _ 9 3—131 " j' =4 J
- = - P
JB Y 3 \—\I\J\_?
e ¥
, '_3 o3 L % 9
x =4 J L ,-4
N = x 3 +C
1 3
=y X s
N Lo 3 -y
- N = "£ \J— A + U * (@

L -y
H A= (_{}5-1"‘\61@) T

I=e” T e
=
l -2

s [T X

v et
~_




-

Ayl Dauawl

QUESTION 2. (8 points) Use Laplace to solve the differential equation :

V0= + [ ) y0) =0
J'—!Bm du
yow YO -
g U = e384 U i)
20y wy)= Le3t) s [(uxyw)

B ) 4Y ¢s)
sYe) - yer=gg+—

SYCS)‘ *.SH- y(S) <

-3
_ 4 \
Yesy[s T4 T2
Ye ! :
53 (sh-n
s
Yesys (s-3)8-2)(s+ D)
5 - :__E/-\—_E’-'Q'ST‘C_:.
_ 5 _
(s- s~V D E‘:z %e2 sa-n

not B3 O

-1 'L XD
‘j(—ﬂ: st)) i 3/5 v/

-3 s—l S

ju\=%-e— ye "Te b




Final Exam , MTH 205, Fall 2019 3

QUESTION 3. (10 points) Imagine a company is making fake-sweet-drink(only water and sugar). The Tank has a
capacity of 700 Liters. Initially, it contains 250 Liters of brine (water and sugar) that contains 25 kg of sugar (ie.,

assume A(0) = 25). A solution containing ﬂg&.‘ﬁéugar is pumped into the tank and solution is pumped out at Sl
(i) Find A(t), the amount of sugar in the tank SeTm e L/wen.
dét_h_ = Ih - OL{Q "
7 "_lsaxie'®
Ro= (W)Y - curks A= 4easorH) - | <
(350t k)
cwi= N
250+(u-3)¢

3R
a'=|5-'{5;—g‘L/

B+ B A =10
4 So4t

3
Igtﬁt

2310/ 250+H
L=t

1o st

A f;(aso++)3le
S (asetyd

| e 2D

A= 4 (_&Sm-\-):"-t-é

4
Rley s 4€ASAC o g
(256)3

¢ = -1.52x16"°

(it) Find the amount of sugar in the tank after 10 min

RlY= Y4 CRSs HoW-1 52Xy

(iii) When an overflow will occur?

aso+(u-3)t =1
k= U508 wins
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QUESTION 4. (4 pomts) Consider the diff. equation y' — Zzy =0, y(0) = 1. Now use power series to solve it (as
explained in class), i.e., do the following:

(i) Find the ggcurrence formula. Calculate the coefficients of the first 5 terms (i.e., ag, a;, a2, a3, as)
‘j L Z el ™ L=
P~a
=
Y- Os TOst 1t A, b 0,13 Ay LY T A 0«&(—“‘ k"™
Yoz ey + 20t 305t % HAu LY L pAnt + (nellee

Ceur + Qaab * 303 b3 Yoy} 08 M () QN ) - -?,L[?AD'M'":"QA-\- ﬂsh-ﬂ\n\- ot Som |

Gy +(202-20a)k + (383 -2 b5 (Ma-202 40 A@nei ey P ) = o h
=1 1, 204K Q A
q|,=t§ 0p.=1 1“\03..:1 g e N3 "5Ql|?- A4 - ax1 _:—{-
| .t | 4 "
C’\-‘\\‘)“—'\i'l\

2 R TR LT 3 s
n= 1“’ 0.5 =_a._gv_" = g:h
(Go=1, G =0 Oa=l 8320 a4ef )

(ii) The power series in (1) converges to a well-known function, what is this funclmn"(l e., solve the diff. equation

without using power series ) )
- -2 % -3¢
I ,_J L riad L
Jeo* %04
. X0

- - ____‘aé,
et S %

—
[

QUESTION 5. (7 points) Imagine that a 10-kg mass is attached to a spring, stretching it 0.7 m from its natural length.
The mass is started in motion from the equilibrium position (i.e., M(0) = 0, note M(t) is the motion of the spring,
where small m is the mass ) with an initial velocnty of 1 m/sec in the upward direction (i.e., M'(0) = —1). Find the
motion, M (t), if the force due to air resistance is -90N.( g(gravity) = 9.8m/sec?)

mass = 1o “1

g &m ;-‘H_._‘QQMA"_W{.qh _—

lo e
[ = loxut=q8 N Ml et g ot
r r‘l“'fcll“l’-t- I4M =g 2ae
= .a3 : -
W ol A prt M) =F0 E0, =4
- ==
Fooy = - Q0 J widang 4 zo 1(-C)+ 20

Ca~ %

@ 73 | 2o :e.1 Lo 3-1
(/ ~31t, , SRt Cy ‘g]- (/

M= e +0t
5 teds G + C2= 0
@Qgﬁ‘;/%f G=-Ca 11

W?d‘mn
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QUESTION 6. (10 points) Use Laplace and solve the following system of Linear Diff. Equations:
2(t) - y(t) = 0,2(0) =2 '
y'(t) —a(t) = —t,y(0) = 1

SX(s) - X (o) -\,(5) =
SXts) - Ves) s 2- -0

- _—
5\/,,53-30,) X(s) st

X ¢s) t SYCS)= relie + 1= s
S R

2 =1
X(s): \Si-l S\_\
_ 57 ° =25* s L.
500 s*-3
I3 %)

2 3-}5’"—\ Qs*
X1 Gismy s s‘b“ﬁ

\
X(S)‘s __2___.5—-—— +"""

x|
VRTSYS l BLE B ‘l)
Poe)
xu_\=2_(;,sk(.\.-)+{:\/

< 2
YC53=}_' st_g— I

v
Sts -V, 2 st +RS]
5 AT s2(s*-1)
IS - [ %=}

=l
gcs}-{\* __.a_g-’—
Yitsy= (P 2A) £L-1D
P
Yesy ™ 3L T an

y = 1] +26mk()e) '

e

yw= £ Lo+ 4 gabw

S S
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QUESTION 7. (6 points)
() & fy e*"cos(t — u)sin(u) du}

e s b wSinb)
! f ets u)*smmj

5.1 4 '
rCs—&j 41

(ii) Find ¢~ {220y

(s+1)+4

3
Cs+)*+y

- i '5“"'3 L, Sl el
(4% 4 ) © cse vy ) (et
= E'&G:.Cu)-#;:e"&ncu)
u L{--'L)[ e Le=2) (Cascar -u) =% Sin CK\'-"))]

Utk -2) 2"~

QUESTION 8. (6 points) Solve for y(t) : (cos(t) — t)y" + (1 + sin(t))y’ =0

I
— X0
Y= §! NE Jt-c.sm M
VTS a” -—AT._\_
(los®) -E)V'4+ U+SinU) V = © E-Gsh
N Lsin ) o W A ¢[ t-Gswy]
(st~ B) )
I45in ) (-(Ask)

- e Gomp

u «{Gs 3~ 1)

Ju = +Smla) + 1 )
g ;‘L“Ju \3'
\3 =

\j:ju - CCos W) )b
-&ck‘-ﬁﬁin(:f(.,

i L_lnl‘(ﬂ_ ’ C.\‘\‘(.S."\t“\’ C—\

I=¢ e+




QUESTION 9. (10 points)

(i) Solve for y(t), 2y"” — 2ty +2y =0

4o t"
‘3" e \:M«-\
“nt (,"’\L“""‘{

-

E7 (w2 wm - R ) =

-2wmr A=

vas 2 Y ™M

3=a&"+c=_t

(ii) Use (1) and solve for y(t)

\3 = Y%

2
\jh = C, & + L\.s
3, Y

S

2y — 2y’ + 2y = 2676 ) o 1',- \
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v SHORT ANSWERS, JUST STARE well and Think

QUESTION 10. (i) (3 points) Draw the solution curve for y(z) that contains the point (0, 1.5) and find limn, -, .o y(z),
where ' = —y* + 2y. ’
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(ii) (3 points) Given y; and y, are two distinct solutions for the diff. equation e*'y” + cos(z)y = ). Then one can

quickly form a third solution y3 = w%y; + ay, and a forth solution y4 = by, + (e* + 1)y. Find the values of the
constants a, b.
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QUESTION 1. (i) Find the gencral solution to the Diff. Equation (2 + 1)y’ — y = 13 (2z + )e(-2='=22+7)
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(iii) Find the solution to the Diff. equationy' — 1y = (1 + zin{z))e*, y{1) = 4
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(iv) Find the general solution to the Diff. Equation zy® — (z 4+ 1)y’ +y = z2e*, given y = —e* is a solution to the
homogeneous part. —




(v) A 39.248s attached to a spring having a spring constant 4N/m. At t=0, the object is released from a point 1.5
meéfer below the equilibrium position with an upward velocity Im/s and with censtant external force F(t)y=14.

a) Find the equation of the motion, z{t),
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Since w =yM | Integral (w) = Integral (yM) =y

Hence y = Integral(e®{-t}(ct - 1) dt) = -e*-t}(ct - 1) - ceM-t} + c_2. = eM-t}(-ct - c) + c_2 + eM{-t}
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5.1 Quiz I



Name , ID

MTH 205, Fall 2020, 1-1 © copyright Ayman Badawi 2020

Quiz One, MTH 205, Fall 2020

Ayman Badawi

3
25+5

QUESTION 1. (i) !/ -1 {

(ii) g—l{ﬁ + 57—9}

(iii) g{(t + 2)2}

QUESTIONZ.ﬁndy(t),wherey(z) — 5y +6y=1, y(O) = y/(O) =0

Faculty information

Ayman Badawi, Department of Mathematics & Statistics, American University of Sharjah, P.O. Box 26666, Sharjah, United Arab Emirates.
E-mail: abadawi@aus.edu, www.ayman-badawi.com
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5.2 Quiz II



Name , ID

MTH 205, Fall 2020, 1-1

© copyright Ayman Badawi 2020

Quiz Two, MTH 205, Fall 2020

Ayman Badawi

—4s

-l
QUESTION 1. (1) 6 {82+9}

. o3
(ii) g 1{(8—31)2+4 —|_ 6 A }

(iif) E{U5(t)€t_5608h(t — 5)}

QuESTION 2. find Y (1), where tf' — 21 = Uze! =3, y(0)

Faculty information

Ayman Badawi, Department of Mathematics & Statistics, American University of Sharjah, P.O. Box 26666, Sharjah, United Arab Emirates.

E-mail: abadawi@aus.edu, www.ayman-badawi.com
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5.3 Quiz 111



Name , ID

MTH 205, Fall 2020, 1-1 © copyright Ayman Badawi 2020

Quiz Three, MTH 205, Fall 2020

Ayman Badawi

1 if 0<t<3

QUESTION 1. Let f(t) = {0 T
1, =

(i) Write f(¢) in terms of unit-step functions

(ii) Find y(t), where y/ - 4y — f(t)

QUESTION 2. Find y(t), where y(2> — 6y/ — 5y — 0, y(O) — O, y’(O) = 2.

Faculty information

Ayman Badawi, Department of Mathematics & Statistics, American University of Sharjah, P.O. Box 26666, Sharjah, United Arab Emirates.
E-mail: abadawi@aus.edu, www.ayman-badawi.com
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5.4 Quiz IV



Name , ID

MTH 205, Fall 2020, 1-1 © copyright Ayman Badawi 2020

Quiz Four, MTH 205, Fall 2020

Ayman Badawi

QUESTION 1. Find the general solution of the L.D.E : &) — 6y2) 49y = ¢~ 2

QUESTION 2. Find the general solution of the L.D.E : ¢/ + 3y = cos(t)

QUESTION 3. Find the general solution of the L.D.E : 43 — 3y + 6.25y = 25

Faculty information

Ayman Badawi, Department of Mathematics & Statistics, American University of Sharjah, P.O. Box 26666, Sharjah, United Arab Emirates.
E-mail: abadawi@aus.edu, www.ayman-badawi.com
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55 Quiz A\



Name , ID
MTH 205, Fall 2020, 1-1 © copyright Ayman Badawi 2020

Quiz Five, MTH 205, Fall 2020

Ayman Badawi

QUESTION 1. Consider ty?) — 4y = t*. Find y,

QUESTION 2. Solve for y,.
ty' +y = tsin(t?).

Faculty information

Ayman Badawi, Department of Mathematics & Statistics, American University of Sharjah, P.O. Box 26666, Sharjah, United Arab Emirates.
E-mail: abadawi@aus.edu, www.ayman-badawi.com
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5.6 Quiz VI



Name , ID

MTH 205, Fall 2020, 1-1 © copyright Ayman Badawi 2020

Quiz Six, MTH 205 , Fall 2020

Ayman Badawi

—eTy+4z—3y>+2zy

e —x2+6yr+sin(y)—7

a. Convince me that the given D.E is Exact (hint: rewrite it as f,dx + f,dy = 0 be careful with the sign )?SHOW
THE WORK

b. Solve the D.E. (Show the work)

d 3 2
QUESTION 2. % — y - 6y - 7y Classify each critical value as stable, semistable, or nonstable.

Lo 4y
QUESTION 1. (i) Given do

QUESTION 3. Imagine a company is making a fake-sweet drink (only water and sugar). The tank has capacity of 1200
liters. Initially, it contains 300 liters of brine (water and sugar) that contains 80 grams of sugar, i.e. A(0) = 80. A
solution containing 2 grams of sugar per liter is pumped into the tank at rate 6 liter per min and the solution is pumped
out at rate 3 liter per min.

(i) Let ¢(¢) be the concentration of the sugar in the tank at time t. Find ¢(¢).

(ii) Let A(¢) be the amount of sugar in the tank at time t. Find A(t).

Faculty information

Ayman Badawi, Department of Mathematics & Statistics, American University of Sharjah, P.O. Box 26666, Sharjah, United Arab Emirates.
E-mail: abadawi@aus.edu, www.ayman-badawi.com
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¢ Section : Assessment Tools-EXAMS
(unanswered)
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o1 Exam I



Name , ID
MTH 205, Fall 2020, 1-2 © copyright Ayman Badawi 2020

Exam One, MTH 205, Fall 2020

Ayman Badawi

QUESTION 1. (5 points) Use Laplace Transformation and find y(¢), where

y" — 6y + 5y = Us(t)(e"?), y(0) =0, y(0)=0

QUESTION 2. (5 points) Use Laplace Transformation and find y(¢), where

y" — 4y 4+ 13y = 360(t), y(0) =0, ' (0) =0

QUESTION 3. (5 points) Use Laplace Transformation and find y(¢), where

y' —dy =Us(t) — 4/0 y(r)dr, y(0)=0

QUESTION 4. (5 points) Find y,(t), where

y//_zy/_'_y:zet

QUESTION 5. (5 points) Find the largest interval around ¢ =2 , say I, so that the L. D. E:

(P =9y +Vi+ 1y +t2y =5t+1, y(2) = 4,/(2) = -3

has unique solution over I. [hint: Use the Initial Value Fundamental Theorem]
QUESTION 6. (6 points) Find y,(¢)

y®) —4y® 13y = ' + 8t

QUESTION 7. (5 points) Solve for (t) ONLY (do ot find 1/ (t))

2'(t) —y(t) =0, z(0) =3

z(t) +y'(t) =3, y(0)=1

QUESTION 8. (9 points)



2 Ayman Badawi

(i) Findg_l{@}.
(i) Findg{f(f 6(7t_5T)COS(27“> d?“}
(ii1) Flndg {

s—|—3 2-|-9 }
QUESTION 9. (5 points) Given y — SN € is the ONLY solution to the L.D.E

ay” + by + cy = 3sin(t)e’

Find the values of a,b,c. [Hint: Personally, I will use Laplace, since y = 3sin(t)et, it is clear that y(0) = 0 and
y'(0) =3]

Faculty information

Ayman Badawi, Department of Mathematics & Statistics, American University of Sharjah, P.O. Box 26666, Sharjah, United Arab Emirates.
E-mail: abadawi@aus.edu, www.ayman-badawi.com
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62 Exam II



Name , ID

MTH 205, Fall 2020, 1-1 © copyright Ayman Badawi 2020

Exam Two, MTH 205 , Fall 2020

Ayman Badawi

Score = 5
QUESTION 1. () 4 pointsy F1Nd 3, (%) : tzy” +3ty +4y=0,t >0
@i1) (7 points) Flnd yg(t) . y// - (% - l)y/ = GT_t,t > O[Hint: you might need

[ (aw(t) + w'(t))e™ dt = w(t)e, where a is a real number!!, I gave you one version of this observation when

a=1]

(i) (4 points) F1Nd yh(t) Ifz "— Tty + 16y =0,t > 0.
(iv) (6 points) ﬁnd y(t) . ty/ —|_ 4y — 4t2€tyz,t > O

. o dy o 2my?
(v) (4 points) Solve the nonlinear diff. equation: dr — \/H_77 xr Z O

dw 1
(vi) (4 points) Solve the nonlinear diff. equation: % — m7 w > O

(vii) (6 points) Flnd yg(t) . y” - %y/ —|_ ;izy — tz,t > O

(viii) (5 points) First convince me that the following D.E. is EXACT. Then solve it.

2z 4+ vz + €’ + 2)dx + (z*y + ze! +4y> +7)dy = 0

QUESTION 2. (5 points) Imagine: A cake is removed from an oven, its temperature is measured at 180°C. It is placed
in a room temperature 23°C. Two minutes later its temperature is 120°C. How long will it take for the cake to reach

33°C?
QUESTION 3. (5 points) Imagine: A large tank is filled to capacity with 1200 gallons of pure water (i.e., A(0) = 0).

Brine containing 2 pounds of salt per gallon is pumped into the tank at a rate of 4 gal/min. The well mixed solution is
pumped out at rate 8 gal/min. Find the number A(¢) of pounds of salt in the tank at time t. When is the tank empty?

Faculty information

Ayman Badawi, Department of Mathematics & Statistics, American University of Sharjah, P.O. Box 26666, Sharjah, United Arab Emirates.
E-mail: abadawi@aus.edu, www.ayman-badawi.com
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¢3 Final Exam



Name , ID

MTH 205, Fall 2020, 1-2 © copyright Ayman Badawi 2020

Final-Exam, MTH 205 , Fall 2020
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QUESTION 1. (6 points) Imagine a steel ball weighing 128 pounds is attached to spring. The spring stretched 2 foot.

The ball started in motion by displacing it in 0.5 foot above the equilibrium point with downward initial velocity 2

foot/second. (note gravity = 32 ft/sec?)
i) Find the equation of the motion of the ball z(t)

ii) Rewrite z(¢) in terms of the phase angle ®.

QUESTION 2. (4 points) Given
/ 4

2
y — y - 16y . Find all critical values. Then By drawing (as we did in class), classify each as stable,
semi-stable or unstable.

QUESTION 3. (4 points) Solve the following D.E:
/ X

:2:L'y—|—6:c—|—y—|—3

QUESTION 4. (4 points) Solve the following D.E:

, x>0

(z*y + 4y°)dx + (=3zy* — 2°)dy =0, = >0

QUESTION 5. (4 points) Find y,

I 1

" /
ty=——= , t>0
Y Y PR,
QUESTION 6. (4 points) Solve the following D.E:
2x +y
= —2., >0
YT ooy
QUESTION 7. (4 points) Solve the following D.E:
t
y+2y=e'— | y(t—r)dr, y(0)=0
0

QUESTION 8. (4 points) Solve the following D.E:
y" + 2y + 5y = 63(t), y(0)=1%'(0)=0

QUESTION 9. (4 points) Write down the general form of y,, for the following D.E (i.e., describe how ,, looks like),

but do not find it explicitly :

y(S) + 6y(4) + 9y(3) — 4t3 4+ t26—3t



2

Ayman Badawi

QUESTION 10. (4 points) Solve the following D.E. [Note : m(m — 1)(m —2) = m* — 3m? + 2m]

y =0, t>0
QUESTION 11. (4 points) Given y; = 1 and y, = In(¢) (¢ > 0) are solutions to
y' +ai(t)y +ao(t)y=0
Use variation method to find y,,, when solving
oy +ai(t)y + ap(t)y = tl2

QUESTION 12. (4 points) Solve the following D.E:
y = :
o 1\ 3 3
(In(y) +y~ ")Vt — 5t

QUESTION 13. (4 points) (Note that 1 + 2b%> = 1 + b* + b?) Solve for x(t) ONLY:

2'(t) —y(t) =0, z(0)=0

z(t) +y'(t) =t y(0) =2
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L{f (1)} = Te*s‘ f (t)dt
1) 0

1 . 1
2) ==, Le"}=—"
S Ss—a

. k
L{sinkt}= ———
3) Lsinkty s? + k2
4) L{sinhkt}:%

k2

5) L{e™ f (1)} = F(S)|ssa

—as

e

6) L{U(t-a)}=

S

7 H{og®uU(t-a)}=e"L{g(t+a)}

Formula Sheet

0, 0<t<a
1 ast<ow

UJQEU@—@z{

n!
{t"} = Rl is a positive integer

L{coshkt} = —>

s —k?

LHF ()]s s 0 =€ F (1)

€y _Ut-a)
S

LY

L Ye™F(s)} = f(t—a)U (t—a)

8) L{f ™M (t)}=s"F(s)-s""f(0)-s"*f'(0)—....— f"7(0)

9) L{y' ()} =sY(s)-y(0)

10) LT OH) = ()" S0
S
1) L{FO*90) 1= F9S(E)

F@©)

12) W f(7)dr}=—

13) L{o)}=1

LEy" (0} =Y (s) = sy(0) - y' (0)
- ey
S

fM*g@) = [ ()t -7)de

L{F(s).G(s)}= f () *g(t)
{s(t-a)}=e"

1 7
14) If f(t) is periodic with period T then L{f(t)}= ﬁ.‘.e 'f (t)dt
0

: 1
sin(A+ B) =sin Acos B +cos Asin B sin A cosB = E[cos(A— B) —cos(A+ B)]
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